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PREFACE 

TO THE FOURTH EDITION 

Dueing the last few years, progress and development have 
oeen made in the theory, design, and fabrication of construc¬ 
tions which have been designated as Pre-stressed Concrete 
Structures. 

At the same time a great deal of research and experimental 
work has been undertaken in order to determine the physical 
characteristics and mechanical properties of high-quality 
concrete, and of the manufacture of this concrete for use in 
pre-stressed concrete constructions. 

This book includes the various stifuctural theories in steel 
and concrete necessary for the student of Civil and Structural 
Engineering; in this edition a new chapter has been added 
dealing with the fundamental principles of pre-stressed 
concrete design (Chapter XVII). 

H. W. COULTAS 


PREFACE 

TO THE THIRD EDITION 

During the last few years great progress has been made in the 
f eld of continuous structures, both in construction and analysis, 
i advance in constructional methods has brought out the 
^ -nportance of design. For a satisfactory design there must be 
clear idea in the mind of the designer of the elastic behaviour 
f i a rigidly connected frame. The analysis of built-in and 
< ontinuous beams is given in Chapter IV, and the principle of 
east work applied to beams and frames is stated in Chapter IX. 

Further methods of analysis have been developed and two 
of these, the slope-deflection and the method of successive approxi- 
mationsy are discussed in an additional Chapter XV. The uses 
of these methods have been recognized by structural engined 
and designers: they have been introduced into coursea^at 
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universities and technical colleges: problems depending f 
their solution on these new methods are set in many examin 
tion papers. They are fully stated and discussed in the n< 
chapter, which begins with a development of the slope-deflecti* 
equations for prismatic beams and a discussion of their applies 
tion to the analysis of statically indeterminate beams, con 
tinuous beams, and simple frames. Frames both with an 
without lateral restraint are considered, and it is shown hoA 
the equations for calculating redundant end moments can be 
written. Further discussion considers the solution of these 
equations by the method of successive approximations and 
illustrates its application to continuous beams and frames a 
before. There are a large number of examples to illustrate the 
solution of various problems by these methods. 

A further Chapter XVI has been written in which the laws oi 
Maxwell and Betti have been developed, and the application Oj 
these laws to the mechanical solution of statically indeterminate 
structures has been stated. 

The author is indebted to friends for reading the text an 
specially to Mr. J. Heaton, A.M.I.C.E., A.M.I.Struct.E., fc 
his valuable assistance. 

H. W. COULTAS 

Birmingham 


PREFACE 

TO THE FIRST EDITION 

In this book the fundamental principles in the Theory ■ 
Structures have been presented in as simple and as logical 
form as possible. Intended primarily for students taking 
degree course, or the courses for the National Certificates ' 
tile Ministry of Education and of the Engineering Institutions, 
is hc^ed it will be found useful by others engaged in engineerii. 
practice. It has only been possible to present the groundwor' 
of the subject, but references have been put at the end of eac 
chapter to guide the student to other theoretical methods an> 
td'Ha more complete and advanced study of definite brancht 
stouctural engineering. As theory is being constant? 
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«^^«vised, and as new theories and methods are being brought 
'Tward, it is therefore necessary that the student, to keep up to 
''te, must consult the engineering journals and the transactions 
^ the Engineering Institutions of this and other countries. 
;'he necessary specifications for structural work should also 
oe consulted, such as Specification 153, Parts 1 and 2, 1922, 
*art8 3, 4 and 6, 1923, for Girder Bridges, issued by the British 
ifingineering Standards Association. This q>ecification deals 
With Materials, Workmanship, Loads and Stresses, Details of 
Construction and Erection. 

The mathematics in this book are fairly simple: partial 
lifierentiation has been introduced in Chapter IX, but refer- 
'mce to it can be made in any good book on practical mathe¬ 
matics such as ITsherwood and Trimble’s, Part II. It is, 
however, essential that aU students of engineering should have 
k good mathematical foundation. 

- The examples at the end of the chapters are all taken from 
recent examination papers, and I wish to thank the CoxmcUs 
the University of Birmingham, of the Institutions of Civil, 
Mechanical and Structural Engineers, and also the University 
* London Press for permission to reprint them. 

No attempt has been made to deal with design. 

In preparing this work, existing textbooks on the subject 
!iave been consulted, including those of Morley, Andrews, 
Husband and Harby, Hunter, Hool and Kinne, and others, 
fhese works also contain much useful information on design. 
I wish to make acknowledgment of my indebtedness to these 
'x)oks. My thanks are also due to Messrs. Longmans, Green 
k Co. for permission to use examples on inertia (pp. 28-30) 
rom Maim’s Practical Mathematics ; to Professor F. C. Lea, 
O.So., for the diagram (Fig. 129) of typical moving loads ; to 
■'^r. T. H. P. Veal, B.Sc., for the use of notes on reinforced 
• mcrete ; to Dr. H. P. Budgen for the drawings from which 
lates I and II were made, and to a few friends for working 
)it solutions to the examples. 

H. W. COULTAS 

'Bibminoham 
Sept., 1925 
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CHAPTER I 


Beams with Dead Loads 


1. Beams and Bending. A bar of material acted upon by 
external forces (including loads and reactions) oblique to its 
longitudinal axis, is called a beam: the components of the 
forces perpendicular to the axis cause the straining, called 
flexure or bending. A beam will always be looked upon as 
being in a horizontal position, and the external forces as 
vertical.* 

2. Definitions. Cantilever, a beam having one end fixed 
and the other free. 

A beam freely supported at both ends is a simply-supported 
beam, or a simple beam. 

An encastre beam is one built in or fixed at both ends. 

A beam supported at a number of points is a continuous 
beam: this type may, of course, have one or both ends fixed 
or built in. (See para. 40, Chap. IV, for notes on supports.) 



3. A Moment {M) is defined as the product of a force {F) 
multiplied by its perpendicular distance {x) from a point 
considered; or 

M ^ Fx ^ the magnitude of a couple. 

Cantilever (Fig. 1). 

Moment at 0 = Magnitude of the couple Wa 
= A fixed couple Rb 


* This will cause simple bending, as it occurs when there is no resultant 
pull or push along the beam due to external forces ; also the external forces 
must be all applied in the plane in which the beam bends: and the beam 
section must symmetrical about a vertical axis through its centroid. 

1 
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Simply-supported Bearn (Pig. 2), 

Moment at O = Magnitude of the couple Rib 
= ff Ra 

From ordinary considerations of statics, W == R + Ri 
4. When a beam is subjected to some system of loading, it 
is slightly bent out of its horizontal position. 

As the beam is in equilibrium under the system of loading, 
the perpendicular reactions must be equal to the sum of the 
perpendicular components of the loads 

If A is the section of a beam (Fig. 3) situated at a distance 


A > 

1^2 

f y 

Wj 

f 

1 1 

-j 




R 


W 

-Rou-Mx negative I Mx negative * -/?; b 

Jr \R!ght 

R < ou ——b-- 


I 

^Section X 


Fiq, 3 


Fig. 4 


X from the support point, and R is the reaction of the support, 
then all the forces to the right of A help to produce the bending 
action at A ; or the beam is subjected to a series of couples. 
Now, jB would tend to bend the beam in an anti-clockwise 
direction about A : W 2 and TTi in a clockwise direction about 
A. Therefore, the resu^ant efEective bending will be the 
difference of the two effeWs. Calling the anti-clockwise direc¬ 
tion negative and the clockwise direction positive* to the 
right of a section, the effective bending action about A will be 

^Rx+ Wi{x-a) + W^ix-^b) 

which is the algebraic sum of the moments, and is defined as 
I the bending moment at A. In general, the bending moment 
^at any section of a beam may be defined as the algebraic sum 
of the moments of all the external forces acting on that part 
of the beam to the right or to the left of the section. 

5. Signs for Bending Moments. Clock wise and anti-clock- 
^se moments to the right of a section will be called positive 
and negative moments respectively. Clockwise and anti¬ 
clockwise moments to the left of a section will be called 
negative and positive moments respectively. 


* See Chapter 111. 
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The two equal couples acting in opposite directions to the 
right and left of the section (Fig. 4) tend to bend the beam 
concave upwards; or as it will be seen later, the top side of 
the beam comes into compression. 

In the case of Fig. 5, the two equal and opposite couples 
acting to the right and left of the section bend the beam 
convex upwards, or a positive moment tends to induce tensile 
stresses in the top side of the beam at the section considered. 



6. Shearing Forces. In Fig. 6, let X be any section of a 
beam carrying some system of loads. At this section there is 
acting a vertical external force which is the resultant of all 
the forces acting on that part of the beam to the right, or to 
the left of the section. This force is spoken of as the “ shear¬ 
ing force (S) at the section, and it is balanced by the internal 
force in the particles of the material. 





__ —— I ^ 

Causes 4 v ^ 

negative ^ — Left—positive 

shear at X» 


Ahean at X. 


By ordinary statics, 

B, + R,^W^+W,+ W,+ W, 

Shearing force at X, 

= W^+ W, 

(considering the portion of the beam to the left of the 
section), 
or 

(considering the portion of the beam to the right of the 
section). 
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7. Signs for Shearing Forces. External forces acting 
upwards to the left or right of a section cause negative and 
positive shearing force respectively. External forces acting 
4ownwards to the left and right of a section cause positive 
and negative shearing force respectively. {See Fig. 6.) 

8. Diagrams of Shearing Force and Bendii]« Moment. Both 
shearing force and bending moment will generally vary in 
magnitude from point to point along the length of a loaded 

Wtons 

Load Diagram. 

5^a^W g const. 


^^ - 

Shear Force Diagram i 

Wl t 
tons-ft I 

t 

Moment Diagram. 

Fig. 7 




beam : their values at any cross-section can often be calcu¬ 
lated arithmetically, or general algebraic expressions may 
give the bending moment and shearing force for any section 
along the beam. The variation may also be shown graph¬ 
ically by plotting curves, the bases of which represent to scale 
the length of the beam ; and the vertical ordinates, the bend¬ 
ing moments or shearing forces, as the case may be, due 
regard being paid to the “ sign ’’ of the effect. 

Some typical examples of bending moment and shearing 
force diagrams are now given. 

9. Cantilever, (a) Concentrated load at the free end. (Fig. 7.) 




BEAMS WITH DEAD LOADS 


6 


M,^ + Wl 

Jf j = -f- 

M = moment; 8 = shear force 
Note —^The moment at a section is equal to the area 

of the S.F. diagram to the right of the section. 

(ft) With a uniformly distributed load along the whole beam. 
(Fig. 8.) 


Load Diagram. 

wl f 
tons I 

Shear Force Diagram. 

wl^ I 

2 I 

tons ft.\ 

I 

Momeht Diagram. 

Fig. 8 

Consider any section X. 

Shear force to the right of X = wa: 

= area of load diagram to the right of X 
i.e. -wx and = -wl 
For bending moments to the right of the section, the 
resultant moment is given by the area of the S.F. diagram 
to the right of the section. 

With several loads on a cantilever, the shearing force and 
moment diagrams can be drawn by considering diagrams for 
each load separately and adding the ordinates to make one 
complete diagram. 

Problem 1. A cantilever of length 20 ft. carries a load 
^ which decreases uniformly from 2 tons at the fixed end to 
0 tons at the free end. Draw the bending moment and shear 
force diagrams. 
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2 X 

Load rate atZ = j/ = ^Xa: = YQ tons per foot run (Fig, 9. 
8x = Area of the load diagram from the free end to section X 

X X x^ 

Sx = Jq X 2 = ^ tons (equation of a parabola) 

= S.F. at Xy 

and it acts at the centroid of the load area considered. 



J^tenslty of^dln^ 
J^"ld 
JL 


-20- 



Load Dia|ram. 



Shear Force Diagram, 


^Oubic'.Mx, 
Moment Diagram 


ft. 


JFiG. 9 


Sign of S.F. is negative, as the forces act downwards to the 
right of the section. 

Mj^ = area of the S.F. diagram (which is a parabola) to the right 
of X == moment at X 


X 


x^ 


when X = 20, 5, = 8„, and 

20 * 

20 ® 

M, = — = 133^ tons-ft. 
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10. Simplynmi^rted Beams, (a) Cioncentrated load at the 
centre of the beam (Fig. 10). 



For all sections between A and C, the shearing force 8^ 
= and is of the negative sense. 

For all sections between G and B, the S.F. 8^’ = Rj^ and 
is of the positive sense. 



Di £r 



Shear Force Diagram. 



A2 C2 B2 


Moment Diagram. 

Fia. 10 

Notk. To construct the shear diagram. Take the base 
AiB^ — ■A-B to scale. Start always f rom the left-han d s ide 
of the bj^m. At Ai, erect a vertioaT^pwardi equS to R^ 
£0 scale'="2iDi. From Di, draw DiE^ parallel to AiB^, as 
far as the next load, which in this case is W. The direction 
of IT is vertical downwards. From E^, draw E^CiFy = IF to 
scale downwards. 
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W W 

= C,F,=^+-; 


i.e. CiFi is below the axis 

From Fi, draw FiGi to meet the line of action of i?B : from 
draw O^Bi upwards to meet B^. This construction can be 
used for all beams ; always start from the left hand of all 
beams, and the shear diagram is easily drawn, as R^ acts 
upwards, W downwards, and R^ upwards. The only thing is 
to remember the sense of the resulting shear force. 

Considering moments, take the origin at the left-hand 
support of the beam. For sections between A and C, 
W 

Mj^ z=z —X and is of the negative sense ; i.e. a couple of 

A 

W 

magnitude — x acts in a clockwise direction to the left of the 

section. For sections between C and B, take forces to the 
right of the sections : and the only force is R^, causing an 
anti-clockwise couple to the right of a section = Rji{l - x) 
W 

= - x)f and is, therefore, of the negative sense. 

The moment is a maximum at G, and 


Wl Wl ^ , 

— 2 = and of negative sense. 


Note. —^The moment at a section is equal to the area of 
the S.F. diagram to the right or left of the section. At the 
section where the shear changes sign, the moment is a 
maximum. 

Problem 2. A simply-supported beam is loaded, as in 
Fig. 11. Construct the shear force and bending moment 
diagrams. 

= (8 + 12) tons 

As the beam is in equilibrium, the sum of the moments 
about A = zero, 

i.e. R^X 20 = 12 X 12 + 8 X 5 
iZg == 06 tons 

R^ ss lot tons 
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The S.F. diagram is therefore as shown. 

Mq = - X 5 = - 64 tons-ft. 

Mjy = ~ i?j, X 8 = - 73s tons-ft. 
and both of the negative sense, where Mq and Jfp are the 
moments at 0 and D and the moment diagram is as constructed. 




Moment Diagram. 

Fia. 11 


The negative signs are introduced as the moments are 
negative. 

The shear changes sign at D, and the moment is a maximum 
negative moment at this point. 

(h) Simply-supported beam wholly covered with a uni¬ 
formly distributed load of tf; tons per foot run. Let A (Fig. 12) 
be the origin. Let w tons per foot run be the rate of loading. 
Total load = wl tons. 

A = = Y 

At any section X, distant x ft. from A , the shear force 
Sx = - -Ba + 

At the centre, C, 

+ Y = 0 
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Shear Force Diagram. Between A and C, the shear force 
at any section is W tons and is positive. Between B and A 
it is zero, and between B and D it is If tons for all sections 
and is negative. The diagram is constructed by starting at 
(7, and following the forces in the direction they act. 

The moments at B and A are both equal to Wl^i and are 
both positive, according to the notation of signs adopted. 
Between A and C, and B and D, the moments at a section 
are proportional to the distance the section is from C or D, 
Hence for the overhangs, the moment diagrams are triangles, 
being zero at C and D, Between B and Ay the moment is the 
same for all sections and equal to + Wl^ units. 

Note. —Between B and Ay the moment is a constant, whilst 
the shear force is zero. It will be shown that the portion of 
a beam over which the moment is a constant, bends to the < 
arc of a circle. This fact is made use of in experimental work 
for finding the value of Young’s Modulus of Elasticity of a 
material in flexure when any effects due to shear forces are 
to be eliminated. In this case, no shear forces are present. 
{See further chapter on “ Deflection of Beams.”) 

Similar shear force and moment diagrams are obtained for 
a simply-supported beam having two symmetricaUy-placed 
concentrated loads of equal value. 

(6) Uniformly-distributed load over the whole of a beam, 
having equal overhangs. (Fig. 14.) 


22 .= 22 .= 

= wl^ -f 


w{2il'^ -f- Z) 
2 

wl 


, The shear force and moment diagrams will be as shown. 


If 


^ ^ , that is, I < 2li, 


then the moment at the centre of the span I will be a 
1 minimum positive moment. 

\ If I > 2Zi, then the moment at the centre of the span Z 
will be a maximum negative moment, and there will be two 
sections on the span Z at which the moment is zero.* 

If Z = 2li, the moment at the centre of the span Z will 
be zero. 


* See para. 49, Chapter IV. 
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In all the three cases there will be maximum positive 
moments at the supports. 

Problem 3. Construct the shear and moment diagrams for 
a simple beam loaded as in Fig. 15. 

The total dead load is 8 tons, and it acts at a distance of 
8 ft. from the left-hand support (0). 

jKo + J? 2 o = 8 tons 


D 


Cr Af £/ Bf Ki Is the diagram for 
a beam with only the overhangs 
haded. 

AipiEiJiBi Is the diagram for a 
simple beam (AB only loaded). 


CzfzGzDz Is the moment diagram 
for the beam with the overhangs 
Dz only haded, 

F2E2O2 is the diagram fora 
simple beam A 3 . 2 

Moments at the supports 


vj tons per foot run, 

RZ^Wli-^Wl^Ra 

2 

Load Diagram. 


wl 

2 

'f ^ 

tx 

f 


T 

t 


Shear Diagram. 



The shaded area Is the 
Resultant, 


Moment Diagram. 


Fig. 14 


Moments about 0, 

i?20 X 20 = 8 X 8 
-/? 2 o ~ ^5 tons 
Rq^ 8 ~ 3 1 = 4| tons 

To Construct the Shear Diagram. At 0, erect a per¬ 
pendicular upwards to scale equal to ^ tons : this is con¬ 
stant to the section 6 ft. from 0. This shear is of negative 
sign. Between section 10 ft. and 20 ft. the shear is constant 
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and positive and equal to JSso H tons. At section 10, draw 
a perpendicular downwards of 3^ tons to scale, and continue 
a shear line to the 20 ft. section. 

Complete the diagram by joining the negative diagram to 
the positive one, as shown in the shear diagram. This is true, 
as at any section on the loaded portion of the beam the shear 


2 Tons 






6g 


Load Diagram. 


20 ' 




44^1 


t - 

fnom 0^ 

1 

n 

i- i 



Shear Diagram. 



Me‘-2atTonsFt. 

r Mg'^ ^Max.^-34'S Tons Ft. 

Moment Diagram. 

Fig. 15 


is equal to JSq minus the load up to this section. It can be 
shown that the shear is zero at a section 8*4 ft. from 0 : at 
this section the moment will be a maximum. 

The moment at section 6 is 

Af 6 = - 6 X = - 28J tons-ft. 

At section 6 erect an ordinate to scale of 28t ft.-tons. The 
B.M. line between 0 and 6 will be a straight line, as it is also 
between sections 10 and 20, where 

^10 = - 10 X 31 = - 32 tons-ft. 
and M 20 = 0 

Between sections 6 ft. and 10 ft. the moment line wiU be a 
curve, and the maximum negative moment will be at the 
section 8*4 ft. from 0 and 

il/g .4 == - 8-4 X 4f + 2 X ^ 

= - 34-6 tons-ft. 



14 


THEORY OF STRUCTURES 


Second Method. Let the maximum moment be at a distance 


z ft. from 0. 

Then 


dM^ 


dz 


- 4*8z + (z - 6)® 

- 4*8 + 2(z - 6) = 0 


or 2z == (4-8 + 12) ft. 
z = 8-4 ft. 


The maximum moment is calculated as shown in the previous 
paragraph. 

Problem 4. A simple beam 30 ft. long carries a load which 
increases uniformly from zero at one end to 2 tons per ft. at the 


Total Load W 



Fra. 16 


other end. (Fig. 16.) Find the expression for the bending 
moment at any section, and draw the shear and moment 
diagrams. What is the greatest bending moment and where 
does it occur? 

2 X 30 

For equilibrium, B, -f ^ss = —s— ~ 
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Moments about 30, 

X 30 = 30 X 10 
jBj = 10 tons 
20 „ 

Working from 0 as origin and taking a section X to the right 
distant x ft. from 0. 

The rate of loading at X will be 

y tons = ^ 

Shear at X, 

Sx=-i?o+yx|=-i?o+ 

= -10 + ^* tons 

= 0, when = 300 

or X = 17*3 ft. from 0 

The shear diagram will therefore be as shown in Fig. 16. 

The moment at a section X distant x from 0 

= M^ = -JtoZ + fx I 


^ x a; 
= -10* + jgX 2X 3 

= 10a; -t- tons-ft. 


For maximum moment, 


dM^ 

dx 


= -10 + ^ = 0 


that is, x= 17*3 ft. 
which confirms S^fi — 0 
At^ section 17’3ft. from 0, 


Jf. 


- 10 X 17-3 + 


17-3» 

■go' 


= - 173 + 58 
= -116 tons-ft. 

The moment diagram is as shown in Fig. 16. 
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12. Relation between Loads* Shearing Forces* and Bending 
Moments. For Simple Beams and Cantileyers. 

Concentrated Loads. /Sx = Shear at any section 
= S forces to the right or left of the section. 
Distributed Loads. A small change in the shear force along 
a length dx = small area of the load diagram, 

i.e. dS = w . dx^ where is a small length of the beam 
and w the rate of loading along dx assumed 
constant. ♦ 


.*. S = I w .dx = total change between the required 
^ limits 

= (area of load diagram between these limits) 

If /Sx is the shear force at a section X distant x from the origin 
and Sy is the shear at a section Y distant y from the origin, 

then Sx = Sy+ J" w .dx taking appropriate signs for each term. 

Moment and Shear. From the examples considered, a 
small change in the moment is equal to a small area of the 
shear force diagram, 

i.e. dM == S .dx where S = average shear force over dx^ then 
dM 

= shear force Sf = rate of change of the moment diagram, 

and JSf = I 8 .dx ^ total change of bending moment 

between the required limits. 

In both the simple beam and the cantilever uniform loaded 
over the whole length 

Jlfx = moment at a section = area of the shear force dia¬ 
gram between the section and the origin, J due regard 
being paid to sign. Summarizing, 

= M-J, 


S.dx 


* w is not necessarily constant along a beam. 

t This relation indicates that where a shearing force passes through a zero 
value and changes sign the value of the moment is a mathematical maximum 
or minimum. See Note, para. 10, page 10. 

J For a simple beam, origin at the supports. For a cantilever the origin is 
at the free end. However, if the origin for the cantilever is at the support, then 
Afx ^ Moment at the support less the area of the shearing force diagram 
between the support and the section. 
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13. A graphical method of finding the shear and moment 
for beam sections depends upon the above relations. Shear 
forces are found by the graphical integration of the load 
diagram : moments are calculated by the graphical Integra- 
tion of the shear force diagram. 

REFERENCES 

For further examples of moments, etc. 

1 . Theory of Structures, Morley. (Longmans, Green & Co.) 

2. Structural Engineering^ Husband and Harby. (Longmans, Green & Co.) 

3. Structural Steehvork, Black. (Pitman’s Teclmical Primers.) 

4. Strength of Materials, Part I, S. Timoshenko. 

5. Materials and Structures, Vol. I, E. H. Salmon. (Longmans, Green & 
Co.) 


EXAMPLES 

1. A girder 30 ft. long, supported at the ends, has a uniformly distributed 

load of 2 tons per lineal foot extending from 5 ft. from one end to within 
10 ft. of the other end, and there is a concentrated load of 15 tons at the 
centre of the uniformly distributed load. Draw the bending moment and 
shearing force diagreums, giving the maximum and minimum values in each 
case. (I.C.E.) 

2. An overhanging beam AB, 25 ft. long, rests on two supports which 
are at distcmces of 5 and 19 ft. respectively from the end A, The beam 
carries a load of 2 tons at A, 1 ton at B, and 2 tons at the centre of the beam. 
Draw the shearing force and bending moment diagrams for the beam. 

3. Explain clearly the relation between load, shear, and bending moment 

diagrams. (XJ. of B.) 

4. A beam 25 ft. long is supported at one end and on a pier at a distance 

of 5 ft. from the other end. The beam is uniformly loculed from end to end 
with a load of 1 ton per lineal foot, and a concentrated load of 5 tons is hung 
at the extremity of the overhanging portion. Draw the bending moment 
and shearing force diagrams. (I.C.E., Oct. 1922.) 

5. A girder, 55 ft. long, is supported on two piers—one, 5 ft. from one 
end ; the second, 1 ft. from the other end. It carries a uniformly dis¬ 
tributed load of 1 ton per lineal foot. Find the bending moment at the 
piers and draw the bending moment and shearing force diagrams. 

(LC.E., April 1922.) 

6 . A girder, 50 ft. long, is supported 10 ft. from its left and 15 ft. from 

its right extremities, the overhanging ends being free. It is loaded with a 
uniformly distributed load of 1 ton per lineal foot, and there is a con¬ 
centrated load of 10 tons midway between the two supports. Draw the 
bending moment and shearing force diagrams, giving the maximum value 
in each case. (I.C.E., April 1923.) 

7. A girder, 30 ft. long, supported at the ends, has a uniformly dis¬ 
tributed load of 1*5 tons per line^ foot extending from 5 ft. from one end to 
10 ft. from the other end, and there is a concentrated load of 10 tons at the 
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oentre of the uniformly distributed load. Draw the bending moment and 
ahftaaring foroe diagrams, giving the maximum and minimum values in each 
ease. 

S. A single coSer-dam is subjected to a maximum head of water of 
20 ft. If the sheeting is held in a vertical position by two horizontal frames, 
one at the same level as the surface of the water and the other 20 ft. below 
at the bottom, find the position and amount of the maximum bending 
moment in a strip of the dam 1 ft. wide. Neglect any fixing moment at the 
supports and assume the weight of water per cubic foot to be 641b. 

(I.C.E., July 1923.) 

t 9. Draw the shear and moment diagrams for the following beams— 



Fig. 17 


10. A beam AB is 20 ft. long. It is supported at the end A and at a 
point 12 ft. from A, There is a load of i ton at the end B and a load of 
1 ton at a point 8 ft. from A, and a uniformly distributed load of 2 cwt. per 
foot run along the whole beam. Draw (1) the shear diagram ; (2) the bend¬ 
ing moment diagram for the beam. Write down the maximum shearing 
foroe and the maximum bending moment. (L.U., 1922.) 






CHAPTER n 


Theory of Simple Bending and Moments of 
Inertia 

15. Notes on Stresses and Strains. Stress. If a body is 
subjected to external forces and it is cut by a plane section, 
an internal force will be transmitted across this section tend¬ 
ing to hold the body in equilibrium. This force is called 
stress, and the material of the body is said to be stressed. 
The stress may or may not be uniformly distributed over the 
area of the section. The intensity of stress, or as it is often 
called stress, is the force per unit of area. 

If over a small area a sq. in. the total internal force is P 
P 

tons, then the stress is — tons per square inch. 

Strain. The body which is stressed under the action of 
the external forces will suffer a change of shape, and it is said 
to be strained or deformed. If a body of original length I in. 
suffered a change of length 52, then the unit strain, or as it 

dl 

is sometimes called strain, isy = e. IfZisin inches, then 

the strain is the amount of deformation per unit length of 1 in. 

Kinds of Stress. Several kinds of stress may be pro¬ 
duced in a body; they depend on the arrangement of the 
external loads. These stresses are tensile, compressive, and 
shear: the first two are direct stresses, because they are 
perpendicular to the plane section under consideration; the 
last is tangential to the plane. Tensile and compressive 
stresses may be produced by direct external pulls or thrusts 
on a body, such external forces being at right angles to the 
considered planes or, as it wiU be seen, they may be caused 
by bending the body, when stresses are produced which are 
normal to a plane section of the beam. A shear stress is pro¬ 
duced when a body is subjected to torsion or a twisting action. 

Direct Stresses. When a body is subjected to a pull or 
tensile force, it is elongated in the direction of the pull, and 
the body is said to be in a state of tension. When the body 
is subjected to an external thrust or compressive force, it is 

19 
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shortened in the direction of the force, and is said to be in a 
state of compression.* 

The properties of materials in tension, compression, or 
torsion may be ascertained by mechanical tests ; and by 
plotting stresses against the corresponding strains, curves 
known as stress-strain curves are obtained. 

Moduli of Elasticity— 

Tension or Compression. The modulus of elasticity is denoted 
by E (load per unit area). 



Let / represent the normal stress and c the corresponding 

f 

strain (extension or compression per unit length); then E = 

e 

For ductile materials, such as mild steel, E in compression is 
taken the same as for tension, an elastic tensile test being 
more satisfactorily carried out than an elastic compression test. 

Torsion. The modulus of elasticity is denoted by G, some¬ 
times N (load per unit area), and is called the modulus of 
rigidity. 

Let q be the shear stress and 6 radians the shear strain. Then 
G = I (see Chap. V). 


* See Chwter V for the definitions of shearing stress and strain; and 
Chapter XVII for definitions of permanent set, proof stress, or field strength. 
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For ductile materials, such as mild steel, for a range of 
stress from zero to a critical stress, the stress is proportional 
to the strain : i.e. ^ or G is a constant during this range of 
stress. The critical stress above which the strain is not pro¬ 
portional to the stress is called the hmit of proportionality 
(often known as the elastic limit). Above this stress, E or 0 
is a variable. With brittle materials, such as cast-iron and con¬ 
crete, E and 0 vary with the stress from zero load,* consequently 
for design work it is necessary to know the value of i? or G 
for the working stress used. 


Strength and Elasticity coefficients for materials : Tons/square inch. 


Material. 

Limit Proportionality. 

-1 

Ultimate Strength. 

E Tension or 
Compression. 

Wrought-iron . 

Tension. Compression. 
12-16 

Tension. Compression. 
21-24 

11,000-13,000 

Mild Steel 

17-18 16-17 

30-32 

(Yield) 

22 

13,000-14,000 

Cast-iron 

(No definite limit) 

7-11 

36-60 

6,000-10,000 

Duralumin 

Oak 

22-24 

4-6 

1-3 

4,300-4,600 

600-700 

Soft Woods . 


1-3 

460-600 


Fig. 19 


Stress-strain diagrams for mild steel and cast-iron are given 
in Fig. 18. It will be noticed that cast-iron is much stronger 
in compression than in tension.‘j* 

16. Theory of Bending. Let X (Fig. 20) be any section of 
a beam carrying a system of loads. The portion of the beam 
to the right of the section is in equilibrium against vertical trans¬ 
lation, but it would have the tendency to rotate anti-clockwise, 
and the magnitude and direction of this tendency to rotation is 
determined by the bending moment at the section. At this 
portion of the beam there are internal forces induced by the 
external loading, and these forces produce at the section a 
couple whose magnitude is equal to that of the external bend¬ 
ing moment, but acting in the opposite direction. Usually the 
internal forces will be elastic ones, as the beam will not be 
stressed above the limit of proportionality of the material. 
These elastic forces consist of pulls decreasing uniformly to zero 
and thrusts increasing uniformly from zero. These longitudinal 

* See Batson and Hyde {MechaniccU Testing, Vol. I). Publishers, Chapman & 
Hall. (See paragraph on ** Modulus of Direct Elasticity**) 

t For fuller work on strengths of materials, the student is referred to 
textbooks on the subject. (See references at the end of the chapter.) 

(T.54SO) 
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forces form a couple which must at any section, since the beam 
is in equilibrium, be equal and opposite to the bending moment 
at the section. This couple is called the moment of resistance. 

The axis about which the moment of resistance is taken is 
called the neutral axis of the section, and is that axis or that 



DJnecilon External Resultant Couple 
This side into Compression 

iZT 


Compressio n 

I lota! Compression 


This side Into Tension 



Moment Resistance = P^a »/^aL 
of opposite sense to external moment 


Total Tension 


Tension 

Stress Distribution at X 
Pc-Pi. 

Fig. 20 


fibre of the beam which is in an unstrained or unstressed 
condition. It will be denoted by N.A. 

the algebraic sum of the moments of all 
= the induced tensile and compressive 
forces taken about the neutral axis. 


The moment 
of resistance 


17. Assumptions Made in the Theory of Simple Bending. 

(1) The beam is stressed within the limit of proportionality 
of the material. 

(2) Young’s modulus (E) is the same for tension and 
compression. 

(3) A plane cross-section at right angles to the plane of 
bendinSI always remains plane. 

(4) There is no resultant pull or push on the cross-section 
of the beam. 

(6) The fibres are free to expand or contract laterally. 


* For simple bending to occur the external forces must be all applied in 
the plane in which the beam bends. It does not follow necessarily that a 
beam carrying vertical loads will bend in a vertical plane. Side or horizontal 
bending occur if the beam be not symmetrical about a vertical plane 
passing through the centroid of the section. 
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18. Let Fig. 21 represent a small portion of a bent beam, so 
taken that the form assumed is a circular arc of radius equal to 
the radius of curvature E. This is equivalent to pure bending, 
the moment being constant over the length considered. It occurs 
when a bar is bent under equal and opposite couples at its ends. 

0 is the centre of curvature, db is parallel to ac,ab lies in the 
plane of the neutral axis.* 

Let ce be a fibre situated at a distance y in this case above 
the neutral surface; in the figure it is in tension, so that it is 
greater by de than its original length cd = a6. 

increase in length 


Strain in ce = . . , , ,, 

ongmal length 

___ de de 

^ cd'^ ab 

but as figures dd) and abO are similar, 
de e6 y 
ab ^ Ob ^ R 
But stress == E x strain 

Ey 

Let fi = tensile stress in ce = 


Tension 


then 


R 

y 

R 


Similarly for a fibre situated at a 
distance y^ from the N.A. on the com¬ 
pression side. 

Let fc = induced compressive stress 

then - = f . 

Vi R 



Fig. 21 


( 1 ) 


That is, the intensity of the direct longitudinal stress at any 
point in the cross-section is proportional to the dis^pce of 
that point from the N.A., reaching a maximum at the 
boundaries farthest from the N.A. 

Let PQ (Fig. 22) be any cross-section of a beam. Consider 
a thin horizontal strip of that section parallel to the neutral 


* The line a6 is a trace of the surface in which fibres do not undergo strain 
dming bending. This surface is called the neutral surface, and its intersection 
with any cross-section is called the neutral o/xia. 
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axis, the breadth of the strip being dy^ the length Xy and 
y the height above the neutral axis. 

Ey 

Stress at height y = — 

Total force on the strip = stress X area 

= ^ . 2 /. xdy 
E 

where dA is the area of the strip. 

Total force acting on the whole cross-section is equal to the 
sum of all the small forces between the limits t/j and i/^. 



E E ^ 

Total force on the whole section = -^Sy , dA = ^ Ay 


where A = total area of the cross-section and y is the height of 
the centroid of the cross-section above or below the N.A. 


But since it is assumed a plane section remains plane after 
bending, the total force on that section must be zero, or the 
total tensile forces are equal to the total thrusts. 


Therefore 




that is, y = 0, as Ey if, and A have definite values. 
Therefore, the neutral surface must pass through the centroid 
of the section. 

E 

Total force on the strip x . dy = y . dA 

E 

Moment of this force about the N.A. ^ -^.y .dA .y 
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Moment of resistance for the whole section is equal to the sum 
of the moments for all similar strips 

E E 

where I = Zy^ • dA and is called the moment of inertia of the 
section about the neutral axis. 


Dimensions of I are [length units = [L]^ where [L\ 
represents a unit of length. 

Moment of resistance = external bending moment. 


E 

External moment M == 

M 


M 

I 


- OUL JLV 

and “T = 


E 

R 


E f 
Also 5 = i 
R y 


therefore M = f- 

y 

The general relation can be expressed as, 


. ( 2 ) 

. (3) 


M E f 
1 ~R~y 


(4) and (5) 


where / may be a tensile or a compressive stress and y is the 
distance of the fibre from the neutral axis. 

The maximum intensities of stress are at the outer 
boundaries, and if these are ft and f, respectively. 


ft = Mf ; f, = 

If a section is symmetrical about the neutral axis, i.e. 


Vc = Vt 

then ft = fc 

The quantity p is called the “ Modulus of the section,” and 


is usually denoted by Z, 

so that M =fZ 


( 6 ) 
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There are two moduli for every section which is not sym¬ 
metrical about the neutral axis: one = Jjy^ and the other 

IIP.- ^ 

Dimensions of Z are [length units]* = [LY 
Problem 6. To what radius of curvature may a beam of 
mild steel be bent so that its maximum tensile stress will not 
exceed 8 tons per square inch? 

E = 13,000 tons per square inch 
Depth of beam 10 in., and the beam is symmetrical about 
the N.A. 

E ft= ^ tons/sq. in. 

y^R y = 5 in. 

^ Ey 13,000 X 6 . 

R=J- - 5—m. 

= 8125 in. 

= 677 ft. 

19. Notes on Moments of Inertia, (a) Let a thin lamina of 
area A consist of a number of small areas ag, etc., 

situated at distances fi. fa • from some axis RR 

Then the moment of inertia of the lamina or total area 
about the axis RR 

= Irr = etc- • (7) 

= Zar^ 

= E moment of a moment. 

Imagine the whole area A concentrated at a distance h from 
RR, so that 

Ak^= . . . . (8) 

then k is called the radius of gyration. 

(6) Let XX be an axis through the centroid of the area A, 
IXX = moment of inertia about an axis XX 
Let MM be an axis parallel to XX at a distance m from it. 

Then /^m = Ixx + • • • (9) 

(c) Let there be three axes, OX, OY, OZ, mutually per¬ 
pendicular to one another and meeting at the origin 0, which 
is^the centroid of an area A. The axis OZ, being at right 
angles to the plane of the area, 

then /„ = Ijx ^YY • • • (19) 

From the relation expressed in equation (10), any number of axes 
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OX and OY may be drawn at right angles to one another, 
and the sum of their moments of inertia will be equal to /zt, 
that is, a constant. 

, Thus, if the moment of inertia about one of these axes is a 
j maximum, then the moment of inertia about the axis at right 
I angles to it must be a minimum. These axes are spoken of 
I as the “ Principal Axes of Inertia.’* 

A principal axis can also be an axis of symmetry ; and if 
an area has one axis of symmetry, this will give one principal 
axis, and the other principal axis can be determined by draw¬ 
ing it through the centroid and perpendicular to the axis of 
symmetry. 

Referring to Fig. 23, let OX and OF be the principal axes 
of inertia for the given area, y 



Fio. 23 


Fio. 24 


Let Zxx be the maximum moment of inertia 
and lyy „ minimum „ „ 

OP and OQ are another pair of rectangular axes at an angle 
a to the principal axes, 

then^/pp-f /qq = Ixx + • . . . (11) 

It can be shown that 

Ipp Irr COS^ (Z SUl^Ct’ ... (1^) 

shi* a + /yy COS* a . . . (13) 

20. The Momental Ellipse. OX and OY are the principal 
axes of inertia of a plane figure. (Fig. 24.) Let /yx > Iyt> 
be an axis inclined at an angle a to OX, 

then Ipp = Ixx cos* a + /yy sin* a 


Note. The theory of simple bending can be used for unsymmetrioal beam 
sections, if the applied bending couple is in an axial plane which contains 
one of the two '*Pimoipal axes of Inertia.** 
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Let the lengths Oi?, OSy OT be measured to the same scale 
along the axes OX, OP, OYy such that 


OB = X — . 

Ir- 

1 

— h 




08 = p = , 

11 

1 

J 7pp‘ 

t 

U" 

II 

II 

II 

o 

/?■ 

11 




A = area of the figure 

It can be shown that y and x are the semi-major and minor 
axes of an ellipse, which is known as the momental ellipse: 
the point S lies on the ellipse. 



Fio. 25 



If the principal moments of inertia are known, then the 
semi-axes of the momental ellipse can be found and the 
ellipse drawn to scale. If any radius be drawn and its length 
r measured to the same scale as x and y, the moment of 

jl 

inertia about that radius = . 

r2 

Examples. 

(a) Find the moment of inertia of a rectangle about an axis parallel to 
the ends and passing through the centroid. Construct the momental ellipse 
for a rectangle 2' x 6 ^. Also find I about an axis through the centroid at an 
angle of 60** with the X axis (Fig. 27). 

d 

From Fig. 26, 7^, = f\ b dyy* = 

db* 

Ijj by similarity = -yx 
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For the given rectangle, Fig. 26 
2x5* 

/« = - = 20-83 in.* 

6 X 2» 

Ijj = j 2 ~ 3-33 in.* 

* = = 0-693 

S' 

X and y are the semi-axes of the momental ellipse. 

r^o** measures M4 /go- = ^ = (Tli)* ~ 

By calculation 

= 20-83 cos* 60° + 3-33 sin* 60° = 7-718 in.« 



For a square of side 5, 

/ -I 

■'xi — -tYT — J2 

(6) For the given section (Fig. 27), find the greatest and least moments of 
inertia. Draw the momentai ellipse for the section, and use it to find the 
moment of inertia about the axis OR, 

IrY= 2 X iV X i X 4* + * X 7 X {i)3 
== 6-342 in.* 

4x = X i X 7» + 2{^ X 4 X (i)® + 4 X i X (3i +i)*} 
*= 63-48 in.* 
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Area of section = 5’75 sq. in. 

V 5-76 
5-342 ~ 

measures *445 /go® = 29*03 in.^ 


(c) ♦ For an angle iron X X the momenta! ellipse is as in 
Fig. 28. The student is requested to check all the moments of inertia for 
himself. 



ox is an axis of symmetry and there¬ 
fore a principal axis. OY will be the 
other. 

/iB = 7-27; /xx of aADE = -628; 

Ixx of EDFB = 2-26 
/„= /„= 3-632 in.‘ 

/„ = 2(2-26 -f -628) = 6-766 in.* 
/„ = 2 X 3-632 - 6-766 
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= 1-608 in.* 


The semi-axes of the momental ellipse are x => -761 and 
y = 1-468. 

(d) The Circle. (Fig. 29.) To find the moment of inertia about a 
diameter, it is necessary to find, first, the moment of inertia about the axis 
at right angles to the plane of the figure and passing through the centre. 

/tt 

- dr - r* 


(«) 


/« = 



rR 

also /„ = 


== 

hrn* 


wR* 


4 


For a Hollow Circle. 

TT 

XX = 4 




where = external radius 
Ri = internal radius 


The momental ellipse becomes a circle for the circle, and also 
for cross-sections which are similarly symmetrical about the 
two mutual axes : e.g. the square. 


♦ Examples (a). (6), and (c) (pp. 28-30) are from Mann*s Practical Mathematics 
by permission of Messrs. Longmans, Green & Co. ^ 
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21 . Routh’s Rule. If a body is symmetrical about three 
axes which are mutually perpendicular, the (radius of gyra¬ 
tion)^ about one axis is equal to the sum of the squares of 
the other two semi-axes divided by 3, 4, or 5, according as 
the body is rectangular, elliptical, or ellipsoidal. 


Examples. 

Rectangle —only 2 axes, 

then (radius of gyration)^ about an axis through the centroid 
and parallel to the ends 


= P = 


2 


Civcle (^diameter — 




+ 0 

d® 

3 ~ 

12 


6 d8 

^ 12 “ 

12 



~ 16 



/ = X Ti; = 


Ellipse 


'diameter — ^ ^16 — 


Trd^ 

64 


(^major axie)^ 
(A^minor axis)* 


(semi-minor axis)* 
4 

(semi-major axis)* 
4 


ttR^ 

4 


Area ellipse = tt (semi-major axis) (semi-minor axis) 

22. Graphical Methods of Finding Moments of Inertia for 
Unsymmetrical Figures. {See Fig. 30.) It is required to find: 

(1) The position of the centroid with relation to some axis. 

(2) The moment of inertia about this same axis, and from 
which I for an axis through the centroid and parallel to the 
axis of reference can be obtained. 

Enclose the irregular figure in a rectangle, and let two 
adjacent sides OP and OQ be the axes of reference. 

JS is a point where the axis OX touches the figure. 

Divide the figure into a number of horizontal strips of dy 
thickness. 

Let LM = the width of one strip, 
then LAf • dy = the area of this strip. 



32 


THEORY OF STRUCTURES 


LM is at a distance y from OX, 

Let AB be the projection of LM on QS. 

Join A and B to i?, to cut LM in L^^M^- 
Do the same for other strips and join up corresponding 
points L^Mi to form a new figure called the “ first derived 
figure.’* 



Fig. 30 


Let A = area of the original figure 

area of the first derived figure 
d = depth of the figure between the sides of the 
rectangle QS and OP 

Then y the perpendicular distance of the centroid from the 
axis OX 

d X area of the first derived figure 
area of the figure 

To Find (Moment of Inertia about the axis OX) 

Let CD be the projection of L^M^ on QS, 

Join G and D to iJ, to cut L^M^ in L^M^- 
As before, continue for other strips and join up all similar 
points L^M^ to form a “second derived figure.” 

Then /^x = d* X area of the second derived figure. 

/ about the axis through the centroid and parallel to OX is 
/ = Jxx - A(y)K 

The areas are best found by means of a planimeter. 

An example of derived figures is given in Fig. 31. 

23. The Modulus Figure. It has been shown that the 
external moment 

M = stress x modulus of section =/•(-) 
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Pot non-mathematical sections, the modulus of the section 
can be obtained graphically from the construction of the 
modulus figure. By graphical or experimental methods, find 
the centroid of the section. Through the centroid, draw the 



axis about which the beam will bend. This will be the 
neutral axis. 

With a pole 0, in the neutral axis construct the first derived 
or modulus figures on the tension and compression sides. 

(a) If a tensile stress is the working criterion, the tensile 
modulus figure is required. If y* is not equal to yc, then on 
the compression side take a base at a distance from the 
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neutral axis. All strips on the compression side have to be 
projected on to this base. 

All strips have been reduced into terms of the outer tension 
boundary, and therefore the modulus figure is now an 
area over which the stress is a constant, being equal to the 
skin or boundary tensile stress. The total tensile or com¬ 
pressive force will act at the centroids of the respective 
derived areas above or below the neutral axis. If the area 
has been reduced to terms of the maximum tensile stress, 
then M == ft X At X Dt 

where At = area of the derived figure found from the 
tensile basis above or below the N.A. 

Dt = the distance between the centroids of the 
tensile and compressive derived areas 


Shaded Areas - Modulus Figures 


Compression 

Flange 

T 


Tension 

Flange, 



Modulus Figure 
Tension Basis. 


Fio. 32 


Modulus. Figure. 
Compression Basis. 

Fio. 33 


The positions of the centroids can be found by experiment. 
An illustration is given in Figs. 32 and 33 and in Fig. 37. 

(b) If working with compressive stresses, then the compres¬ 
sion modulus figure is found by a similar construction. 
Illustrative Problems of Normal Stresses in Beams. 
Problem 6. A rolled steel joist has the following properties— 

Depth. Width of flanges. Area of section. 

10in. Sin. 20’6sq. in. 346(in.*) 71-6(in.*) 

Such a joist is to be used as a beam 20 ft. span, loaded in the 
centre, with the web vertical. Find the safe load that can 
be carried if the factor of safety is 4. (London Univ., 1923.) 
The neutral plane will be XX. 

The ultimate stress for s^ood mild steel is about tons/sq. in. 
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32 

Therefore the safe working stress will be — = 8 tons/sq. in. 

Let W tons be the safe load required. 

Wl W X 20 

Maximum moment = — =-^ = 5 W tons-ft. 

4 4 

= 60 TF tons-in. 

® ^ ^ y, = 6 in. 

8 X 345 

SOW = /- = 8 X 69 


8 X 69 

W = gQ = 9-2 tons. 


Problem 7.' A compound beam (Fig. 34a), formed by rivet¬ 
ing together two rolled steel joists 16 in. deep, has a span of 
26 ft. and carries a uniformly-distributed load of 36 tons. 

726in.< /y, = 27 in.* 

Take the beam to be so loaded that the flanges are stressed 
as in Fig. 34a. The joists are illustrated in Fig. 34. 


Y 



TT 

Y 


Fio. 34 




J1 


Compression 


2116x6"^ €2* 


crQnn Tension 
Fia 34a 


(1) Find the position of the N.A. above the tension flange of the compound 
beam. Fig. 34a. 

Take moments about ♦. 

2 X 18-22 X y = 18-22 X 8 + 18-22 X 

From which y = 12-1 in. 

IjfA == Moment of inertia about the axis through the 
ifCentr#id and parallel to the tension flange. 
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Neglecting the effect of the rivets and rivet holes, for the 
compound beam 

7,^ = 726 + 18-22 X (4-1)2 + 27 + 18-22 X (4-18)* 

= 1380 in.* 

A 

The compression boundary is 4-18 + 3 = 7*18 in. from the N.A. 
„ tension „ = 12*1 in. „ 


(1) Neglecting the weight of the beam, the moment at the 
centre, which is a maximum, is 

wP Wl , 

— = where W is the total load in tons 

o o 

„ . , 36 X 26 X 12 ^ 

Maximum moment =-r-tons-m. 

O 

Let /, = maximum compressive stress in tons/sq. in. 
ft >> tensile ,, „ 


Then 


36 X 26 X 12 , 

-«-=/« X 


1380 

7-18 


/e = 6-8 tons/sq. in. 


,, 36 X 26 X 12 , 1380 

Also- g - =/,X 


= 11*5 tons/sq. in. 


(2) Allowing for the weight of the beam, to find the additional 
stresses due to this weight. 

Total weight of beam = 2 x 62 x 25 lb. 

= 3100 lb. = 1-38 tons 

Now 35 tons distributed load cause stresses of 6*8(/c) and 11*5(/^) 
.*. 1*38 tons distributed load cause stresses of 

6-8 X 1-38 , . X j 11-5 X 1-38 ^ 

--(compression) and- ^ -(tension) 

= 0*27 tons/sq. in. and 0*45 tons/sq. in. 

compression tension 

additional stresses which are small. 
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EXAMPLES 

1. Three wooden plcuiks, a, h, and c, of the same material are laid side 
by side across a span of 7 ft., and a load of J ton is laid across them at the 
centre of the span, so that they all bend to the same radius of curvature. 
Each plank is 6 in. wide, the depth of the two planks a and c is 3 in., and 
of b (the centreJ plank) 6 in. Determine— 

(а) The load carried by each plank. 

(б) The maximum intensity of stress in each plank. 

2. A bar of steel, originally straight, is bent to a radius of 600 in. ; the 
bar is 2 in. wide and 1 in. deep in the plane of bending. Find the bending 



moment and the greatest intensity of stress induced in the bar. Prove the 
formula employed. {E — 12,500 tons per square inch.) (I.C.E.) 

3. In a supported T beam of span 20 ft. and 10 in. deep, the sectional 
areas of the web and fiange are equal. The beam has to carry a uniformly- 
distributed load of 4 tons, and the allowed working stresses are 3 and 5 tons 
per square inch in compression and tension respectively. What is the 
sectional area of the beam ? (I.C.E.) 
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* 4. A cast-iron lintel beam spans a window opening 14 ft. clear in width 

and carries a load from the brickwork above, assumed to be that included 
in an equilateral triangle of which the lintel forms the base. The brickwork 
is 18 in. thick. If the cross-section of the lintel is as shown in the sketch 
(Fig. 35, page 37), what is (a) the maximum compressive stress; (6) the maxi¬ 
mum tensile stress, product in the cast-iron ? The weight of 1 cubic ft. of 
brickwork = 1001b. 

5. A steel angle 4' X 4^ X ('is 10 ft. Gin. long, and built vertically 
into a concrete foundation. The upper end is quite free except for a wire 
rope inclined at 45^ to the floor. Tito rope passes through a hole (F) in one 
side of the angle 2 in. from the comer and 10 ft. from the floor. The rope is 
in the same vertical plane as the face of the angle through which it passes, 
and carries a load of 200 lb. The moment of inertia about the neutral axis 
of the cross-section is 1*93 in.* The neutral axis is distant x » 1*17 in. from 
the comer. Find approximately the maximum stress produced in the angle. 

(U. of B.) 

6. To what radius may a wooden beam 12 in. deep be bent if the skin 
stress may not exceed 10001b. per square inch, assuming E ^ 2 X 10* lb. 
per square inch 7 If the beam is of rectangular shape, 6 in. wide, what is 
then its amount of resistance 7 

7. A rolled steel joist, 12 in. deep, has a span of 20 ft. and carries a load 
of 10 tons uniformly distributed, and a concentrated load of 3 tons at the 
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centre of the span. The flanges are 7 in. wide and *875 in. thick, and the 
web is 0*5 in. thick. Determine the maximum stress due to bending. 

(L.U., July 1923.) 

8. An I section steel joist, 9' X 4', M. of I., 81 in. units, has a span of 
12 ft. Find the maximum s^e distributed load per foot run it will carry 
with a working stress of 8 tons per square inch. 

9. Find by a graphical method the ** modulus of the section *' of a joist 
10' X 5' X ('. Construct a scale for the modulus figure. (U. of B.) 

10. A rectangular beam of wood 10 in. deep and 6 in. wide, and having a 
length of 16 ft., is supported on two supports 10 ft. apart, one support being 
at the left end of the beam. The beam is loaded with a load of ( ton per 
foot run. Draw the diagram of bending moment, neglecting the weight of 
the beam, and find the maximum stress per square inch in the beam. 

11. Point out the meaning of the moment of inertia of a section of a loaded 
beam. Find the moment of inertia of an area consisting of a rectangle 10 in. 
wide and 12 in. deep from which haa been taken a smaller concentric rectangle 
9 in. wide and 11 in. deep about an axis 6 in. below the top and parallel to it. 

(I.C.E., April 1923. 
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12. At what distance d should the two channels be apart in Fig. 38 

80 that /xx = and yy are the 2 axes of symmetry. 

13. Find the moment of inertia of the section about the axis xx and also 
about an axis through the centre of gravity parallel to the axis xx. Fig. 36, 
page 38. 

Method, Divide the length of the section into small lengths of, say, *1 in. 
Then the area of the whole section == n x *1 X ^ where n ~ number of 
small lengths. Let y = arm of each small length from the axis xx, then 
neglecting the moment of inertia of each small length about an axis through 
its own centroid, 

Ijji “ 

which, if a is constant = al^y* 
where a = (*1 X t) sq. in. 

14. A piece of steel has to be bent round a drum 5 ft. in diameter. Deter¬ 
mine the maximum thickness the steel may have, if the stress is not to 
exceed the limit of proportionality of the steel which is 14 tons per square inch. 

E = 12,500 tons/sq. in. (U. of L.) 

15. Prove the formulae for y, Jxx. and /, given in para. 22, p. 31. 



CHAPTER m 


Deflection of Simple Beams 


The determination of deflections will be ascertained from the 
dijBTerential equation of the deflection curve and also by the 
use of the bending moment diagram. 

24. In the chapter on “ Bending,” the relations between 
moment, stress developed, and curvature were found. 

y~ I ~ R 

For very flat curves and for which the radii of curvature are 
very big, 

1 _ ^ 

B~ dx» 

(Py M 

thatis,^, = :gj 


/ 

origin. 



y positive\^^^ 
dice 

)s/ope positive. 

i radians = tan i = dUu 


origin 



<w 

tan i = positive, 
doc 

Fig. 39 


In Fig. 39, (a) is a simply supported beam; under any system 
of loading the beam will bend concave upwards ; that is, the 
displacements from the horizontal position will be in a down¬ 
wards direction. The amount of displacement at any point 


* This is the expression derived from the case of so called **pure bending.'* 
The same equation may be used for the bending of piismatical bars by 
transverse loads, if the effect of the shearing forces be neglected. 

41 
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will be the deflection of the beam , at that point. Let this 
displacement be positive when measured in a downwards 
direction and be equal to + y. 

When writing down the fundamental equation of any simple 
and fixed beam, always start from the left of the beam as 
origin, and give the moments their correct sign according to 
the way they tend to bend the beam about the left of a 
section considered, and which were indicated in Chapter I. 
These signs will'give, on solution, the correct sign for the 
displacement y. 

In the case of the cantilever, the fixed point is taken as 
origin, Fig. 39, (6). For overhanging and continuous beams the 
left-hand support is considered as the origin. 

For symmetrical loadings, deflections can be most elegantly 
found by mathematical methods : for systems of irregular 
loadings, it had been found necessary to use graphical methods, 

)/i2 



but a mathematical form developed by W. H. Macaulay* can 
be used in all cases and is much simpler. It can be used for 
all kinds of beams having El constant. 


3aj 

25. The slope of the tangent at any point = ^ = tan i 


= i radians, where i = angle in radians which the tangent 
makes with the x axis, and it is always very small, so that 
tan i is nearly equal to i. 


The Difpbbbntial Equation op the Deflection Cueve 
26. General Mathematical Method (Fig. 40). (Due to Mr. 
W. H. Macaulay.*) OA is a simple beam loaded in an irregular 


* Messenger of MctthemaHcs, No. 673, xlviii, Jan. 1919. Also refer to 
“The Elastic Equation for loams’* by W. D. Womersley, Concrete and 
Constructional Engineering, Vol. XX, 1926. 
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manner and of length Z. Take the origin at 0 (the left-hand 
support), and the axis of x to the right and positive. Take 
any section X distant x from 0 and beyond the last applied 
load. Bo and B^ are calculated by the usual methods. 
Moment at X 

= = - B^pc + W-^{x “ a) + W^{x - 6) H- . . . If „{a; - n) 

This is an expression for the moment for any section X, if the 
terms inside the brackets are omitted for values of x, which 
make them negative. 

= a) f Tr*(x-6) 

+ • • • W„{x-n) 

Integrate twice (taking El constant), 

x^ W W W 

E/2/ = ~i?,~ + y(2;-a)3+ 

Ax B , , . (eqn. C) 

This expression is true for all values of x between 0 and Z, 
omitting terms which become negative for particular values 
of a?. 

For simple beams, when a: = 0, y = 0 ; 

Then B = 0 

To find A, put X = I, then y = 0 (generally); Then 

R W W W 

0=-y^Z3 + ^^(Z-a)3+^^(Z-6)3+ . .i^(Z-n)3 + ^Z 

From this latter equation, A may be found : substitute it 
in equation C to give the general 
value of y. 

The slope at any section will be 
found by differentiating y with 
respect to x when the value of A 
is known, and the resulting equa¬ 
tion will hold good for any value 
of X, omitting terms in the 
brackets which become negative 
for particular values of x, Fio. 4i 

Examples. 

(a) Simple Beams. Load at the centre (Fig. 41.) Supports same height. 
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Ely = - 


2X6 


Wx / I \ 

2 2 / 

W ! I 

T ” 2) + 


when a: = 0 y = Q B = 0 
When X = 1, y = 0, 


then 0 = - 12 ^®+ -6 


W/IV 


+ Al 


Wx^ Wf IV WPx 


W ( 

Ti"- 


which holds good for sections between C and B. 

Obviously for all sections between 0 and C, the middle 

I 

term will be negative, as a; < r. 

Between 0 and C, 

Wx^ Wl^x 

"S'= - TT + TT 

V is a maximum when x = ~ 

^ 2 

i.e. the deflection is a maximum, 

^ WP , WP WP 

when EIy^ = -— . . .(1) 

Between C and J5, considering slopes 

^^dx 4 + 2V 2/ 16 

= ^ (4** - Sxl + 3P) 
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Between 0 and C, 


n% - mi. 


4 16 


when a; = 0, — 


» ® == 2 *L = ® 


(6) Simple Beam, with Uniformly-distributed Load the Whole Length of the 
Beam, (Fig. 42 ) Supports same height 


Q per 

- 


Ro — Re — 2 

wl ^ d^y 

-^x + wxx 2 = 

ufl ‘VO 

Ely-=-+ Ax ^ B 

When a; = 0, y = 0, 5 = 0, 

and X = I, y = 0, 

, wP wP . - 

then 0 == - j 2 + ^ 


. wx^ , wl^ 
EIy = -Y^x +-^ 


The maximum value of y (giving the maximum deflection), when 
I 
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wl 


id* 


Ely^nam — 12 ^ 8 24 X 16 


, wl^ I 
+ 24 ^ 2 




ymam 


5wl* 

384 

Bid* 


wl* 


WF 


384B/ 

To find the slopes, 

Tirdw idx* wx 


when a; = 0, = 


76-8JS/ 76-8JS?/ 

24 

wl^ A 


(3) 


24B/ 


(4) 


@ Simple Beam SymmetricaUy Loaded vnth Equal Concentrated Loads, 
(Fig. 43.) Supports same height. 

OB is a beam of length I, 
having loads of W at distances 
a from 0 and B respectively. 

6 W 

The moment at any section X j 
between G and D {CX^ = 

== - ■Bo(a + *i) + Wxi ; 

(«.= W) 
= - R^ = - Wa = constant 

- Wa 


W' . 

I 6-2a 

Ck-x,^ 0 X\(y 

^ - rr - 


- ^ -1_>^ ' 

-l-a-^ 

Fio. 43 


I 

R 


El 


El 


= constant 


Therefore, between C and 2), the beam bends to the arc of a 
circle. 

Take a section X between D and B^ 

M. = El'^^^^-Wx + W{x-a)->rW{x-l^-a) 

Wx^ W W 

Ely = - + -g (a; - o)s + -^ (a: - - o)» + ^a: + B 


When a: = 0, y = 0, then B = 0 
When a: = i, y = 0 
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WP w w 

then 0 --^ + -Q (Ir-a)^ + a)^ + Al 

^-^ + ^il-ay + ^a>^ Al 


Ely = 


Wx^ 


6 


Wal TFoy 
2 2 
W 
6 


W WcUx Wah^ 

+ ^(x-ar + ^ix-k-a)»+ ^--V- 


(4o) 


At the load points 0 and D, x = a and (I - a) 
so that y, = y^ 

Wa» W, , . WaH Wa> 

-r + T(——-X 

a-li- a is neglected because it is negative. 


Elyc = - 


WaH 2 ^ , If0*1, . Tfo® 

my. —+ ^ 


( 6 ) 


The deflection is a maximum at the centre of the beam ; 

. , I 

i.e. at a? = X 


WP 

^IVmax == + 


WaP 


W(l \ 

Tfo» ^ 

6 


» Wal^_ WaH 

* A A 


(6J 


EIiy„ 


Pc) = 


WaP Ifo® 


8 


6 


WaH 2 , 

—+ 5H'.> 


„ /P a! , on 


Wa 

= — (Z2. 4aZ + 4a2) 

Wa WaL^ 

The relative deflections at the centre of the beam and at the 
load points 

constant moment Wa ,,, , , , , , 

?=--(distance between loads)^. 
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Difierentiatiog equation (4a), 
= Eli, -- 


Wx^ W W 


At the origin, x = 0 
EIL 


Wal Wa^ 


= A 


2 2 

At the centre of the beam, = 0 

2 

At the load point C, x = a 

Wa^ . Wal 

2 


EIL^ 


2 + 2 


Wa .. ^ ^ Wa. 


/i - a)* 

Wa^ 

+ ' 2 2 


constant moment x (distance between loads) 

_ 


( 7 ) 


27. Note. The relative deflection at the centre of the portion 

of a beam of length bending to the 
arc of a circle and a load point can 
be proved from the properties of a 
circle. (Fig. 44.) 

R^=[R-yY + {^‘, 
jB 2 = i?2 - 2Ry + y® + ^ 

j/(2i2-y) = (|y. 

or = 

neglecting y^ as being of the second degree of smallness. 

y — g p 

1 M Mly^ 

R~ El y — • • (®) 

where if is a constant. 
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Overhanging Beams. Equal concentrated loads at the 
ends of equal overhangs. (Fig. 45.) Supports 0, B, at the same 
level. 

jBo = -Bb = W 

This case is exactly the reverse of the last example considered 
(Art. 26c). The beam between O and B will bend to the arc of 
a circle. 

Let OB be the base line, and let Z == Zj + 2a. 

At the centre of the beam, the deflection above OB will be 

“ 8EI 


being negative because the deflection is upwards. 


y positive 



The loaded ends will deflect below the base line by amounts 
y, and (and = y^), 

, WaH 2Wa^ 


where Ely^ = 


(eqn. 6) 


WaHi Wa^ 

= —2 h 

The slope of the beam at the support 0 

Walj^ 


(eqn. 5) 


These results will be obtained by taking 0 as the origin and 
obtaining an expression for the moment at a section X dis¬ 
tance z from 0 and between B and D, The deflection of C 
is the same as for D ; for any section between B and D 

^ 9 = W{a + x)-Wx-W{x-li) 


Wax^ W 


WaUx 



60 


THEORY OF STRUCTURES 


lUuatrative Problem 8. A beam of length 20 ft. is loaded as 
in Fig. 46. 

Find— 

(а) the maximum deflection and the section where it occurs ; 

(б) the deflection and slope at the load point ; 

(c) the slopes at the ends of the beam. 

Take JE = 13,000 tons/sq. in. 

/= 300 (in.)* 

= 3 tons = 9 tons 

At any section X between C (the load point) and B, 

-3a;+ 12(a:-15) 



Fia. 46 

EIy = -3j + j (z-lB)> + Ax-i-B 

when * = 0, y = 0, B = 0 

„ * = Z == 20, y = 0 

then 0 = + 2 X 5® + 20A 

Solving ; A == + 187*5 
a;® 

Ely = - + 2(a; - 15)3 _f. I87*5a:. 

The maximum deflection will occur at some section between 
0 and C ; the equation for any section between 0 and C is 

a;3 

~ ^ + 187*5a?. 

In this case, x always < or = 15, and (a; - 15) therefore 
always negative or zero, and is eliminated. 
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For maximum defection.* 

• ■" dv 3®* 

El:f = - - 5 - + 187-5 = 0 
dx 2 


r 


= 126 

/. x= 11-2 ft. 

The maximum deflection is at a section 11*2 ft. from O. 

11 . 2 * 


13,000 X 300 X y = - 


+ 187-6 X 11-2 


E and I are in inches and x in feet; the right-hand side of the 
equation must he multiplied by 12* to make the units correct 
on both sides, (x ft.)* = (12a;)* in.; y will then be in inches. 
39 X 10*y = 1400 X 1728 
y = -62 in. 

The deflection under the load point is 

16* 


Slofbs. 


Ely, = - ~ + 187-6 X 16 
Solving y, ~ -6 in. nearly. 


El 


dx 


EIu=- 


EIk 


EH, 

3a;* 


^—|- 6(a; - 16)* -f-187-6 for sections between C and B 


3a:* 


187-6 for sections between 0 and C 


As E and I contain inch units, and a; is in feet, multiply the 
right-hand sides of the equations by 12* to make the units agree. 
When X = 0 

187-6 X 144 , 

** 39 X 10* *■ 

at X = 16, i.e. at C, 




». = 


16* ' 
3 X -t- 187-6 


39 X 10* 


X 144 = - -0056 


* For simple and fixed beams loaded unsymmetrioally with one load, the 
maximum defieotion occurs in the longer portion of the beam between the 
load and a reaction. 
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At X = 20, the right-hand support, 


/ 20* 

(-"X T 


- + 6 X 52 + 187-5^ 
39 X 105 


144 = - -0098 


29. The general mathematical method can be made to apply 
to any irregular system of loading of cantilevers. (Pig. 47.) 

Take any section X between 

4 ^1 ^2 % ^4 the origin and the first load, and 

X t TTY distant x from 0, 

Let the loads be Wi, W 2 , W^, 
at distances a, 6, c, d, etc., 
—--C——► from 0, 

1*^ ^ The moment at X, taking 

^ moments to the right of the 

section, will be positive ; El = 
constant. 


d^V 

then = W,{a--x) + Tf,(6-a?) + TfaCc-a:) 


+ . . . Wr,{n-x) 


n may be == or <l 




when x=0, ^ = 0 

dx 

Then ^ o* + ^*6* + + 


= -^ (a - + -;g* (6-*)® -f . . . + 


WJb^x 


+ ^ + B 


Then B = - 


when a: = 0, y = 0 

Tr,o® 
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and Ely = 


W^{a-x)^ 

6 "*■ 


W,{b~x)^ 

6 


, W„(n-x)» 
6 


Wiah; , W^^x 

+ -r- + -T~+ ■ 

Wia^ WJb^ 

6 6 “ • • • 

To find the deflection at 
any section X, values of 
(a ~ x), (b - x), etc., which ^ ^ 
become of negative value, 
are eliminated. 

If X = I, all terms (a - x), * 
etc., disappear, even when 
w '*c Z. 

With one load W at the end 
W, = W. (Fig. 48.) 


W„n^x 



Fio. 48 

the beam, x = n = I and 


Then 


Wn^x 


Wl^ 

2 


, Wn^ Wl^ 
and - —= 


)Sum = 


WP 


Deflection at the end of the cantilever due to W only = 


WP 

ZEI 




^ _^ 

Fio. 49 


30. In the general method, 
if there is a distributed load on 
a part of the beam, imagine 
it extended to the section X 
taken. The part added is 
neutralized by a load acting 
upwards on the extended 
portion. 


E.g. (in Fig. 49) 


if, == - 4- ^ (x - 6)* -1- (a: - c)2 


3—(T.5430) 
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31. Examples.* 

(o) Cantilever Beams, A concentrated load of W tons at the end. (^g. 48.) 
For any section X, the moment is clockwise to the right of the section and 
positive — [El constant) 

= “17“ 


W /, a:*\ 

~ El2 j 


+ C 


C is a constant of integration. 

dy 


when X = 0, 5^ “ 

At X = I, i, is a maximum = 


(7 = 0 

EL 

2EI • 


W Cl a:®\ 

Integrating (9a), y» = ^J {^-jjdx + Ci 
~Ei\2 • 


when a; = 0, 

X = I, 


y = 0, Ci= 0 

y ymax 

WP 


W /P P\ WP 
yma. — El \2 6 j ~ ZEI ' 

W'^ 

-iT-Ar- 


(9a) 


( 10 ) 


(10a) 


( 11 ) 



Fig. 50 


The slopes and deflections 
at other sections are found 
A by substituting the necessary 

values of a; in equations 9a 
and 10a where C and Gj are 
both zero. 


(6) Cantilever of Length I, with a Concentrated Load of W tons a Distance l^ 
from the Origin (Fig. 60.) 

At the point of loading C, 

** ~ 2EI ■ ~ 3EI ’ 03) 

Between C and the end of the beam A, there is no moment, 
so that the slope of the beam will be a constant = t,. 


* The examples (a) and (6) for cantilevers are worked out by straight¬ 
forward integration. The student is asked to work out the problems dealing 
with irregular concentrated loadings by the method indicated in paragraph 20. 
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The deflection at any section B, between C and A, and 
distant 6 from C, is 

WU 

Vm — + b (slope from C to B) 

bWli^ 

~ ZEI 2EI .... (14) 

The deflection at the end of the beam 

ZEI 2E1 
Wl ® 

(c) Cantilever with a uniformly- 
Fio. 51 distributed load of w tons per 

foot run. (Fig. 61.) El constant. 

^ ^ _ W{l-xY 

dx^ ~ El ~ 2EI 



dy , w f 

w (l-x)^ ^ 

~~wi~r~ + ^ 


X — 0, i, = 0, C = 


(16) 



( 18 ) 
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X = I, yi= maximum 


t/max 


wl* wl* 

wl* Wl» 
8EI ~ 8EI 


( 19 ) 


The slope and deflection at any section are found by giving x the 
necessary values in the equations, for ia- and giving C and 
Cl their values. 

32. Relations between Slope, Deflection, and Moment; see 

also Art. 12 ante. 


Take El constant 


d^y 

^ 


Let ix==^xz = be the slope at a section Xg 
distance x^ from the origin 

»> a section distance Xi from the origin. 


Then 




rx=x, 

iz,) = M dx=x 

Jx^Xx 



( 20 ) 


= area of the bending moment diagram between 
the sections Xi to ajg. 

The angle between the two tangents at Xj 
and Xg equals the area of the bending moment 
diagram between the corresponding verticals 
divided by El. 


Let Xi = 0, then = slope at the origin 


Then 



( 21 ) 
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Generally for cantilevers and fixed beams, ig = 0, (but regard 
must be paid to the moment sign) if the fixed end is at the 
origin. 


Further y* = J 


Then = i^-dx . . . (22) 

= area of the slope diagram between Xg and 
If a?! = 0 : = 0 

Theny. = fl.dx= area of tl^ slope diagram ^23) 

^ * Jo between A 2 and the origin ' ' 

Summary. /S = J^w ,dx; M = If w , dx . dx\ 

S = i/ /^■dx.dx-,M = Jsdx. 

Total change of slope <f> 

= ^ J J J w . dx , dx ,dx 

y = J* (j) ,dx = ^ J* JM . dx ,dx 

= ^ J J J J 8 ,dx .dx ,dx 

== ^ J" J' J*J w ,dx , dx , dx . dx. 


8 , dx . dx , dx 
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33. Relations between Load, Shear, Moment, Slope, and 
Deflection. 

„ dM 

Shear = S — - 3 — = El t—. 

dx dx^ 


Eat. of loadtoe - » = ^ = E; g 


Deflection = y == J* 


dS 

“ dx^ 
M • dx 


El 
• dx 


where El may 
be constant or 
variable. 


34. Now, g = 


El 

Mx 


Th.nw.g=.y^ 


♦Integrate between a; = x = Xi 

/ dy 1 

\ ^ ^ WI J when El = constant 

Thena:gi,,-y*,-a:i4^ + = ^£mx . dx . (24) 


35. The Interpretation of Eanations (20) and (24). 

Eqitation ( 20 ). The angle between the two tangents at the 
points Xi and Xg distant x^ and from any origin of the 
deflection curve equals the area of the bending moment dia¬ 
gram between the verticals through and Xg divided by 
El.—Buie ( 1 ). 

Equation (24). Imagine a vertical taken through the origin 
of the beam, and again consider the two points X^ and Xg 
distant x^ and a^g from the origin. The left-hand side of Equa¬ 
tion (24) represents the distance between the point of inter¬ 
section of the tangent to the deflected beam at X^ with the 
vertical through the origin, and the point of intersection of 
the tangent to the deflected beam at Xg and the vertical 


♦ Integrate by “ parts method, 
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through the origin. This is equal to the moment about the 
origin of the bending moment diagram between the verticals 
through and divided by El, which is the right-hand side 
of equation (24). 

If the origin is supposed to be moved to the point then 
the displacement of from the tangent at Xg is equal to the 
moment with respect to the vertical through Xj of the area 



of the bending moment diagram between the verticals through 
Xj and Xj, divided by El (for beams of uniform section).— 
Rvle (2). 

Further: If the origin is transferred to X^, then Xj is dis¬ 
placed from the tangent at Xj by an amoimt equal to the 
moment with respect to the vertical through Xj of the area of 
the bending moment diagram between the verticals through 
Xi and Xj, divided by El. 

Examples. 

(a) Deflection of a Beam Supported at the Ends, 

Let a beam AB of uniform section {El is a constant) and length I support 
a load P at the point C distant {I - c) from the support A, (Pig. 62.) Find 
(1) the slopes at the ends of the beam; (2) the deflection and slope at the 
load point; and (3) the maximum deflection, and the section where it occurs. 
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Let and is be the slopes at A and B. From Fig. 52 it 
is seen that the distance between A and the tangent at B is 
equal to Zi®, and that the distance between B and the tangent 
at A is equal to li^. 

From Rule (2), li^ is equal to the moment about A, of the 
moment diagram between the verticals through A and J5, 
divided by El. This is equal to the area of the moment dia- 

I c 

gram A 2 CJB 2 about A^. The centroid is — from B^ and 
therefore ^—- from A^ 

o ^ 


1 [Pc(l - c) 
El\_ I 





~ 6EII ~ ~ 


and can be shown = 


Pc(P - c2) 
61EI • 


If is positive, then is negative. 

To find the deflection and slope at the point of the bent 
beam corresponding to the load point C. 

Deflection at C-^. The deflection is obviously equal to CCi, 

CC^^GF-C^F 

= (Z - c)i^ - distance of from the tangent at A 

= (Z - c)i^ - Moment of area A^C^C^ of the Moment Dia¬ 
gram about CgCg divided by El 

Pc(l - c)(P - 0 *) Pc(l ^c) ll-c) c) 

61EI I ^ 2 ^ 3EI 


Pc\l - cf 

2iEr 


deflection below the origin A of the 
load point C. 


If c = 2 then ynz = 


PP 

^SEP 
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The Slope at Ci, 

By rule (1), the angle between the tangents at A and Ci is 
equal to the area of the Moment Diagram between the ver¬ 
ticals through A and Ci divided by El 

Pc(l - c)2 
““ 21EI • 

Then the slope of the tangent at C from equation (20) is therefore 

, Pc{P-c^) Pc{l-cf 

** “ QIEI 21EI • . . • 

I 

If c = - then ic = 0. 


For all values of c, is positive: is positive or negative 
depending upon the sign of - 2c^ + Zlc - thus 

If Zlc > + 2c^ then is positive 

If 3Zc < Z^ + 2c^ then ic is negative 
Z 

If c = 2 then 3Zc = Z* + 2c*. 

Z 

/. if c > 2 then 3Zc > Z* + 2c* and ic is positive 
Z 

and if c < 2 then 3Zc < Z* + 2c* and ic is negative 

Z . 2c 
■■'’■“<3 + 3! 


Z / 2Z* \ 

and if c = ^ then I + Z* - Z* 1 is negative. 

I 

Thus for all values of c < -, ie is negative. 


Therefore the maximum displacement of the beam will occur 

Z 

in that portion of the beam I- cove which is > \ because it is 
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in the longer portion that the sign of the tangent changes from 
positive to negative and therefore at some point within this 
length it is zero. 


The PoeUion, and the Value, of the Maximum Deflection. 

Let the maximum deflection be at section X distant x from 
the origin A and between A and G, where AC = I-cis> Z/2. 

jPox 

Mas = Moment at X = -j-. 

Pcx X X \ 

'• y* ~ ~~r ^ M 

Pc{P-c^)x Pc , 

~ 61EI 6lEi • * 

dyx _ PcjP - c^) Pc 
dx ~ 61EI m 

== 0 for Max. 


If 

If 

If 


Zx^ = P-c^ 




c = 0 then x — = 0-6761 

I I 

0 = 2 ® ~ 2 ~ 

I Vil ^ 

c = 7 then X = — 7 - = 0 * 668 Z 
4 4 


(A) 


Equation (A) shows that the maximum deflection is always 
near the middle of the beam. In the limiting case where c = 0 
and P is at the support the point of maximum deflection is 
only a distance of 0-076Z from the middle. The deflection 
at the middle is therefore a close approximation to the 
maximum. 
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Pc(Z*-c*) /P-c* Pc ( IP-c*y 

Elymaz— Qi Xy 3 Ql \s 3 / 

_Pcr(P-c^* (P-c^i 


~ 6 Z 1 

3V. 3'/. 

-J 

Pc ,, 

(Z*-c*)'/*[3'/'- 

3'l>] 

“ 6 Z ^ 

9 


Pc 


Pet 

“ 6 Z ^ 

L 3 J 

~ 3Z\ 


Pc(P - c«)*/- 

9V3^P ■ 

I PP 

If C = 2» y«»a« = 


• • Illustrative Problem 9. 

A beam ADBG with an overhang BO is bent in one case by a force P at 
the end G, and in another case by the force P applied at the middle D of the 
span AB, Provo that the deflection djj at the centre point D in the flrst c€we is 
equal to the deflection at the end O in the second case.* 



Moment Diagram 

Fio. 53 


It is required to prove that dj, (Case I)= 60 , (Case II). (Fig. 53 .) 
Case I. D on the deflected beam is below the tangent at A 
by an amount 

^ / 1 1 1 _ PoZ* 

2 ^ 2^2^ 6^ El ~ 48P/ 

D on the horizontal between A and B is below the tangent 
at A by an amount 

1 Z Z 

2 ^ '^‘*2 ^ 3^ EI~ 12EI 


* Certain writers denote the deflection by the symbol 6, consequently in 
the problems 9 to 11, the symbol of y previously us^ is replaced by d* 
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D on the deflected beam is 

Pal^ Pal^ _ PaP 
\2EI 4.%EI \%EI 
above the supports A and B. 

Case II, C is above the supports A and B by an amount 
= a X the slope of the tangent at B 
I PI I I PaP 

— a X 2 X 4 X 2 X 16^?/ 

(Case I) = (5cj (Case II). 

Conclusion, A load P at (7 causes a deflection X at P which 
is equal to the deflection X at C when the load P is at D, 

This is an example of a Theorem which is known as Maxwell’s 
Theorem of Reciprocal Deflections, and is used a great deal in the 
theory of the solution of Statically Indeterminate Structures.* 

Illustrative Problem 10. (Fig. 54.) 

A bar ABC is hinged at A and supported at the same level at B. AB is 
10 ft. and BC is 6 ft. A concentrated load of 5 tons is carried at the over¬ 
hanging end G. If JS7 = 30 X 10* Ib./sq. in. and I = 2000 in. units, calculate— 

(a) the deflection at C ; 

and (6) the slope of the beam at B, 



300 X 2240 120 

U - 6 ^ Ei 


♦ The proof of this theorem is given in a paper by the author, reference 
No. 9, page 220. See also Chapter XVI, pp. 482, 483. 
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/. 180 n = 


300 X 2240 X 120 X 180 
6EI 


C/j the deflected point of C is below the tangent at A by an 
amount 


^ 300 X 2240 X 120 

- m - 


(j X 120 + 60j 


, 300 X 2240 X 60 _ 

rtETr X 40. 


2EI 


/. deflection ofC= dc = Ac - ISOi’a 


300 y 2240 

- ^ -[360 X (100) + 180 X 40- 120 X 180] 


= 0*0403 inch. 


The slope of the tangent at B 

300 X 2240 X 120 / . 300 X 2240 X 120 

2EI - - QEJ 


= 448 X 10~® radians. 


Deflections of Cantilevers. 

(a) A cantilever of length I with a concentrated load of 
w tons, a distance li from the origin 0, (Fig. 55.) 



El = constant. 

A will deflect by an amount which is equal to the distance 
of the deflected beam from the tangent at the origin. This 
tangent is horizontal. 
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If = I then dt. = ^ 

The slope of the tangent at the load point is found from 
the equation 


EIi,= Wk^\ = ^- 


*. = 


wii 

2EI' 


The deflection d, — 


Wli 

El 




Wl^ 

ZEF 


(6) Cantilever of length I with a 


I w tons per hot run j 



uniformly distributed load 
w tons per foot run. El is 
a constant. 

A is below the origin by 
an amoimt equal to 
which is 

wl^ ll U 1 
— 2 ^ '3 ^ 1 ^ El 

wl* 

~ SEF 


(c) A cantilever AB of uniform section is deflected by a 
couple of magnitude M, applied at a point 0 distant c from 
the origin 5. Find the deflection of the end A. ^7 is constant. 
The moment M will be constant from C to B 


Eld^ = Mc{l - c/2) 


If 


Ml* 
~ 2Er 



DEFLECTION OF SIMPLE BEAMS 


67 


lUiistrcUim Problem 11 . (Fig. 57.) 

Find the deflection of C of the cantilever beam CB of the etructure C^A 
under the load P. Neglect the displacement due to the axial load in AB» 
El is the same for the two members CB and BA, 



Moment 

Diagram 


Fig. 67 


The displacement of C is made up of two parts: one due to 
the change of slope of BC due to the displacement of B with 
respect to A, and the other due to the bending moment on 
BC, Let ap be the deflective of C. 

Eld, = (z . PZA + PI. I X I) 


(Plh 

( ‘Wf slope of the tangent at B for the cantilever 

' Plh \ 

ABf and thei’efore BC also rotates through the angle ) 

El ) 
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36. Beams for wMch E and I are Variable. (See Fig. 68.) 

(1) (a) If E is constant and I varies, then 




-If 


-dx • dx 


where and are the bending moment and moment of 
inertia respectively for a section X, and y* is the deflection 
of the beam at the section X. 

The integral above may be an awkward one, even if /* 
varies as x, and consequently it will be better to use a graphical 
method. (For the case where /j the moment of inertia is a 
constant over a portion of the beam, and constant over 
another length and so on, a method is given in paragraph 39.) 


(6) If both E and I vary, then t/, = 



Mgg .dx.dx 


Graphical Method 


(2) Construct the load diagram from a consideration of the 
loads and the weight of the beam itself. 

(3) Find the reactions by ordinary methods. 

(4) Construct the moment diagram, using, say, the method 

+ (area of the load diagram from the origin to 
the section X) multiplied by (the distance of the centre of 
gravity of this area from the section X). 

(5) Construct an El diagram on the length of the beam as 

base. jj^ 

(6) Draw a ^ diagram, i.e. divide corresponding ordinates 


of the M and El diagrams 
M 

(7) Use the ^ diagram as a load 

X length) 

reactions m terms of 1 * 


M stands for moment. 

diagram. Find the 
^ units. These represent 


the slope of the beam at the point at which they act. 

(8) Construct the deflection diagram by takmg moments of 
M 

the ^ diagram about the section considered, and using a simi¬ 


lar equation as in (4) or the deflection at a section is the resulting 
moment of the MJEI diagram about the section, or y = slope x 
(distance to the section from the support minus the distance of 
the section with respect to the tangent to the support).* 


* Conjugate Beam Method. See Strength of Materials, Part I, S. Timoshenko. 
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Dimensions'" of 


Moment 

El 


are 


[M]\Ly{Lf ^ m\Lf 


[Tf 


Dimensions of the area of the 


Moment 

El 


_1 _ 1 _ 

^ [i]‘ “ [L] 


diagram are 


Dimensions of the reactions are, therefore, nil. 
Dimensions of the resultant moment of the area of the 


Moment 

El 


diagram are 




[L] = [L] 


Thus the resultant moment of the 


Moment 

El 


diagram about a 


section point gives the deflection at the section. 

Illustrative Problem 12. A timber beam simply supported 
is 96 in. long, and varies uniformly in width from 10 in. to 
18 in. ; it has a constant depth of 2 in. Find the maximum 
moment and the section at which it occurs. Construct the 
moment and deflection curves and And the maximum deflec¬ 
tion. The weight of a cubic inch of timber is *032 lb. 

The diagrams are shown in Fig. 58. 

The total weight of the beam is 86 lb. 

To find the reactions, treat as a rectangular plus a tri¬ 
angular beam in plan. 

Taking A (the left-hand support as origin), it is found that 
= 39 lb. and so = 47 lb. 

The moment at any section X distant x from A, 


== - 39a; + 2 X 10 X a; X -032 X | + | X ^ 

X -032 X 2 X I 

= ~ 39a; + •32a;2 + -000893:3 
For maximum conditions, = 0 


* \L] represents one dimension in length. 
[M] „ „ „ „ mass. 
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For the section haring the maximum moment, 
= - 39 + ■64a: + -002670:® = 0 


/. X = 50*5 in. 


Mgg maximum = 1029 Ib.-in. 
The moment curve is shown in Fig. 68. 


Plan of Beam. 



f/ Diagram. 



T « 

•07 &t SO'S inches from A, 


Deflection Diagram. 
Fio. 68 


To Find the Deflection Curve, /« varies as x, and a diagram 
of El lb. (inch)^ units plotted against x is shown in the figure. 
The dimensions of El* are [M'^ [Lf 

Divide the moment diagram by the El diagram and so 
obtain a (numerical units) diagram. 


* See footnote, page 69. 





DEFLECTION OF SIMPLE BEAMS 


71 


Treat this diagram as a load diagram and find the reactions 
in the usual way. Then by section (8) page 68, the deflection 
curve can be found. 

The areas have been worked out by Simpson’s Buie. 

The deflection curve is shown in Fig. 58, and it is a maxi¬ 
mum when X is 60*6 in. from A and equal to *07 in. 

37. Resilience of Beams Due to Bending. When a beam is 
bent within the elastic limit or limit of proportionality, the 
material is subjected to varying elastic tensile and compres¬ 
sive forces and, therefore, it possesses strain energy, and being 
within the elastic limit, this energy will be restored when the 
loads on the beam are removed ; this strain energy is the 
resilience of the beam. 

Work done by a couple = magnitude of the couple X the 

angle through which it turns. 

Let M = the final couple and i the angle through which a plane 

section of the beam turns ; 

then work done = 17 = {\M)i 

M 

Before loading no moment at all, thus average moment = — 

A 

A small increment of work = d{7 = \Mdi 

In a short length, dx of a loaded beam over which the 
moment is Jf, the change of slope will be di 

or di = small angle through which the internal moment 
of resistance will move. 

The elastic strain energy of this portion is 

\M • di 

Over a given length the resilience is 


\ jM>di 



If £/ is a constant, 


( 26 ) 
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Example. 

By means of resilience, find the deflection at the centre of a beam for a 
simple beam loaded with W tons at the centre. 

Let y = deflection at the centre ; 
then the work done by If = \Wy (W being applied gradually 
= 2 X strain energy of half the beam 


U — ^Wy — 2 X 


Jo \ ^ / 


~ 96E/ 


(For a section X between the origin and the centre, 

Integrating and substituting the limiting values of x, and 
solving, 

_ WP 

ycenirt — 

38. Beam Deflection for Any Loading.*^ Generally on a 
beam with any loading at a section where the deflection is 
required, take any extra load F = 1 ton ; let m be the 
additional bending moment at any section due to the unit 
weight. The deflection at the section is y, due to the 
original loading. Let M be the moment existing at the 
section. 

It will be shown in Chapter VIII, paragraph 101a, that 

CM fdM\ , 


_ TM [m\ 

^ ~ J El ' \ dF} ’ 


^ dM 
where-^ = 




Mmdx 


Example. 

Find the deflection at the centre of a beam with a uniformly-distributed 
load over the whole length of the beam. 

The additional moment at a section between the origin and 
the centre of the beam due to the reaction of a concentrated 
load of 1 ton at the centre 


* See also Chapter VIII and ** Principle of Least Work/* Chapter IX. 
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Therefore J - h/’ 

I 

2 ^2 wx^\ _ 

Integrating and substituting the values of x necessary, 
ymax = 384 ]^/ “ deflection at the centre 

See Chapter VIII for other examples. 

39. Beams of Varying Cross- - . ”'|=-^a= a— 

section. (See also paragraph 36.) i 

If the moment of inertia of the ^ 

cross-section of a beam is not | 

constant through its entire length, 1,1 ; 

the deflection will be , n- 

l- 


1 CM. 

y-Ej i 


Mm _ 
—f - • ax 


(eqn. 28) 


Such an example arises in the case of a plate girder where the 
cross-section of the beam varies over different lengths. 

Example. 

For the beam in Fig. 59, where is a constant over a length Ij and 1 a 
constant over a length (Z - Zj), the deflection at the centre of the beam is 
found from the equation 

_ ^ p Mm _ r^^Mm , 

yE — 2 -j- dx -{- 2 J j- • dx 

Find the deflection at the centre of such a beam which carries w tons per 
foot run. Imagine a unit load additional at the centre. 


Length of beam = 21. y^ = deflection at the centre. 
For any section X distant x from the left-hand support, 

if, = -wlx + — 


m = - - (due to the unit load only) 


yj! = 


5wl^ wli^ 


rh flx^ a;^\ 


, -* 

± t. 
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Illustrative Problem 13. A weight of 1 ton is dropped from 
a height of Sin. on to the centre of a R.S.J. 16* x 6' (/«. 
= 726 in.^) 20 ft. long, and simply supported as a beam. 

Taking E == 13,000 tons/square inch, find the maximum 
stress developed in the beam. 

Let y = maximum deflection of the beam at the centre. 
Let an equivalent static load of tons at the centre cause 
this same deflection y. 

Let the falling weight be W tons; and h inches be the height 
through which it falls.* 

The resilience of the beam under the load of Wi tons 


i 



_ 1 riTi* xn2 _ 

L 4 ‘ 3 Jo ““ 96EI 

^ ~ iSEI 


Then ir(A + p) 


Neglecting y as being very small, 


WiH* 

96E1 


Wh = 


For the problem, 

1X5 = 

ITj* = 


WiH> 

96EI 


Wi^ X (20 X 12)» 

96 X 13,000 X 726 
6 X 96 X 13,000 X 726 


240 X 240 X 240 
= 338 

Wi = 18'3 tons 

Moment = skin stress x modulus of the section 


^ ~ I 


y 

18-3 X X 8 
726 


tons/sq. in. 


* Assume no loss of energy at impact: that the resulting displacement 
curve corresponds to that obtained mider static loading and that the beam is 
stressed within the limit of proportionality of the material. 
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Max. stress = 12*1 tons/sq. inch 
18-3 X 240 X 240 X 240 
48 X 13,000 X 726 “ 

therefore y is hardly negligible. 

Allowing for the falling weight moving through y, 
( TTi X (240)»\ Ifi*(240)» 

•• ^^EI )~ 96EI 

fi . Zl_ ^ 

33*8 “ 67-6 

Wi^ - 2Wi - 338 = 0 

_ 2 jr V4 + 1352 

1 - 

_ 38-8 
2 

Max. stress in this case = 


= 19*4 tons 
19-4 

X 

12*8 tons/sq. inch 
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EXAMPLES 

1. A cantilever 10 ft. long carries 5 tons at its outer end and another 

6 tons 6 ft. away from the fixed end. Find its deflection by the graphic 
method, assuming that I ~ 1000 in.^ and E ^ \ 3,000 tons per square inch 
throughout its length. Check the result by calculation. (U. of B.) 

2. A rectangular beam of wood 12 ft. long, 3 in. wide, and 4 in. deep is 
supported at its ends, and is loaded with loads 300 lb. and 500 lb. placed at 
points 5 and 8 ft. respectively from one end. Calculate the maximum bend¬ 
ing moment produced by the loading and find the deflection produced by 
bending at the midpoint of the beam. E =■ 1,400,000 lb. per square inch. 

3. A rolled steel joist, 10 in. deep by 5 in. wide, has an effective span of 
10 ft., the ends being freely supported. The maximum moment of inertia 
of the section is ]46*6 in inch units. From what height can a weight of 
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half a ton fall on the middle of the joist without producing a stress greater 
than J5 tons per square inch ? Only 75 per cent of the kinetic energy of 
the falling weight is transformed into the work of deformation. 

E == 12,600 tons per square inch. (I.M.E.) 

4. A hollow pole, made of mild steel tube 5 in. outside diameter \ in thick, 
is firmly fixed in the groimd, the top being 9 ft. above ^ound level. A 
horizontal pull of 1,000 pounds is applied to the pole at a height of 5 ft. from 
the ground. Calculate the deflection of the top of the pole from the vertical. 

E= 13,000 tons per square inch. 

5. Describe a graphical method of finding the centroid and the moment 

of inertia of the cross-section of a beam. A l^am 5 ft. long deflects 0*0024 in. 
under a central load of 2*5 tons. I ^ 39*05 in.*. Find the modulus of 
elasticity for the beam, neglecting shear. (U. of B.) 

6. A beam of oak 1 in. square by 3 ft. 6 in. long is given to you. Describe 

how you would determine the modulus of eleusticity of the beam and what 
value you would expect to get by means of overhanging beams and of central 
deflections. (U. of B.) 

7. A beam of mild steel 4 in. wide, 6 in. deep, simply supported on two 
rollers 10 ft. apart is loaded with a central weight of 1 ton. Calculate 

(а) the maximum tensile stress in the material ; 

(б) the central deflection. (U. of B.) 

8. A uniform beam 16 ft. long is supported at two points 2 ft. from either 
end. At the middle of the beam, and also at each extremity, loads of 1 ton 
are placed. Draw the curves of shearing force and bending moment for the beam. 

9. Find, in any way, the deflection of the centre of the beam of Question 9. 

Give your results in terms of the moment of inertia of the cross-section and 
of Young’s modulus. (U. of B.) 

10. A girder of /-section rests on supports 25 ft. apart and carries a load 

of 7 tons at a distance of 10 ft. from one support. If the moment of inertia 
of the cross-section is 695 in. units and E is 30,000,000 lb. per square inch, 
find the deflection of the girder at the load due to bending, and the position 
and amoimt of the maximum deflection. The weight of the girder may be 
neglected. ^ (U. of L.) 

11. A imiform rolled-steel joist of 18 ft. span, simply supported at each 

end, carries a load which increases uniformly from 5 cwt. per foot run at the 
left support to 17 cwt. per foot run at the right-hand support. Find the 
position and magnitude of the maximum bending moment, and find the 
slope and deflection of the girder at the centre of the span. Given : Young’s 
modulus for steel = 30 X 10® lb. per square inch. Moment of inertia of a 
normal section of joist about neutral axis =130 (inches)*. (U. of B.) 

12. An 1 section steel joist, 9 in. by 4 in., moment of inertia 81 in. units, 
has a span of 12 ft. Find the maximum safe distributed load per foot run 
it will carry with a working stress of 8 tons per square inch and the central 
deflection at this load, if ^ = 13,500 tons per square inch. (I.C.E., Oct. 1922.) 

13. The following observations were made in testing a sample of oak by 
bending, the load being applied in the centre of the span. Width 2*02 in. 
depth 2*97 in., span 55 in. The loads W and the corresponding deflection 
scale readings were— 

W\h. 100 200 300 400 500 600 700 800 900 1000 

Bin. *145 *218 *287 *358 *43 *5 *57 *643 *721 *800 

Determine from these observations the modulus of elasticity of the oak and 
also its limiting elastic stress. (U. of L., 1922.) 

14. An I section girder 10 in. X 6 in. with web 0*4 in. and flanges 0*7 in. 
thick, is firmly built into a wall in a horizontal position, so that it can act as 
a cantilever 12 ft. long. Neglecting deflection due to shear, calculate what 
deflection would be produced at the end of the cantilever by a load of 0*5 
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tons placed on the cantilever 6 ft. from the end. J!? » 30 X 10* lb. per 
square inch. 

15. A horizontal rolled steel joist 10 in. X 6 in. is supported at its ends and 
has a span of 10 ft. A load of 400 lb. falls from a height of 3} in. on to the 
middle of the joist. Neglecting loss of energy at impact, find the maximum 
instantaneous stress produced in the joist, given that the maximum moment 
of inertia of the section is 210 in. units and E = 13,250 tons per square inch. 

(U. of L., 1922 : S. of M.) 

16. Wliat distributed load will a T 4 in. x 6 in. x J in. support over a span 
of 8 ft. for the working stress not to exceed 7 tons per square inch ? W hat will 
be the maximum deflection? For the same working conditions of stress, 
how will the load be altered if a plate 6 in. x ^ in. is riveted on to the T, along 
the centre 4 ft. ? What will be the deflection at the centre and also 2 ft. 
from a support ? 

17. A l^am 60 ft. long is simply supported. It carries a central load of 
2 tons. The moment of inertia of the section for the middle 20 ft. is 600 in. 
units : for the section for the remaining length it is 450 in. imits. Find the 
central deflection ; also the deflections for the sections 15 and 25 ft. from the 
left-hand support. 

E = 13,000 tons per square inch. 


18. A weight W is dropped from a height h on to the centre of a simply 
supported beam of rectangular cross-section and length 1. I is the moment of 
inertia and A the area of the cross-section. The maximum deflection of the 

2^1 

beam is small compcu^d with h. Show that Wh — and that the result¬ 


ing maximum stress developed is 




Assume no loss of energy 


at impact and that the stresses developed are within the elastic range of the 
material. 



CHAPTER IV 


Statically Indeterminate Problems in Bending. 

Bxjilt-in, Continuous, and Propped Beams with 
Dead Loads 

40. Redundant Constraints. In the previous chapters, three 
types of beams have been considered: the cantilever, the 
beam freely supported at the ends, and the beam with over¬ 
hangs. In all cases, the reactions at the supports can be 
determined from the fimdamental equations of statics: hence 
the problems are ‘‘statically determinate.’* In the problems on 
the bending of beams which follow, the equations of statics 
are not sufficient to determine all the reactive forces at the 
supports, so that additional equations, based on a considera¬ 
tion of the deflections of the beams, must be derived. These 
problems are examples of “statically indeterminate structures.”* 
There are three types of supports a beam may have: (a) 
hinged movable support, (6) hinged immovable support,f and 
(c) a built-in end. 

Type (a) support can be imagined as a hinged joint supported 
on frictionless rollers on a horizontal plane mm. It is evident 
that in this type of joint the reaction must act through the 
centre of the Mnge and vertical to the horizontal plane mm. 
The only unknown element of this reaction is its magnitude. 

In connection with the type (6) support, it is evident that the 
reaction must pass through the centre of the hinge, but it may 
have any direction in the plane of the beam. There are now 
two unlmowns to be determined from the equations of statics, 
the direction of the reaction and its magnitude, or the vertical 
and horizontal components of the reaction. In the case of the 
built-in end (c), not only are the direction and magnitude of 
the reaction unknown, but also the point of application. The 
reactive forces distributed over the built-in section can, how¬ 
ever, be replaced by a vertical and a horizontal force acting 
through the centroid of the beam section at the commence¬ 
ment of the support, and also by a couple of magnitude M. 
For beams, loaded by transverse loads in one plane, to 


* See also page 162. 


t See ** Three-hinged Arch.” 
78 
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determine the reactions at the supports, the three equations 
of statics are— 

E Vertical forces = 0. 

E Horizontal forces = 0. 

E Moments about any point = 0. 

If the beam is supported so that there are only three unknown 
reactive forces, then they can be found from the above three 
equations. When the number of reactive elements is larger 
than three, there are then redundant constraints, and the 
problem is statically indeterminate. In the cantilever there is 
only one support. The number of reactive elements is three 
and therefore they can be determined from the equations of 
statics. For beams supported at the ends it is usually assumed 
that one of the supports is of type (a), and the other of type (6). 
In this case there are only three unknown reactive elements, 
which can be found from the equations of statics. If a beam 
has immovable hinges at both ends, then there are two un¬ 
known reactive elements at each end, the two components 
of the corresponding reaction and for determining these four 
unknowns there are only the three equations of statics. Hence 
we have one redundant constraint, and a consideration of the 
deformation of the beam is necessary to determine the 
reactions. 

In the case of the beams built-in at one end and freely sup¬ 
ported at the other, there are three reactive elements at one 
end, and one at the other. Hence the problem is statically 
indeterminate, with one redundant constraint (see paragraphs 
on Propped Beams for method of solution). The built-in end | 
is assumed to be direction-fixed, i.e. the angle of the tangent 
to the beam at the support after deformation in zero. For 
beams, built-in at both ends and direction-fixed at these ends, 
there are six reactive elements, and therefore there are three 
redundant constraints. However, for ordinary purposes, the 
horizontal components of the reactions can be neglected, which 
reduces the number of statically indeterminate quantities to 
two. In the examples which follow, the moments at the sup¬ 
ports will be taken as the statically indeterminate quantities 
(paras. 42 to 50). As the beams are direction-fixed, then the solu¬ 
tion for the support moments depends upon the fact that tlie 
change in direction of the tangents to the two ends of the beam 
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is zero after deformation of the beam occurs. In the case of a 
beam on three supports, there is one statically indeterminate 
reactive element which may be taken as the central support.* 
Here one support is usually considered as an immovable hinge 
while the other supports are hinges on rollers. In the case of 
a beam continuous over many supports, one support is again 
considered as an immovable hinge, while the others are hinges 
on rollers. In this arrangement every intermediate support 
has only one unknown reactive element, the magnitude of the 
vertical reaction: hence the number of statically indeterminate 
elements is equal to the number of intermediate supports. (If 
the ends of the beams are built-in, then the number of indeter¬ 
minate elements is increased.) If the number of supports is 
large, then the solution of the problem is simplified by taking 
the bending moments at the intermediate supports as the 
statically indeterminate quantities and not the reactions. [See 
para. 51 onwards.) 

41. Built-in or Encastr^ Beams are beams fixed at each end, 
so that the supports completely constrain the inclinations of 
the beams at the ends. The two ends are usually at the same 
level, and the slope of the beam is then usually zero at each 
end if the constraint is eflfectual, i.e. dyjdx = O.f 

A built-in beam is in effect an overhanging beam, the over¬ 
hangs having downward loads which cause positive moments 
at the supports, which are equivalent to the fixing moments ; 
and due to these moments there will be a positive moment at 
all sections of the beam, neglecting the ordinary loads for the 
time being. It was seen that for the overhanging beam, the 
loads on the beam between the supports cause moments as 
for a simple beam, and the moment at any section between 
the supports was equal to the negative moment due to simple 
beam loading plus a positive moment due to the overhanging 
loads. For the built-in beam, the moment at a section is the 
algebraic sum of the moments treating the beam as a simple 
beam plus the amount due to the end fixing moments. 

42. Built-in Beams with Any Symmetrical Loading. (Fig. 60.) 
The fixing couples will evidently be equal. There being equal 
couples at the ends, the positive moment at any section will be 
of the value of a fixing couple. 


* See example, pages 112 and 208, for solution of this unknown reaction, 
t These beams are also called direction fixed ended beams. 
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In Fig. 60 are shown the positive and negative moment 
diagram for a fixed beam, the shaded diagram being the 
resultant moment diagram. 

Let and Mfy. represent the moments at a section X due 
to the simple beam and fixing moments. 

Then resultant moment at JT = M^ = algebraic sum of 

and ifcf/x 



Fig. 60 


Taking El as constant, 

- 4-o) = J -Sf* • dx 

= ^ (- + Mfg) dx — i). 

since as the beam is horizontal at the ends, the change of slope 
is zero; 

that is, J^^sx • dx = + J'Mf^. • dx; Mf^= M^ = i.e. con¬ 
stant = Mb 

so that y Mgg,- dx = MJi, where M^ = fixing couple at 0 and B 

i.e. Area of the simple beam moment diagram ODEB (Fig. 60) 
= area of the fixed or cantilever moment diagram OF OB . (1) 

or Af 

A, of the negative sense, Af of the positive. 
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43. Beam Loaded in the Centre. (Fig. 61.) 

A, 



Fio. 61t 


44. Beam with a Uniformly-distributed Load fver the Whole 
Span. (Fig. 62) page 83. 

i, wZ* 


tiuuc. - 


Af Af 


M»Z* 2 

Jf J = — X Z X 3 


2i»Z* ,, . wl* 

+^2 umts . 


46. Built-in Beams with any Loading. (Fig. 63, page 84.) As 
before, the change of slope between the ends is zero, so that 


J'{^» + ^f) 'dx — 0* 


or A, + Af = 0 

M, is not necessarily equal to Mb, and so let Mg < Mb. 


* Mg n Simple Moment at any section. 

Mf ■» Fixing 

t Note on Fig. 61. Bending moments of opposite si^ evidently tend to 
produce bending of opposite curvature. Change of sign involves passing 
through a zero value oi bending moment. This point of zero moment and 
change of si^ is called a point of inflexion or virtual hinge. The fixed beam 
above is equivalent to a simple beam supported at the ends of two cantilever 
beams. 
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The fixing moment diagram will now be a trapezium, and 
the positive moment at a section X, x from the origin will be 

M,^ M,+ (i/,- 



Fig. 62 


Equation (4) now becomes 

0=^ £^M,+ M,+ {M^-M,)'^j-dx . (5) 

The equation of the areas is now not sufiioient to determine 
M, or Mg. 

Taking 0 as origin, 

M dhf M, + Mf 
El ~ dx^~ El 

Multiplying both sides by x and integrating by parts {see 
Chap. Ill), 

= £{M, + M,)x-dx 

= ^J'Mpdx + JMf • X • 

= A,x^ -)- AfXf 


( 6 ) 
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where and Xf are the distances of the centroids of the 
negative and positive fixed moment diagrams from the origin 0. 



Ros •Reaction as for a Simple Beam. 


^ss “ Reaction as for a Simple Beam . 
xt\0Kh= X 5 X -I 

x.AOiB = JI/3 X I X j 
X and Xy from 0 
Fia. 63 


Further 



a; = Z and 


y is the same for values a; = 0 and 
dy 

— == 0, when x = l and a: = 0 


then A^x^ + A/Xf = 0 
or Af(x, + Xf)= 0) 
or A,(x,+ Xf) = 0) 


for A, = A/ . 


(7) 


As = Af, then x,= Xf: so that the centroids lie on the 
same vertical line. 
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From Fig. 63, 

I I 12 

AfXf = M,-x X = + xl 

Z o Z o 

= mJ^ + 2mJ^ . . ( 8 ) 

_ 12 /2 
then -h 

__ __ 6,.^C » #v V 

or + 2JfB =- .... (9) 

This is a special case of the Theorem of Three Moments (^ee 
para. 52). 

2A 

From eqn. {1), M, + --j^ • • • (10) 

From equations (9) and (10), 


2Ag 6A.Xg 



Jljf g 

1 ^ 12 

. 

. (11) 

6A.X, 4Am 



P " z • 

• 

(12) 


and Ag will be of negative sign.* 

If a load of P tons is at a distance rd from the origin, then 
Mo = PI . n{l - n)^ and = PI • n\\ - n) . (12a) 

46. Relation Between the Moments and the Reactions. 

Suppose the two ends 0 and .B of a beam are hinged and at 
one end B is applied a couple in a clockwise direction. This 
couple will obviously induce a vertical reaction r downwards, 
at the other hinge 0, and an equal and opposite one at B, to 
form a couple, such that r^l = JfB, but of the opposite sign; 

therefore 


* When the fixing moment diagram has been drawn, the difference of 
ordinates between it and the bending moment diagram for the simple beam 
gives the bending moment for the built-in beam. The resultant diagrams have 
been shown for the oases considered. 

4—(T.5430) 
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Now suppose at the hinge 0 a couple = is also applied, 
but in the opposite direction, tending counter-clockwise to 
the one at JS, then equal and opposite reactions will be 
applied at B and O, the one acting downwards at B and 
the other upwards at 0. 

When two fixing couples of equal magnitude are applied at 
the ends of a beam and acting in opposite directions, they do 
not affect the reactions at the supports which will be the same 
for the beam as those for a simple beam for 



Now let the fixing couple at 0 be and less than ; 

then the induced reactions at 0 and due to iff©, will be 

less than those due to (see Fig. 64). 

Let rj be the induced reactions due to and those due 
to Jfs, 

^2 — 1 8'Ild ^ 


fi > Tj and 


I 


= r 


Now at 0 due to these couples there will be a force acting 
downwards and acting upwards. A resultant force r will 
act downwards. To balance this force, a force equal to r will 
act upwards at B, 

Therefore, to find the reactions at the supports of a fixed 
beam, calculate the reactions as for a simple beam : Where 

M M 

M^> Jfp, subtract a force —^ - - from the simple beam 


reaction at 0 
reaction at £. 


and add a force 


I 

I 


to the simple beam 
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47. Frocednre for Any Loading of Fixed Beams 

the end fixing moments by formulae (11) and (12). 
(2) The reactions for a simple beam. 


(3) 


Mb- 

I 


(1) Find 


(4) At the support where the fixing moment is the smaller, 
subtract (3) from (2). 

At the support where the fixing moment is the larger, add 
(3) and (2). 



^os -Reaction as fora Simple Beam. 
Rf = Reaction due to Fixed Momenta^ 



Fio. 65 


48. Deflections of Fixed Beams* General Method. (Fig. 65.) 

= value of reaction at 0 as for a simple beam. 

(a) Moment at a section X distant x from 0 and between 
the last load and B, 


El'^ = - Rojx + Wiip - o) + W^{x - 6) + .... W„(x - n) 


+ M. i 


(Mb- Mt)x 


EIy=- 


, W,(x-ay , W,{x-b)> 

— +-g-+-g- 


M^ 

• 2 


, (M.-M.)®’ 

^ 61 


Ax “1“ B • 


x = 0, y = 0, B = 0 
x= I, y = 0 


( 14 ) 
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and A = 


RJ^ WS-a? 


MJi MJt 

“ 2 “ ± ^ T" 


6 6 Z 

Substitute in equation (14) to give the general equation for y. 
( 6 ) If using the reactions 

EI^^^ = -R^+W,{x-a)-\- . . . A-M, . (16) 

where ± 72^,, i.e. the reaction at the origin; 

and, as before, neglect all terms such as (a; - a), etc., which 
become negative for a particular value of x. 

49. Fixed Beams. Central Load W. [See Fig. 61, page 82.) 



w 

+ 


dx^ ~ 

-y* 

- 2 )+ 


Wx^ 

W f 

ly 

!/ = - 

12 

■t(- 

- 2 ) + 

if X 

= 0 , 1 / 

= 0 . 

\ B = o 

A 1 

WP 

W/I 

N3 WP 

AL 

~ 12 

6 [i 

!/ 16 


Between a; = 0 and a; = - 
Wx^ Wlx^ 


Ely = - — + 


16 


f is a maximum when a; = ~ 


^^Vmax 


^ Wl^ WP WP 


96 


+ '64 192 


I I 

The deflection at D = 7 from 0 and E = t from B 

4 4 


El { 


ymat 

2 


- WP 
12 X 64 

^Tt 


+ 


WP > 
16 X 16; 


WP 

384£/ 


(17) 

(18) 
(19) 


Note at the points D and E, the moment changes sign. 
From 0 to D it is positive, D to E it is negative. 



STATICALLY INDETERMINATE PROBLEMS 89 


Therefore 0 to D will bend as for a cantilever, concave down¬ 
wards \ D to E will bend as a simple beam, concave upwards, 
because bending moments of opposite sign produce bending of 
opposite curvature. 

X I • r.r^y ^ Wlx 

Slope at D, * = 

-WP Wl^ Wl^ 

~ 64 32 ~ 64 • • 

IFi* 

Note, the slope increases from zero at the origin to at 

D and then decreases to zero at the centre of the beam. 

Thus thepointsDand^are points of inflection. At these points 
the slope of the tangent to the deflection curve is a maximum. 

50. Fixed Beam with Uniformly-distributed Load. (Fig. 62, 

page 83). (Over the whole span.) 

wP 

= — as for a simple beam 




+ 


-j- Ax “f“ B 


Both A and B are zero (A = 0 for ^ == 0 when x = 0) 


wlx^ tux' 


24 24 * 


At the centre of the beam, y is a maximum, x = - 

JU 


Ely mat — j2 ( 2 


wl fl Y W 
To 1 o ) “1“ ^ 


wP fl V 


To find the sections having no moment 
^ wlx wx^ wP 

^.= o---5- + ^ + ^ 


- lx + ^ = 0 

D 
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I ±- '581 
2 ~ 2 
X = •21J! and *191 


The points of inflection are at these distances from the 
origin. 

To find the slope at the section distant *211 from 0; 



Fig. 66 
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Equating moments of the positive and negative areas about 0. 
From (1) if, + ifB = 46 

„ (2) if. + 2ifB = 78-76 

ifg = 33*8, say, and both 1 
if. — 11-2 are positive ) 


ifB- if. 
I 


22-6 

W 


1-13 tons 


The total reaction at the origin = 3 - 1-13 = 1-87 tons 
„ „ end5 = 9 + 1-13 = 10-13 „ 


Total 


12-0 


Defleotion of the Beam. Take a section X distance x 
from 0 and between the load point and B. 

dhj , M,~ if. 

Then = - 3 x a: + 12(a:- 16) + if. H-;-. * 


I 


dhi 

EI^^=-3x+ 12(a:-16) + 11-2+ 1-13* 
-3*» 12(*-16)® 11-2** 1-13*» 


Ely = — + 


6 


+ 


+ 


6 

dy 


+ -4* + JB 


JS = 0. A = 0, because at a: = 0, ^ = 0 

Between 0 and C the term a; - 15 is negative and is eliminated. 

ll-2a;2 l-87a;3 

EIy= -2 -^ 

For a maximum and which occurs between 0 and C, for 
OC is longer than CB. 

EI^= 11-2* - -94** = 0, 

that is, 11-2= -94* 

* = 11*9 ft. 

^r X 11-9*- -31*» 


El in tons-feet units, y„„ in feet, 

_ ^ 

Vmam “T j^j 
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If E = 13,000 tons/sq. in. 
„ I — 300 (inches)* 

276 X 123 

Vmax — 23 OOQ ^ 3 QQ inch 
= 0*12 inch. 


Cf. yma» with that for a simple beam, problem 8, Chapter III. 
The points of inflection occur at (1), a point between 0 and C, 

(1) == 11-2- l-88a; = 0 

X = 5-95 ft. 


and (2), a point between C and By 
11-2 


Ely = 


1-87x3 12(x- 15)3 


6 


6 


dx 


dy = 11-2X - -94x2 + 6(x - 15)2 


For a maximum which is at the point of inflection, 
dhj 

El ^2= 11*2- 1-88X + 12(x~ 15) = 0 

10 -12x= 168-8 
X = 16-7 ft. 


51. Continuous Beams. A beam resting on more than two 
supports and covering more than one span is called a con¬ 
tinuous beam. The ends of the beam may overhang, be 
simply supported or fixed. The moments of inertia of the 
section may also vary with the span, i.e. one span may have a 
moment of inertia /, another and so on. 

There will be fixing or hogging moments at all the inter¬ 
mediate supports and also at the end supports, if they are 
fixed, or if the end portions overhang. 

52. Theorem of Three Moments. (Fig. 67.) Take two 
consecutive spans AB and BC of lengths li and respectively. 
For each span, the moment at a section is the algebraic sum 
of the moments as for a simple beam and that caused by the 
fixing moments at the supports. 
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The slope of the beam at the supports may or may not be zero. 

Let support B be below support A 
and „ B „ „ C. 

If B is above A or (7, then the sign of or y^ is negative. 
Let El be the same for both the spans. 

(a) Consider beam AB and take A as origin; The moment 
at a section X distance x from A is -Jf,* + Mf^ 
moment as for a simple beam, 

Jf/a: due to end fixing moments. 

Mfj^ is generally of the opposite sign to JIf; Jif,* -; Mf^^ + ; 
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i’b = slope of beam at B, El constant 


■“ 2/i — 


A,x + AfX^ 


A^ = area of simple moment diagram and 
Af= area of fixed moment diagram ; 

Ic and Hi are the distances of the centroids of the simple and 
fixed moment areas from A, 

(b) Consider Beam BC with C as Origin. Take x to the 
left as positive and y downwards as positive. 


/ dy Y» 


“*2/2 — 


a;h' + A/H/ 


Ag area simple moment diagram ; 

4/ = area fixed moment diagram; 
x' and Xi are the distances of the respective centroids from C 
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r. _.• A^x + Ajx^ , 

From (22), I- ^ • 

From (22«), i. _ . 


. (23a) 


but of opposite sign to i* in equation (23) 
because x* and are taken in direction C towards B. 

Therefore 

+ A/x,' + Ely. 's^ 


From Equation (8), 


A,Xi = 


(M,+ 2M^),^ 


(M, + 2M,) 

Af Xy^ - ^ 

. A^ , , 2MJ,^ , Ely^ [ A/x' , 

•• 'er'^T 


Hence, 

f + + + f «■ + '.) + 


* I ^ g 

/a ^ 6^2 

. ■S/ya'' 

+ 6 Zg + ; 


+ El 




6 j ^ 6/4 '"S' 

So that V- + -T— + + 2JfB(«i + ^ 2 ) + 

1^2 


6EI (^1 + j|) = 0 • (24) 


and this is the general equation for a beam continuous over 
three supports and where El is a constant. 

K yi= y« =* 0 , 

that is, supports at the same leyel, then 
6A'x 6A 

^ + MJ, + + I,) + Jfoi, = 0 . (26) 
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Let the supports be at the same level and let a load on 
the span AB be distant from A, and let a load on the 
span BC be distant 


Then^ = Pili*(*i-V) 


and 


h 

6a;x' 

h 




{25a) 

(266) 


Let a imiformly distributed load of w per unit length extend 
from knli to kfli on the span AB. k^ and kfl^ are both measured 
from A. 

5AJc /'*’• ” 

w . d{kili){ki - k^)l^ where w . d{kjl^ 


Then 




1 Jkx « 

o Pi in 

^ = wl^ *1®) . dki = - -J- ^ 


corresponds to Pi in equation (25a) 
6A^ 


If the load occupies the whole of the span AB = 
Icf 0 

4 


then^ = :7-[2.1] = :::^ 


(25d) 


Similarly for span BG if the uniformly distributed load 
occupies a part or the whole of the span BC: in this case 
working from C. 

If the type of loading on the continuous beam be known, 
then the terms dependent on the simple moment diagram can 
be easily calculated in terms corresponding to those given in 
equations (25a) to (256). 

If the loads are u^ormly distributed over the spans, 
values of A^ and AJ can be obtained (in terms of these loads 

and the spans) = X . 

The reactions are found by the method previously indicated 
in Art. 46. 

, 'Total reaction at P is 




J D I 


M.-Mc 
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R^^ = Reaction at B considering 

■®»Bo “ ” ” 


AB as a simple beam 


BC 


99 


and similarly for A and C making allowance for the fixing 
moments necessary. 

If the moments of inertia are different and is the moment 
of inertia of beam of length li and /g is the moment of inertia 
of beam of length Zg and E is the same for both beams, then 
eqn. (24) will read— 


I 6A^ ^'gx' 

1 q; + Zg/g + I, 


+^<A+i)+T+“(!+5) 


= 0 


53. Deflections of Ciontinuons Beams of Uniform Section. 

(Fig. (18.) The mathematical method of Mr. W. H. Macaulay 
is easily applied to the case of continuous beams. 



Fig. 68 


Take the left-hand support as the origin. 

The true reactions R^, Rc, Rj, ... Rn and jR„ + j 

have all been obtained by some method, and are, therefore, 
known: they include the fixing moment effect. 

Take a section X in the space between the last load and the 
last support. The spans are Zj, Zg, h ... In 

t d^y 

= - ^ 0 * + - a) + . . . W„{x - n) 


- R^{x~li) — Rg{x - If) — • . . —R^(x — ln—\) 
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Moment Diagram 



Shear Diagram 


Note - Shear changes s!^n at 3 places y Indicating 
tv^o maximum negative moments (one for 
each span) and one maximum positive 
moment 

Fio. 69 


EJIy^—Q - B,— - Bb— g -. . . -B,- g - 

w w 

+ -y (a;-a)®+ . . . + . . . -f-(a; - n)® + . . . 


-f" Ax -j" B , , , . , 

a: = 0 , y = 0 , B = 0 


. {26a) 


To find Ay take the conditions regarding y as for the first 
support distant Zj from the origin. 
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Substitute the value of A in equation (26a) and the general 
equation for y a,t a, section for an irregularly-loaded continuous 
beam is found. If there is a uniformly-distributed load on a 
portion of the beam, then it must be treated as indicated in 
paragraph 30, Chapter III. Vlf at the support at the origin 
there is a fixing moment (M^), then this term will appear in 
the fundamental equation 
d^v 

= • • .-Rn{!>!-l„-j) + ...+W„{x-n)+M,. 

The foregoing is a good method when dealing with concen¬ 
trated loads only It when working with uniforrdy-distributed 
loads, which vary for different spans, take each span separately 
and work as shown in Problem (17) by the theorem of three 
moments. 


lUuatrative Problem 16. 

(1) Beam continuous over two spcuis of length I and loaded with a uni, 
fonnly'distributed load of w tons per unit length. All supports at the same 
level. Find the maximum moment and where it occurs, the point of inflec¬ 
tion for each span, and the maximum deflection. (Fig. 69.) 

The origin will be at .d. 

Mt.= Mo= 0 

Using Equation (25), 

6 2 l\ 

wl^ 


= +T 
wP 

if. = ^ 


(27) 


R,= 


i?o = 


wl id 

T "T' 

3tvl 

T 


3id 

T 


_ wl wl wl wl 6 , 


The maximum positive moment is == + 


wl^ 
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There are also two maximum negative moments, one for 
each span, occurring at the points of zero shear shown, which 
are at distances of . from the end supports. 

Take a section X in the second span, distant x from A 


^wl . wx^ 5wl 


(28) 


For any section, X in the first span. 


--3wlx wx^ 

A maximum when a; == |Z 
A ^ 3Z _ _ 3wl 3Z , w /3Z\^ 

Ata; = -g, 

9wP 


maximum negative moment 


. (28a) 


Integrating equation (28), for any section in the second span 

. (286) 


__ -Swlx^ , wx^ 5wl{z-iy 

—5r- + H- —a— 


« =» 0, 
« = z, 


Ax + B 

y = 0, B = 0 
wl^ 


y = 0„ A ^ 


48 


For any section in the first span, 

w:^ 

*24 


„, - 3wlx^ wx^ wPx 

£iiy = —+ ^ + 


48 


48 


dy 


Maximum value of y when ^ == 0 


Point of inflection when 


dx^ 


and is at the section where the moment is zero. 

Differentiating (28c) 

dy 9wl tvx^ wP 

- + 8*3 + P = 0 


(28c) 


(28d) 
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Solving (28d) a: = Z or a; = ‘42/. 

dy 


when a; = Z, ^ = 0, y = 0 : a minimum 
dy 

when X = •42Z, ^ = 0, y is a maximum 

wl^ m;Z^*0316 i^;Z^-42 wl^ 

Elyma^ = - 16 ‘ + 


24 


48 186 


To find the points of inflection 

^wlx . wx^ 

“24 


B/^=. 

dx^ 


+ ^=0 


9Zx 

24' 


12a:2 

24 


12a: = 9Z 
/. a:= |Z 


The point of inflection for each span is at a distance fZ from 
the free supports. The deflections for the second span may be 
obtained from equation (286); they are the same as for the 
first span, working to the left from the free support C as origin. 


Illustrative Problem 16. 

A girder continuous over two spans each of length 20 ft. carries a uni¬ 
formly-distributed load of 1 ton per foot run over the whole length of 40 ft. 
The girder is simply supported at the ends. The centre support is *1 foot 
below the left-hand support and *05 foot below the right-hand support. 
Take El = 40,000 (feet)* ton imits. Find the bending moment at the 
centre support emd the maximum negative moments in the bays. 


(1) If all the supports were at the same height, the moment 
at the centre support would be 

wP 

where Z = length of one span 
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The moment at any section in the first bay (supports same 
height), 


if. 




a; + 



tons = 


true reaction at 
the left support 


~ 16x + -6%^ 


dM, 

dx 


-7-5 + a: = 0 


X == 7-5 ft. 


i.e. the moment is a maximum negative at a section distant 
7*5 ft. from the origin. 

The maximum negative moment 

= - 7*52 + \ X 7*52 = - 28 tons-ft. 


(2) With the supports at the different levels, 

2«.(2i) = 2 X 6 XI i X1 X )) - 6£7 +1-) 

where = deflection centre support below the left-hand 
support; 

„ 1/2 = deflection centre support below the right-hand 

support; 

/•I •05\ 

SOMj, = 4000 - 6 X 40,000 f — -f — j 

= 2200 

+ 27*5 tons-ft. 


The moment at any section in the first span is 

( 27*5\ a;2 

- 10 + + 2 = - 

dM^ 

For a maximum = 0 = - 8*62 -f a: = 0 
ax 

solving a; = 8*62 ft. from the origin. 


The maximum negative moment is 

- 8*622 + .6 X 8*62* 
= - 37*2 tons-ft. 



OF STRUCt'ORFS 


lO^ 


In the second span working from the right support as 
origin, the results will be the same. 


Supports all same 
level. 

At the different 
levels. 


Maximum negative moment for both 
Afg spans and the position at which it 

occurs. 

+ 60 tons-ft. - 28 tons-ft. at 7-6 ft. from the left and 
right supports respectively. 

+ 27-6 tons-ft. - 37-2 tons-ft. at 8*62 ft. from the 
supports respectively. 


This example shows that if the props sink varying amounts, 
then the moments at the supports vary, and consequently the 
maximum negative moments in the span ; if, say, the centre 
support sank a very great deal, the moment at the support 
would perhaps become a negative moment until, if the sup¬ 
port was entirely removed, the girder would become a simply 
supported beam of 40 foot span, with a maximum negative 
moment at the centre, 

40* 

= - — = - 200 tons-ft. 


Illustrative Problem 17. (Fig. 70). 


A continuous girder covers three spans : ABj 30 ft. ; BO, 40 ft. ; and 
CD, 20 ft. The uniformly-spread loads are 2, 1, and 3 tons per foot run on 
AB, BCf and CD respectively. If the girder is of the same cross-section 
throughout, find the moments at the supports B and C7, and the pressures 
on the supports. Find the maximum negative moments for each span, the 
maximum deflections, and the points of inflection. Also the slopes of the 
beams at the supports. 


6 /— 2 X 30* 30 

2ifB(30 + 40) + -3^0(40) = -g-X y X 2 X 




^/_ 40 * 
40 V 8 


2 40\ 

X3X40Xyj 


M 


6 / 40* 

X 40 + 2Jlfe(40 + 20) = - — y X 

20 V 


X 40 X 


2) 


3 X 20* 2 

—g—X3-X2OX 


20 \ 

2 / 


140-¥b + 40M^, == 16 X 30* + 10 X 40* 


40ifB + 120Mc = 16 X 20* + 10 X 40* 
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Shear Diagram 

Fia. 70 
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The maximum moments occur wherever the shear force 
diagram changes sign. 

Maximum negative moments occur in the bays at distances 
12-1 ft. from 21-2 ft. from jB, and 12*07 ft. from C. 
Maximum positive moments at the supports, 

= 175 tons-ft., Mq = 125 tons-ft. 

Maximum negative moments, 

24*2 X 12*1 

Ist bay -- 2 -= tons-ft. 

21*2 y 21*2 

2nd bay = 175 {M^) - - -= 175 - 225 

= - 50 tons-ft. 

23*8 X 7*93 

3rd bay (working from D) =- 2 - 

= - 94*2 tons-ft. 

The moment at any section is found by taking the area of 
the shear diagram from the origin to the section taken. 


Deflections 

Firai Span, Using the correct reaction at the origin {A), 
(for no fixing moment at (^)) 

d^y 2x^ 

El ~ 24*2a; — for any section X distant x from A 

2*3 

Ely = - 24-2 — + —-\-AyX-\-B 

when * = 0, y = 0, B = 0 
„ x = l = 30 ft., y = 0 

1377 

then .4i = + 1377, i.e. the slope at .4 is -^ry- 


Ely 


24-2a:» a:* 

6 ■^'12 


H-—+ 1377* 
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for 1st span— 

z == 13*5 feet (by trial). 

Ely^nax == 11,527. El in tons-feet units. ; 

At a point of inflection, 

El24.-2Z + = 0 

i.e. z = 24*2 
dy 

j- is a maximum 24*2 ft. from A 
dz 

,dy 


in feet. 


Slope at A, a:=0, 1377 


z = 24-2, 

B, a; = 30, 


JpT^y _ 


1000 


EI^=- 513 
dz 


For the third span (all supports being at the same level), 
take D as origin, and taking z to the left positive and y 
downwards positive, 


El 


dz^ 


- 23*8a: + 


3:r2 


EIy = 


- 23-8a;3 3 :j:^ 


A' Az At ^ \ 


6 ' 24 

when X = 0; 2 / = 0 /. B = 0. 

When 2 / = 0; a; = 20 and A becomes = 585 


Ely = 


- 23-8a;2 ZzA 


6 


+ —+ 585a: 


To find the maximum deflection in the third bay, 


eA, 

dx 


- ll-Oa;* +-K- + 685 
= 0 for maximum. 
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By trial rr = 9 ft. 

Max. deflection. Ely^^ax == 3420 

d^y 

The point of inflection is when ^ = 0 
d^y 

^ = -23*8a: + l-5a;2 = 0 


X = 


23-8 

1-5 


15-8 ft. 


The slope changes sign at the section 15*8 ft. 

Note. —The slopes of the beam in this span will be of the 
opposite sign from those in the first span. 


775" 


BA 


200^'^' 


\12S 


F.T. 


-^-ij 

Ras = 20^due to simple beam BC 

(A) 

Fig. 70a 


For the, Second Span, It has been found better to work as 
follows. Take the origin at B ; the reaction at B will be the 
one for the span simply supported. (Fig. 70a.) 

Moment at any section X, x from B 




- 20 *+|“+ 175 - 


(175-125) 
40 ^ 


x^ 

= -^ - 21-25a; + 175 , . . (29) 


When If, = 0. x = 11-65 or 31-8, 
thus there is no moment at sections, these distances from B. 
Integrating Equation (29), 

= 10-6X* + 175x + A 

dx % 

when a; = O, Eliji = - 513 from the first span, 
dy x^ 

I06a;2+ 175a;-613. 

dx u 


(30) 
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dy 

Giving X various values, it is found ^ 0 when 

X = 3‘8, 21*6, and 38*1 ft. 


Between a; = 0 and 3*8, the slopes are negative 


If 

3-8 „ 21-2 

positive 

If 

21-2 38-1 

negative 

If 

38-1 „ 40 

positive 


X = 40. EH^q — Elig = + 

190 

Integrating Equation (30), 

X* 10-6a:3 176a:* 


EIy = 

^-3 + 2 -613X + C7 



When a; = 0, y = 0 ; therefore (7=0. 
Then the deflection at any section is 


__ x^ 


lO-erc* 


2 


- 613a; 


(31) 


At a: == 3-8, Ely = - 876 

X = 21-6, Ely = + 14,630 
X = 38-1, Ely = - 1600 

For this span, therefore, two portions of the beam deflect 
above the horizontal. 


Illustrative Problem 18. 

A beam is continuous over three spans of 100 ft., 100 ft., and 60 ft. The 
ends are both fixed horizontetlly. The beam is loaded along its whole length 
with a uniformly-distributed load of 1 ton per foot run. (Fig. 71.) 

Find the fixing moments and the moments at the supports ; also all the 
reactions. 

For the first span and treating B as origin, 
a A (I — 'x\ 

2M^ + Jfg H -^-= O’** {A negative) 

{x = distance centroid simple moment diagram from A) 


♦ (0) + 2Mj^{l + 0) + M^{1) = - (Z ~ X). {x from A.) 

or, as AB is direction-fixed at A, imagine another beam B^A to the left 
similar to AB and loaded similarly. 

Then and we shall have 
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(See Equation (9) for beams fixed at two ends.) 
Ist and 2nd spans ; 

MJ + 2M^{1 + h) + MJ, = 

(^i from C) 


2nd and 3rd spans : 

MJ^i + + ^ 2 ) + =- ^ 

(^2 from 2), Sj from C) 


6 A. 2^2 



Fio 71 

3rd span : Treating C as origin, and the beam as a beam 
fixed at two ends, 

2ilfi, + —~ — 0. (A 2 negative.) 

Simplifying and solving the equations (1) to (4), 

+ 807 tons-fb. 

M^= + 886 
Jfo = + 650 
ilfp = + 125 

Reactions at the supports (working by the rules laid down) 
are— 

R^ = 48-55 tons ; R^ = 104-4 tons ; R^ = 85-4 tons; 

2?d = 21-65 tons. 

Illustrative Problem 18a. 

A beam is continuous over two spans of 21 ft. and 21 ft. It carries loads 
of 1 ton every 6 ft. from the left-hand support. Calculate the deflections of 
the beam at the load points : El = constant in tons (ft. )* units. The end 
supports are free. (Fig. 71 a.) Supports all at the same level. 
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The fixing moments at A, C, and B are 0, 0, and + 9*2 
ft.-tons respectively. 

The total reactions at A, B, and C are *848, 4-304, and -848 
tons respectively. 

Moment for a general section X, a; ft. from A, and between 
the last load and C is 
Eld^y 

^ ~ 1(^-12) + l(a;-18) 

- 4-304(a; - 21) + (a: - 24) + (x - 30) + (x - 36) 

A 


Fia. 71a 

J.J, 4-304(a:-21)3 (x-Sf . *-363 

.. Ely =- •848g-g-+ —^ . . . + 

+ Ax 4- H 

X = 0, y = 0, B = 0. X = 21 ft. y = 0 ; 

21 ® 

0 = - -848 X -r- + 21^. A = 29-7 

D 

Deflections at the load points, ' ' 



63 

Ely^ = - -848 X -g + 29-7 X 6 = + 147-6 
12® 1 X 63 

Ely 12 = - -848 X -g + — - + 29-7 X 12 = + 148-2 


-848 X 18» 12® 6® 

Elyu --g- + -^ + g + 29-7 X 18 


+ 32-8 


Ely2, = - 


-848 X 24® 4-304 X 


18® 12® 6® 


+ 29-7 X 24 = + 32-3 

t/is and 2/24 the given loading should obviously be the 
same, the difference in the calculation being due to the limit 
of accuracy of calculating the constant A and the reactions. 
Working from C as origin, the deflections for CB will, how¬ 
ever, correspond to the defiection of AB for the given loading. 
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54. Propped Beams. Method of Soltttioh. (i) With a non- 
elastic prop to be of the same height as the supports in the 
case of a beam and the fixed point in the case of a cantilever, 
treat as a beam or cantilever without a prop, and calculate 
the deflection at the position of the prop. The prop then 
forces the beam or cantilever upwards until it is level with 
the supports : thus treat the beam or cantilever as simply 
loaded with the prop-force which causes the known deflection. 
Equate to the necessary deflection formulae, and the load in the 


qTOHS 



Fio. 72 

prop will be obtained, (ii) For an elastic prop, the level of it 
will be below the support levels, depending on its elasticity. 

If the prop is to be below the supports, treat the beam as 
having one concentrated load causing a deflection, which is 
less than the deflection of the beam without the prop by the 
distance below the supports. 

Illustrative Problem 186. Cantilever loaded as in Fig. 72. To 
find the reaction P, 

El^= 60* - 3** -|- A 

* = 0 , ^ = 0 ^ = 0 

ax 

Ely = 30** - *® -{- B 

* =-= 0, y = 0, .'.5 = 0 

B/y, = 30 X 8»- 8* = 1408 
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(a) P acting alone causes a deflection upwards at section 8 ft. 

_ ^8 
“ El 


By a previous formula, this will be 


WP 

ZEI 


P • 8® 


1408 = 


ZEI 

P X 512 
3 


P = 


1408 X 3 
512 


tons = 8*25 tons 



Moment D!a|ram. 

(Foot tons.} 
Fio. 73 


100 , 


(6) If the prop is non-elastic, at a distance of below the 
fixed point. 


100 1408 Pi X 8® 

W - IT - ZEI 


Pi- 


1308 X 3 
512 


= 7*68 tons 


Illustrative Problem 18c. A beam is fixed at one end and 
only free to move in a slide in a horizontal direction at the 
other. Forces of 8 tons and 10 tons act in opposite directions 
on it at distances of 6 ft. and 9 ft. from the fixed end. Find 
the reaction on the slide and draw the bending moment 
diagram. (Fig. 73.) 



112 


THEORY OF STRUCTURES 


The deflection at the end of the beam with only the 10-ton 
load acting, using the general method for the deflection of a 
cantilever, and where x = 12 ft. and w = 9 ft. 


10(9-12)® , 10 X 9® X 12 
Ely = ^ K- 


10 X 9® 
6 


= 10 X 81 X 6 - 10 X 81 X 1-5 


= 3645 

neglecting the first term as (9 - 12) is negative. 


With only the 8-ton load acting, 


Ely — 


8 X 6® X 12 
2 


8x6® 

6 


= 8x36x6-8x36 
= 1440 


therefore the slide reaction will act in the same direction as 
the 8-ton load. 

To find the reaction. Let it be P tons. By the method of 
superposition 

PP 

Ely = 3645 = 1440 -f — 

o 


3645 = 1440 + P X 
576 P = 2205 

P = 3*84 tons 


144 X 12 
3 


55. A beam of length 21 ft. carries a uniformly distributed 
load of w tons per foot run. It is supported at the centre by a 
non-elastic prop level with the supports. 

Find the loads carried by the prop and the non-elastic 
supports. (Fig. 74.) 

Without the support, the deflection at the centre is 

5w(2l)* 

384 El 


Vc == 



STATICALLY INDETERMINATE PROBLEMS 113 


Imagine the beam as a simple beam carrying a prop load 
acting upwards; the defection upwards 

5w(2l)* 

~ 384 El 


P = load on prop 


then ye due to prop = 


P{2Z)® 
48 El 


therefore 


P(21)3 5w{2l)* 

48W ~ 384 El 


or P = . (21. ) . . . (32) 


u) tons f't. run. 


Sw(ZL)=Ro 

16 


-T- 

A p To/iS J ^ 

— I ->+<- 1 - Rq = 3i 



w(zV) 


\^'UJ (zl) as fora 

simple beam, 
uniform load, 
and Is negative. 


Suj (2l)(^) as fora simple 
6 4. 

beam, with conc^ had P 
at centre, and Is positive. 


Shaded Diagram Is 
Resultant Moment Diagram. 

Fia. 74 


Reaction at the supports when the beam is propped 

= . (2Z. ) . . . (33) 

The moment diagram is negative, due to uniform load 
acting on a simple beam ; then the moment diagram is 
positive due to prop load. 

The effective moment at the centre 

bw w 1 wl^ 
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This propped beam is a case of a beam continuous over two 
equal spans which is discussed in this chapter. 

Problem 18c can also be solved by the Theorem of Three 
Moments. 

Illustrative Problem 18d. 

Calculate the prop load P at .d so that the deflection of A is zero, for the 
system given in Fig. 75. Find also the moment at B. El = Constant. 



Fig. 76 


AB is a beam direction fixed at B and simply supported at 
A. is a couple applied at a point distant c from B. 


Eld, 




when considering the prop missing at A ; 

Eld^ = PZ3/3 

when the prop load P is at .4 and M missing. 


For 


<5^ = 0, P/8/3 = 


If c = l, then P = 


ZMl^ 


2 I 


If c = 2 the moment at B is and it is equal to 

3 M 

2 2 


Therefore if there is no displacement of the point A when 
the moment M is applied at A, then the moment at B is one- 
half the applied moment at A, but of the opposite sign. 
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If c — I, the slope of the tangent to the beam at A is 
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Assuming the oouple M is applied at the point A, the solu¬ 
tion for the moment at B by the Theorem of Three Moments 
(see Fig. 76) is given by the following method— 

Bj/ Theorem of Three Momervts. 

The span BA^ is made a reflection of the span AB. B^ A 
and A^ are at the same level. 

By the theorem, 

MjJi + 2M^(l + /) + JIfJ = 0 
2M^ = - 4JfB 



is equal to M in the previous solution and therefore 
Jfn = ~ ^ applied at .4.* 


REFERENCES 

Structural Engineering, Husband and Harby. (Longmans, Green A; Co.) 
Method of characteristic points for fixed and continuous beam moment 
calculations. 

Structural Members and Connections, Hool and Kinne. Methods of calcula¬ 
tions of deflections, etc., for fixed and continuous beams. 

Strength qf Materials, Part I, S. Timoshenko. 

Materials and Structures, Vol. I, E. H. Salmon. 

Strength of Materials, Wamook (Sir I. Pitman & Sons, Ltd.) 

* Refer to pages 375 and 376 regarding another sign convention used for the 
slope-deflection and moment-distribution methods of analysis. 
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EXAMPLES 

1. A continuous compound girder is carried across two spans, each of 

which is 20 ft., the three supports being at the same level. Iliere is a uni- 
formly’distributed load of 8 tons per foot run, including the weight of the 
girder. The moment of inertia of the girder section is 12,932 in inch units, 
and the depth is 26 in. Calculate the maximum intensity of flange stress, 
neglecting the effect of the rivet holes. Make a dimensioned sketch diagram 
showing the distribution of bending moment on the girder, and And the 
position of zero bending moment. (I.M.E.) 

2. A continuous beam has three spans, the outside spans being each 

15 ft. and the central span 20 ft. Draw the B.M. and shear diagrams, if 

the load on the central and one outside span is tons per foot run and on 
the third span is ^ ton per foot run. (I.Stnic.Eng.) 

3. A steel bar 2 in. wide and 4 in. deep is fixed rigidly at the ends ; its 
effective length being 6 ft. It is subject^ to a uniformly-distributed load 
of 40001b. and, in addition, there is a concentrated load of 20001b. at the 
centre, both loads acting in the plane of its depth. Calculate the bending 
moment at the ends and at the centre of the bar, also And the maximum 
intensity of stress. 

4. Write down the theorem of three moments when the spans are of 
unequal length and are loaded with the same uniformly-distributed load. 
Apply it to find— 

(a) The value of the maximum negative bending moment in a beam 
with Axed ends. 

(5) The maximum negative bending moment in a beam with one end 

fixed and the other freely supported. (I.C.E.) 

5. Use the theorem of three moments to prove that, in a beam uniformly 
loaded and supported at its two extremities, and continuous over an inter¬ 
mediate pier at its centre at the same level as the two supports, the load 
taken by this pier is five-eighths of the total load on the beam. (I.C.E.) 

6. A beam of span 10 ft. is rigidly fixed horizontally at both ends. If a 
uniform load of 1 ton per foot run, including the weight of the beam, is 
applied, and the central deflection of the beam is found to be } in., given 
E ^ 12,500 tons per square inch, calculate— 

(a) The fixing moment. 

(6) The moment of inertia of the beam. (U. of B.) 

7. A continuous beam ABCDE, 60 ft. long, is supported on four props, 
at A, B, (7, and D. The beam overhangs at D, AB, BC, CD are 15 ft., 
20 ft., and 10 ft. respectively. Each of these spans carries a uniformly- 
distributed load. On the 15 ft. span, 2 tons ; on the 20 ft. span, 1 ton ; 
and on the 10 ft. spcm, and the overhung portion 3 tons per foot run. 
Determine the reaction and bending moment at each of the four props. 
Sketch roughly to scale complete bending moment and shear diagram. 

(U. of L.) 

8. A cantilever 12 ft. long carries a uniformly-distributed load of 2 tons 

per foot run. A prop is inserted at a point 3 ft. from the free end so that 
the cantilever at this point is level with the built-in end. Find the load 
on the prop. (U. of B.) 

9. A steel joist has one end A built horizontally into a vertical wall, the 
overhanging portion forming a cantilever 30 ft. long, and carrying a uni¬ 
formly-distributed load of 5001b. per foot. A tie rod is attached to the 
outer end B of the joist and is anchored to a point in the face of the wall 

16 ft. vertically above the joist. If the tie rod is so adjusted that B is at 

the same level as A when the load is on the joist, find the tension in the tie 
rod, the resultant reaction and the bending moment at A. (U. of L.) 



CHAPTER V 


Distribution op Shear Stress 


56. Definitions. Shear Stress exists between two parts of 
a body in contact when the two parts exert equal and opposite 
forces on each other in a direction tangential to their surface 
of contact. 


Let a = area of contact in square inches ; 

P = total tangential or shear force ; 
q = intensity of shear stress in tons per sq. in. ; 

P 

g = — tons/sq. in. . . . . . (1) 

ct 


Shear Strain is alteration of shape 
Considering the side CD fixed, Fig. 77, a 
square face ABCD of a piece of material 
under simple shear will suffer a strain as 
indicated by the new shape CA'B'D. 

A A' is extremely small, and it 
practicallj?^ coincides with the arc of a 
circle of radius GA with C as centre. 

The shear strain == 6 radians = angle 
through which the edge CA has rotated 
on application of the shear stress. 

AA' 

0 (very small) = radians 


stress. 
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(2) 


The Modulus of Rigidity, or shearing modulus, is the 
modulus expressing the relation between the intensity of 
shear stress and the amount of shear strain. It will be 
denoted by the letter O and has dimensions of force per unit 
area. 

Let q = intensity of shear stress in tons per square inch. 

Shear stress = shear strain X 0 


q^OG 

^ ^ ^ q shear stress 

Q (tons per sq. in.) = s' = - 1 —^ 

' ^ ^ ' e shear stram 


(3) 


For steel, 0 is about i.e. if = 30 X 10® lb. per sq. in. 
then G = 12 X 10® lb. per sq. in. 
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57. State of Simple Shear. A BCD is a rectangular block 
of unit thickness to the plane of the paper. (Fig. 78.) 

A shear stress q is applied to the surface AB X 1, then 
along CD there will be an equal and opposite intensity of 
shear stress q. 

Total shear force on each face = qAB = qCD. 

These forces acting alone would tend to rotate the block, 
the turning couple being qAB • BC units. 



D ^ C D ^ C 
(aS) (h) 


Fio. 78 

For equilibrium, therefore, there must be some couple of 
equal magnitude, but acting in the opposite direction. 

Hence tangential forces along AD and JSC. 

Let the tangential or shear stress on AD and BC be q' ; 
the total shear force on each face = q'AD = q'BC, 

The couple = q'BC x AB units, 
then q'BC X AB = q • AB • BC 

.(4) 

that is, the intensities of shear stress across two planes at 
right angles are equal. 

58. Distribution of Shear Stress in Beams. It has been 
shown that on each vertical cross-section of a beam there is 
a vertical shearing force acting, and it is now required to find 
how this force is distributed across the section. The vertical 
shear stress at any point is accompanied by a horizontal shear 
stress of equal intensity. 

AB, CD are two sections of a beam bx apart. (Fig. 79.) 
Moment at AB ^ M 
„ CD = 

Consider a fibre of breadth z and thickness dy at a distance y 
from the neutral axis. 
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Suppose the cross-section is constant and therefore I is 
constant. 

If /is the longitudinal stress in the fibre for section AB 
ijfl >> >> >> >» OJI^ 

then and = + dM). ^ 


The total thrust on the fibre, 
at section AB 
= fz-dy 

^ A 

= y y • a • dy 


The total thrust on the 
fibre, section CD 
= ftZ • dy 
M + dM 

=- -j - .yzdy 



EF is a line fixed on the section drawn parallel to the 
neutral axis at a distance from it; is the distance of 
the outer skin from the N.A. 


i?2 == 


resultant thrust above EF for section AB ^ 

it it ft it CD y' 

M M + dM 

V -J- .yz-dy and JSi = V -=- .yz-dy 


Vi 


Vi 


i ?2 is taken as acting from left to right, and Ri as acting 
from right to left. Hence the small portion of the beam dx 
long, and contained by the two parallel sections AB and CD, and 
a horizontal plane EF situated at a distance width Zj, 
from the neutral surface is acted upon by two horizontal forces, 
R 2 —** ^ and R\ — 

The resultant force R^ — i ?2 tends to make this portion of the 
beam slide over the horizontal surface EF. This tendency to 
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slide is resisted by the shearing action at the surface, and if 
q is the intensity of the shearing stress there, 

q • z^dx — R^^ 

dM , 

= “T 4 y^'^y 

^ Vi 


dM 1 
dx * / • 2 


Vi 

y yz-dy 

Vi 


- _i r 

^ ~ dx 'Tzi‘J 


yz-dy 


when dx and dM made infinitely small, 


^ dM ^ 
but — = S 
dx 


total shearing force at the section 
yz-dy . 




where A = area of the section between the limits yg i/j 
and y is the distance of the centroid of this area from the 
neutral axis of the section. Ay therefore represents the 
moment of the area considered with respect to the neutral 
^ axis. This latter 

T -. formula can with ad- 

Os 9^ vantage be used for 

~2 I beam section 

I Y which can be taken 

-LU- 

I ^ rectangles, such as I 

^ beams and built-up 

7 I beams. 



/vt 


Fig. 80 (1) A beam of rect- 

. ... angular section, depth d, 

breadth o. Investigate the distribution of shear stress over a section at 
which the shearing force is S, (Fig, 80.) 

Knowing 2 = = 6, 


Shear Stress 
Diagram. 


59. Examples 
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and using the mathematical method given, the distribution of 
shear stress is as shown in Fig. 80. The maximum shear stress 
will occur at the neutral axis 

_ - - — 

^mcan — 3 ) ~ bd 

shear force 
area cross-section 

.Is^ = |. = TO (gee p. 126). 

Qmean ^ 

(2) A beam of solid circular section is of diameter d. Investigate the 
distribution of shear stress over a section at which the shear force is S. 
(Fig. 81 ) 



ISoie, on the distribution of the shearing stresses in the case of 
a circular cross-section. 

It has been shown* that at the boundary points g uch as, 6, 
and 6_ of the_s_eciioja_o£.widthin_Fig. 81 th^ shearings stresses 
ar^tan gential to the bo undary . At the mid-point of the chord 
66 (Fig. 81), symmetry requires that the shearing stress has 
the direction of the vertical shear force 8^ Then the shearing 
stresses at the boundaries and the mid-point pass through a 
common point. Assuming that the shearing stresses at the 
intermediate points also pass through this common point, then 

* Strength of Material, by S. Timoshenko. 
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the shearing stresses can be determined in direction and magni¬ 
tude, if we can find the magnitude of the vertical component. 
Further, we assume that the vertical components are the same 
at all points in the chord BB: using the method developed, 
this component can be found. After finding the point of inter¬ 
section of the tangential shear stresses at the boundary ends 
of the chords, then the shear stresses can be determined 
completely. 

Referring to Fig. 81, it is required to investigate the shearing 
stress along any section of breadth which is at a constant 
distance from the neutral axis. 

Consider an elemental strip represented by 66, having a 
length z and a width dy. 



The moment of the strip z . dy about the neutral axis is 
z ,dy .y and the total moment of the area of the segment of 

the circle between the limits ~ and y^ is Ay 

It 


d 

= fW 

JVl 


4 ■ 


^ 2/d* 

»■«'!'= sll 
s 


-yjy 


Consider equation (6), q = f— . Ay. 

IZi 


Here g is a vertical shear stress and it will be equal to 
assumed constant as the vertical component of the shear 
stresses across the strip of the circle. Therefore g^ for the strip 
of breadth distant from the neutral axis will be equal to 



Now 
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The total shear stress qt at the end of the strip of length is 


= 



When yx = 0, then q, is a maximum. 

Also at = 0, = q, and there is no hori¬ 

zontal component of the shear stress. 


Then 




= ?«, 


12 / 


/maal inr nA 


3A 


mS 

~A 


where A is the area of the circle, see p. 126. 

In the case of the circle, therefore, the maximum shearing 
stress is equal to four-thirds the average value obtained by 
dividing the shear force by the cross-sectional area. 


2 165 325 , . ^ 45 

?««» - 3 X ^2 - ^2 and is < 


(3) Investigate the distribution of the average vertical component of shear 
stress over the built-up section given in Fig. 82. 



Fig. 82 


Note on the distribution of shear stress in the flange of an 
“7” section. 

The actual distribution in the flanges of an R.S.J. section is 
somewhat complicated, and here the assumption that the ver¬ 
tical component of the shear stress on all horizontal sections is 
constant has been assumed and the curve as a consequence 
has been dotted in on Fig. 82. In the case of the web, the shear 
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stresses are obviously all vertical, and can be determined by 
the method already developed. 

For the Flange, = vertical component of the shear stress 
at a distance yf from the neutral axis. Using the form 

SAy ^ , _ 

q = -y— and where = B, 

LZy 


it can be shown that the average vertical component of the 
shear stress is 


2 / 




D d 

which holds good for values of yf between -r and ^ 

A A 


when yf = 


d 
2 ’ 



( 10 ) 


For the Web, q = shear stress at a distance from the N.A. 
and it is vertical in direction. 

SAy 

q = and z, = b, 

then < 7 = ^ X d*) + li {l ' V-) 

d 

and only holds for values y^ between 0 and ^ 

When yu,= 2 < ^ 8? ^ T j 

Wheny„=0, q = . 

Notice. Passing from the flange to the web, 
stress suddenly increases from 

^ ‘o S ■*■) 

and a consideration of the stress diagram shows that the web 
takes almost all the shear. 

60. Elastic Energy in Shear Strain. Elastic strain energy 
is stored by a material having shear strain within the elastic 
limit, just as in the case of direct stress and strain. 


. ( 11 ) 

. ( 12 ) 
the shear 
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Consider a cube of side dz, of which one face is strained by 
an amount dy, with respect to the opposite and parallel face 
by a tangential force 

T q .dx ,dx\ dyjdx = qJG. 

Then shear resilience = ^ dy^ = (dx)Hy^ = ~ {dx)^ 




= ^ volume. 


61. Deflection of a Beam Due to Shearing. In addition to 
ordinary deflections due to bending, there is a further deflec¬ 
tion due to the vertical shear stress on transverse sections of 
a beam, except for those portions of a beam which bend to 
the arc of a circle. 

The shear stress is not evenly distributed over the section, 
but varies from a maximum at the neutral surface to zero at 
the upper and lower edges of the section. 

In many practical cases the shear deflection is negligible 
compared with the bending deflection. Also in some cases of 
design to allow for it a smaller value than the correct value 
of E for the material is assumed, and assuming the ordinary 
bending deflection formulae, gives a higher value of deflection 
for the beam than that using the correct value of E, 

62. Deflection Due to Shear. (Fig. 83.) Let an elementary 
length {dx) of a beam deflect a small amount dy^. 


shearing stress 
shearing strain 


dx 


0~ dx 

Ji 8 = shear on the section due to external forces 
and A = area of cross-section, 

^mean ^ 
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Assume qmean constant over the whole section, 

dyg S / also applicable to / beam \ 

^ dx ^ AO \where A = area of the web/ 

The Effect of the Sheabinq Fobce on the 
Deflection of Beams 

An additional deflection is produced by the shearing force 
in the form of a mutual sliding of adjacent cross-sections along 
each other. As a result of the non-uniform distribution of 

shearing stresses, the cross-sections, 
previously plane, become curved. At 
the neutral axis the shear strain is a 
maximum, and at the edges it is zero, 
and here the tangent to the warped 
plane is tangential to the beam 
flange. If the shear force is a con¬ 
stant along the beam, the warping 
at all cross-sections is the same, and 
therefore does not afiect the longitu¬ 
dinal strain produced by the applied 
bending moment. Neglecting the 
deformation produced by the bend¬ 
ing moment, under the shear force, assuming vertical forces 
acting on the beam, the elements of the cross-sections at the 
centroids remain vertical and slide along one another. The 
slope of the deflection curve, due to the shear force above, is 
equal at each cross-section to the shearing strain at the cen¬ 
troid of the section. Denoting by y, the deflection due to shear, 
we obtain for any cross-section the following expression for the 
slope of the shear deflection curve— 

_ S'v-o ^ S __ SC 

^ A""~Q 

in which SjA is the average shearing stress q, G is the modulus 
in shear and m is a numerical factor, by which the average 
shear stress must be multiplied in order to obtain the shear 

Tyi/ 

stress at the centre of the cross-section; also C = --r 

A 

m == 1*5 for rectangular sections and 4/3 for circular cross- 
sections. 

The assumptions made in the examples are that the beam 


Elementary 

L engtl^ 

U- - - dec - - -*H 
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can work freely, and in the ease of the uniformly-loaded 
simply-supported beam, this condition is approximately satis¬ 
fied : the condition of symmetry of deformation with respect 
to the middle section is satisfied. The warping will increase 
with shear from the middle where g = 0 . In the case of a 
central point load, the condition of symmetry of deformation 
with respect to the centre will hold good. The centre section 
remains plane, but at sections immediately adjacent the shear 
P 

force is Warping of the cross-sections of these must, how¬ 
ever, take place: and there cannot be an abrupt change in 
warping from section to section. Therefore the warping at the 
central section cannot be that due to the shear forces on the 
basis given. Warping here must be partial, and the additional 
shear deflection less than that given by the elementary theory. 
The shear deflections given in the examples and based on the 
elementary theory will therefore be approximate displacements. 

S-dx (17) 

dvg S 1 Z' 

d^ == for constant g, so that y, = j 8 • dx (18) 

_ _ _ . d d 

For the rectangle = z = 6 ; t/j = -; 1/3 = - - 

A = whole area = b X d. 


dx 


== for varying g, so that y, == ^ / 


It has been shown that C = 


_ 1-5 
M 


For the circle, ^ ^ 


(19) 

( 20 ) 


1*5 and 4/3 are the factors with which the average shearing 
stress must be multiplied, to give the shearing stress at the cen¬ 
troid of the rectangle and the circle respectively (see para. 59). 


The Approximate Shear Displacements for 
Given Beams and Loadings* 

63. Simple Beam and Cantilever, y, = shear deflection at 
a distance x below and from a convenient origin. 

• For a further disoussion see Strength of Materials^ Part I, by S. Timoshenko. 



THEORY OF STRUCTURES 


Now J' S •dx = area shear force diagram between the origin 
and X, and for a simply supported beam 

= moment at distance x from the origin=Jf, 
for here there is no moment at the support (origin). 


Then y. = _ or 


. ( 21 ) 


64. (a) Simple Beam. With a uniform load over the whole 
length of the beam, 

1 (wlx wx^ \ wx f. \ 




wxC /, 


5jf j y, is a maximum at the centre of the beam, 


■^1 I 




i.e. when x = 


wl^ 

= TTTPi for uniform q 
%AG ^ 


0 ^ j 


for varymg q . (23) 


'-1—I--I (6) Simple Beam. With a single 

Fia. 84a concentrated load W at the centre. 


at the centre : y, for uniform q . (24) 


r r . , /« - v 

for varymg q . (25) 


65. Cantilever. (l) Uniform load the whole length of the beam. 
(2) Concentrated load W at the free end of the beam. 

The maximum deflection due to shear will occur at the free 
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end of the beam; i.e. the deflection below the flxed end, taken 
as the origin. 

y S , dx = area of shear force diagram between the 
0 support and the free end. 


For (1) 

For (2) y, == 


wP 

2A0 

m 

AO 


wPC 

or using Equation (21) 


20 

0 


or —^ from Equation (21) 


66. For a symmetrical 7 beam, find C,* or assume that the 
web takes all the shear and that it is evenly distributed over 
the web. 


Illustrative Problem 19. 

In a beam of I section the thickness of the web is half that of the flanges, 
which latter, i.e. thickness of the flanges, is half the breadth of the beam. 
If the breadth of the beam is one-third the depth, find the ratio of the 
maximum to mean shearing stress in the section. (Fig. 84a.) 

The dimensions of the section will be as shown in Fig. 84a, 
and let them be in inches. 

The neutral axis will be at a depth — from the boundaries. 


/x.x 3 X 12 V3 ” 12/ V 3 j ^ 12 


324 


D* (in.)* 

D D 2D D D* 


Area = 2 X 3-X^ + -^Xy 2 = -6 


Let S tons be the shearing force at the section, then the 
mean shearing stress 

S S QS 

9mean — ^ — jp2 £)2 tons/sq. lU. 

T 


♦ From Eqn. (12), page 124, and referring to Fig. 82. 
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The maximum shearing stress will be at the section at the 
neutral axis. Using the method in paragraph 58, Eqn. (6), 

qma, - 

where A is the area of the section above the neutral axis 
y the distance of the centre of gravity of A from the N.A. 


Zl 


12 ’ 


63r2 = i2 “• 


5324 12 /D D (D D\D D D\ 

9ma* — 72)4“ ^ D\z ^6 ^ \3 12 j 3 ^ 12 ^ 6 / 



_ 15-65 

~ ~W 

9m<an 6 ^ 



Illustrative Problem 20. 

Obtain a formula giving the inten* 
sity of shear stress at any point in 
a vertical cross-section of a beam, 
and use it to find the ratio of the 
maximum to the mean shear stress 
at a section of a cast-iron beam in 
which the top flange is 5 in. by 
IJin., bottom flange 14 in. by 2 in., 
and web 15 in. by l| in. (Fig. 84 b.) 


The maximum shear stress 
occurs for the section at the 


neutral axis. 

Let y, be the height of the centroid of the section above the 
tension flange (denoted BB). {See Fig. 84b.) 


Area of cross-section=(5x l*5+15x 1*75+14x 2) sq. in. 


= 61-75 sq. in. 

61-75 X y. = 7-5 X 17-75 + 26-25 X 9-5 + 28 X 1 
= 6-65 in. 

/xx about the neutral axis = /bb- == 2750 in.^ 


* See page 126. 
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= width of the cross-section at the neutral axis 
= 1-75 in. 

8 = shearing force in tons 

8Ay A = area above the neutral axis, 

y = height centroid of A above N.A. 


Qmam — 


Iz, 


9max — 


8 


2750 X 
8 X 177-3 


4820 


X IM + 1-76 X 10-36 X 6-18^ 

. {A) 


S 

27-2 


S 


Qmean 


61-76 


Ratio 


Qtna 


61-76 

27-2 


2-27 

T~ 


Working with the area below the N.A., 

= 4^ (28 X 6-66 -f 4-65 X 1-76 X 2-34) 

= 48 ^ = ^ • • • (^) see (^) above. 


REFERENCES 

(1) Structural Members and Connections, Hool and Kinne. Examples in 
defection due to shear. 

(2) Strength of Materials, Part I, S. Timoshenko. 


EXAMPLES 

1. A rolled steel joist has the following cross-section : depth of section, 
4 in. ; width of flanges, l}in. ; thickness of flanges, 1 in. ; of web, ilr in. 
This joist rests freely on two supports, 40 in. apart, and carries a lo^ of 

tons in the centre of the span. Calculate the maximum intensity of the 
shear stress in tons per square inch. Show by a diagram the actual dis¬ 
tribution of the shear stress. Find the deflection of the beam at the centre 
due to shear. G = 12 x 10* lb. per sq. in. (U. of L.) 

2. A cast-iron beam of ellipticed section is simply supported upon two 

supports 8 ft. apart, the major axis being horizontal. The greatest width 
of the beam is 12 in. and its greatest depth 8 in. The beam is uniformly 
loaded with a load of 2 tons per foot run. The weight of the beam should 
be taken into aocoimt. Weight of cubic foot of caat-iron, 460 lb. Find the 
maximum shear stress along the major axis. What is the deflection of the 
beam at the centre, (a) due to bending, (6) due to shear 7 (U. of B.) 
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3. Prove that the intensity of shear stress* g, at any point of the cross- 

section of a beam is where F » shearing force at the section, 1 

10 

=» moment of inertia of the cross-section, 6 == breadth of section at the 
point, A = area of cross-section on the farther side of the point to the 
neutral axis, and y — distance of C.G. of this area from the neutral axis. 
Show that for a rectangular cross-section the maximum shear stress is one 
and a half times the average shear stress. (l.C.E.) 

4. The vertical cross-section of a horizontal tubular beam is 1 foot external 
and 6 in. internal diameter. Calculate the ratio of the maximum shear stress 
to mean shear stress at the section where the shear load is 6 tons. 

6. A 9 in. by 3 in. wooden beam, span 10 ft., supports a uniformly- 
distributed load of 200 lb. foot run. Determine the deflection in inches at 
the centre of the beam due to shear. If the beam also .supports a load of 
0*4 ton at the centre, determine the deflection at the centre of the beam due 
to shear when the two loads are carried. Take G = 9 x 10^ Ib./sq. in. 

Note. —For cast-iron take E — 6,000 tons/sq. in. 

O — 2,500 tons/sq. in. 


6. Take the beam section of Problem 19, page 129. The beam is simply 
supported over a span L. It is loaded with a uniformly distributed load. 
Find the ratio of L/D at which the maximum deflection due to shear is one- 
tenth the maximum deflection due to bending. Take G — 2/5 E. 

7. Show that the deflection due to shear at a section X distant x from the 
support of a cantilever is equal to 

wC r - ~] 


for a beam uniformly loaded over its whole length; and 

WC. , 


for a beam with a concentrated load W at the free end. 



CHAPTEK VI 


Columns 

67. Long and Short Struts. A length of material, which may 
be of solid section or which may be built up, and which is 
subjected to thrust loads axially or non-axially, is a column 
or strut. 

68. Short columns fail by the stress exceeding the yielding 
stress of the material in compression ; long columns fail by 
what is known as buckling, and between these two extremes, 
failure occurs by a combination of direct compressive stress 
and buckling.* 

69. Euler’s Theory of Long Stmts. (Fig. 85 a.) Long struts 
fail by buckling, or lateral bending, and the determination of the 
buckling load really becomes one of stability. The Euler 
formula tries to find what end force will cause a bending 
moment which will make the ratio of (increase of deflection) 
to (increase of load) equal to infinity. It neglects the effect of 
direct compression and only deals with the bending moments 
as a cause of failure. For usual shapes of columns it gives 
results which are far too high. Euler’s solution is generally 
the one used in strength calculations of very long struts. The 
Euler strut is homogeneous, of uniform cross-section, very 
long in relation to its cross-sectional dimensions, and the load 
is supposed to be applied perfectly axially. It is also perfectly 
straight, that is, there is no initial deflection due to workman¬ 
ship, etc., which would cause an initial moment to be applied 
to the strut. The end conditions greatly affect the strength to 
resist buckling. 


* Columns made of brittle materials, such as cast-iron, will fail suddenly 
in shear. Short solid specimens of a ductile matenal, such as mild steel, will 
squash or flatten out. (Refer to textbooks on strength of materials for 
diagrams and photographs of failures in compression.) On loading a long 
column of ductile material, for a small addition of load, the column will remain 
straight. On further applying load it will eventually begin to bend laterally, 
or buckle, imtil just above some critical load it will continue to keep on bending 
under this load until it reaches the failing strength of the material in compres¬ 
sion, when it will fail suddenly by buckling. 

The kind of failure depends on the type of column. In dealing with columns 
therefore, large deflections of the body as a whole have to be dealt with. 
(Photographs of failures of experimental aeroplane struts are given in a 
paper on the ** Development of Metal Construction in Aircraft,** by Major 
J. S. Nicholson, O.B.E., Engineering, March 12th. 10th, and 26th, 1020.) 
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LONG COLUMN OR STRUT, PIN-JOINTED AT BOTH ENDS 


Let AB of length I be such a strut, pin-jointed at A and JB, 
i.e. it has practically free motion about these points. 

Consider the top joint A as the origin ; take 
X downwards as positive, and let the strut 
under a load P deflect as shown in Fig. 86a. 
Let y be the amount of deflection of section X 
distant x from 4. Let y be positive, as the 
strut bends concave upwards towards its 
original position. 

Moment at JT = Py will be of the negative 
sense. 


■■I 

Ori^in-^A 




T 

1 

I 

■ I 
I 
I 




I'* 

Fio. 85a 


EI^ = 
dx^ 

^ _ 

dx^~ 


-Py 

p_ 

~ El 


( 1 ) 


Solving Equation (1), 


where A and B are constants depending upon initial conditions, 
x = 0, y = 0, hence ~ 0 




x—l. 


!/= 0 
I 


A cannot be zero as if so no bending would take place, and 
the critical load has not been reached, 

therefore sin ^^ ,1 = 0 

I'V 

J'EI ' ^ therefore = 0, w, 2n, etc. (in radians.) 



COLUMNS 


135 


Clearly the zero value is inadmissible, and confining our- 

y T” 

^ . Z == 0, 

then the crippling load is obtained from the equation 

nr 


I- 

El 


. 1=^71 


TT^EI 

Critical load = P = — 55 — = Euler load 


( 2 / 


70. Long Stmt or Column l^ed at Both Ends. (Fig. 85 b.) 
Owing to the end-fixing conditions, there are fixing moments at 




Fig. 85c 


each end. When these are equal, the slopes dyfdx at each end 
are zero, as also at the middle of the strut. At the quarter 
points G and D, there are points of inflexion, where dyfdx is a 
maximum. 

Let and be the end-fixing moments: normally 
= Jfa, and for which condition the points of inflexion 
are the quarter points. However, conditions alter if is 
greater than J/a* the unbalanced moment tends 

to overturn the column and this calls into play the horizontal 
forces P, F at each end of the column, such that FI == - M^. 

Consider normal conditions when = u. 
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Then the bending moment at X, distant x from is 



= Py + u. 

Then 


Let 

PfEI 


d^y 

dx^ 


d^y 

dx^ 

As before, z 



Differentiating ^ 

when X 

= 0 , dyjdx 


= a) =- nH 


^ ^ 2 


y-a ^ B cos nx 

Again if x = 0 , y = 0 : B = - a 

y-a ^ -a cos nx 
/. y = a(l - cos nx) 

\i X — I, y — 0 

/. 0 = a{l - cos nl) /. cos rd = 
Hence nl can have values 0 , 2 jr, An, etc. 

By previous reasoning take the value 2n= nl 

O T 

/. n^ = - 75 - and 




in^EI 

“ 1 ^ 


^ = 0 


( 3 ) 


This value for P gives a value four times as large as that 
obtained in the case of the pin-jointed column considered in 
paragraph 69. The end-fixed column thus has four times the 
strength of the other. 
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It can be shown that the points of inflexion occur at the 
quarter points: the distance between these points is 1(2 and 
this length is called the effective length of the strut; it is an 
equivalent strut, pin-jointed at the 
ends. Using the formula for this ^ \P 

strut «I-— I ^ Q 

^ n^El — 71 -+ 

/I ; 


And replacing Z* by Z*/4 ^ 

then P = An^EIfl^ 

obtained by mathematical analysis. 

71. Long Column or Stmt, Pin- poi 
jointed at One End and Fixed at the 
Other. (Fig. 85 d.) The pin-jointed end 
is considered as being able to slide 
freely in a frictionless guide, the nor- ^ ^ 
mal reaction at the guide being Q ; 
this normal force is balanced at the 
fixed end. 

Take the origin at the fixed end A, 

B.M. at X = Jlfx = - -Py + - oc) 

^ d^y Q(l-x) P 

El-y 


L 'i i 

y\<- appro f 


_ 1 X 


Fig. 85d 

_ Eld^ 
~ dx^ 


" dx^ 


P/El, and 2 ; = ~ p(Z - a:) j 


Then d^yjdx^ = - nH and ^ ^ ^ 

and dHIdx^ = d^yfdx^ = - nh 
By the general solution z = A sin nx + B cos nx 

Q 

so that, y ~ p(Z -x) A ^innx + B cos nx 


a: = 0, 2^ = 0, B^--p, 
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Differentiating 


^ J.9. — 

dx^ P 


nA cos nx - nB sin nx 


When 
So that, 


a? = 0, dy/dx = 0 
QIP = nA, thus A = Q/nP 




Q fj V 

- p{i - == 


Q . Ql 
Bin nx--n cos nx 
nP P 


Q(l . j 

= -Til — Sin nx-l cos nx 
P\n 

When X = I y = 0 0 = Q/P(Bin nljn -1 cos rd) 

Simplifying tan nl 

The solution of this equation—most easily carried out by a 
graphical method—for the least value of rd, is tan nl = 4*493 
radians or 267‘5°. 


Substituting nH"^ = (4-493)2 = 2-0477r2 
P 2*047;i2 
• • El ” P 

P = 2 04:l7t^EIIP . . • (4) 

The result for the value of P shows that a strut pin-jointed 
at one end, and fixed at the other, is just more than twice as 
strong as a pin-jointed strut. 

The effective length of the strut is approx. IjV^1. 

72. Long Column Fixed at One End and Freedom of Move¬ 
ment in Any Direction at the Other. The strut bends as shown 
in Fig. 85c, and its shape is similar to that of half a strut 
pin-jointed at both ends. Its effective length is 2Z. 

Cnpplmg load P = . . (6) 

73. It has been shown that areas have maximum and 
minimum moments of inertia ; therefore, if a strut is free to 
bend in any direction, it will bend about that axis for which 
the moment of inertia is a minimum. This, obviously, makes 
P a minimum. The strut may be constrained to bend in a 
given direction ; in this case, take the required I, which can 
be found by using, say, the momental ellipse in Chapter II 
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But secondary failure may take place due to the minimum 
value of I, unless precautions are taken to prevent this by 
side supports or other means. 

Git^EI 

Euler formula. P = . . . (6) 


Ctt^EA 
“ (.)■ 


( 7 ) 


I where I = moment of inertia for tlie axis about which the strut 
is made to bend, 

C = constant depending on the fixity of the ends 
= 1 for pin ends, 

= 4 for fixed ends, 

~ I for 1 fixed and 1 free end ; 

A = cross-sectional area, 
k = radius of gyration. 


For a constant cross-sectional area of strut, 

IV 




constant 


( 8 ) 


/ 


Plotting P against a rectangular hyperbola is obtained, 
which is the Euler curve. (See Fig. 86.) 


74. Rankine Fonnula for Struts. For very short struts, 
the failing load would be Af^ where is the crushing or 
yielding stress of the material, and A the cross-sectional area. 
For a long strut, the Euler buckling load 


Ctt^EI 

P 


(See Equ. 6) 


C a constant depending on the fixity of the ends. 

For struts which are sufficiently long to have some tendency 
to buckle and yet are not long enough for the direct com¬ 
pressive stress to be negligible, it is clear that the ultimate 
failing stress must lie between the two limits 


P = Af, and P == 


Ctt^EI 

P 
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Many formulae have been suggested, but the most used one 
is that known as the Rankine formula. This is 

P-;- 

1 + ^/. X 1 + c j (theo.) 


It is often written P 


-Cr)’ 


I 

where Zj is the effective length of the strut = 

If I is very large compared with k, 

„ Af, Af, n^EI 

JhV 1,^ 

\k ) tr^EI 
If I is very short, then 


will tend to become small and negligible compared with 1 
when P = Afc 

The value of a for some materials has been ascertained by 
experiment; but the theoretical value, though not so good 
as the experimental, is very useful where a practical value 
haa not been obtained. 


The Rankine curve for a mild steel tube, where a = 


1 


is shown in Fig. 86. 


Rankinb’s Constants. 


Material. 

Jg tons per square inch. 

a. 

Mild steel 

. 21 

7 b\) {) 

Wrought-iron . 

16 


Cast-iron 

. 36 

t'&Vd 


As r- increases in value, the Rankine and Euler curves tend 

I 

to meet. Above the meeting point value of y. that is, values of 

I * 

greater than this, use Euler values for ^the failing loads. 



OSi 



Fia. 86 
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For struts of a channel section, it has been found by experi¬ 
ment that for 

Mild steel, values of ^>150, Euler curve holds good. 

* I 

High tensile steel, values of ^> 120 , „ 

I * 

Duralumin, values of ^>170, „ „ 

76. To satisfy the experimental curves of for the 

intermediate lengths of strut, various other empirical formulae 
have been developed, chief of which is 

J. B. Johnson’s Parabolic Equation. (See Fig. 86.) 

P , [ly 

■ ■ ■ • (W) 

fe == Yield stress of the material in Ib./sq. inch ; g is 
a constant of such a value to make the parabolic curve 

tangential to the Euler curve at some fairly high value of j- ; 

I is the exact test length of the strut. 

Mild Steel {American constants)* 


End conditions 

fc Ib./sq. in. 

g- 

Limit of ~ 

K 

Pin ends. 

. 42,000 

0-97 

160 

Flat ends 

. 42,000 

0-62 

190 


Note. —When ~ = 0 ; = 42,000 lb. per square inch is less 

than the yielding stress of mild steel, which is about 52,500 lb. 
per square inch. 

Note. —For a strut absolutely freely lunged, and to make 
the parabola meet the Euler curve tangentially, g must be 

f ^ 

theoretically equal to 

Note on J. B. Johnson’s Parabolic Equation. 

The maximum load which can be carried by a strut is P„. 
Then, by Johnson’s equation 

= 4fc{ 1 - • J2 ) • • (^) 

♦ The constants in paragraphs 75, 76 and 77 aro from Structural Members 
and Connections, by Hool and Kinne 
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w-here C is the fraction for the end conditions. 
Or, if P is the safe working load 



4:Cn^E 


where x = 


A 


X is a constant depending upon the shape of the cross-section. 

The formula for A is one which can be used for design 
purposes. 

The corresponding values of Ph and A on the Euler basis 
are 


and 


Ph = Gn^EA . p and 


A 


_p/ xs.w y 

- jXWn^E] 


^ - 
Afo ~ 


CnW 

/. 


(B) 


If 


fc 

^Cti^E 


?! 


for a column design is equal to, or is less than, 


1 /2, the Johnson formula is true; if this discriminant is greater 
than 0*5, the Euler formula is true. 

The Johnson formula is an empirical formula to change 
from Ph = Aft true for short columns, to tangency with the 
Euler curve, at the point where the strength has fallen to one- 
half that of a short column of the same material and section. 
Used in its proper range, it fits the maximum loads (engineer¬ 
ing strength) with surprising accuracy. It is a good design 
formula for long columns, whose probable strength Ph is 
greater than one-half of Af^. 

Prom equations {A) and (B) if 


and 


Ph 1,^ Cn^E 1 „ 


Therefore for values of 


J 


Cn^E 


fo 

Cn^E • A* 


VI, use the 


Johnson formula for calculating and for values of 

^Ct^ ’ i ^ calculate P^jAf^ by the Euler formula. A 
curve of P^/Afc against /J ^ can be plotted which is 
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suitable for use for the design of the practical column. {See 
Fig. 86a.) The change for the Johnson curve to the Euler curve 

x: i.= v2 

Cn^E -k ^ • 


will occur at the value 




76. American Straight line Formula. {Ste Fig. 86.) A 
formula easy to work with, and giving approximate values of 
P 

, useful for preliminary calculations. 



The point of tangency of the straight line with the Euler 
curve is the limiting value for which this formula can be used : 
jc and g are empirical constants, so chosen so as to make 
the formula fit the results of column tests ; 

Z is the exact test length of the strut. 


Structural Steel {American Values) 


End conditions. 

fc Ib./sq. in. 

g- 

Limit 

Flat ends 

. 52,500 

179 

19.’> 

Hinged ends . 

. 52,500 

220 

159 

Round ends . 

. 52,500 

284 

123 


Cast-iron 


Failing stress — — = 34.000 - 88 
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77. Other Straight Line Formulae. 

(A) American Bailway Association for Working Loads — 

■ ^Ib./sq. in. ^ = 16,000 - 70 ^ > 14,000Ib./sq.in. (11) 

I P 

From ^ = 0 to 30. ^ = 14,000 lb./sq. in. 



Fio. 87a Fia. 87b 


(B) American Bridge Co.^s Formula for Structural Steel 
Working Loads — 

Y ^lb./sq.in.j = 19,000- 100 (ffj : ^ > 13,000 lb./sq. in. (12) 
I P 

i.e. from ^ == 0 to 60, ^ = 13,000 Ib./sq. in. 


78. Struts—^Eccentrically Loaded. In Fig. 87a, the load P 
is acting at an eccentricity e from the centroid of the cross- 
sectional area of a column. This force P is equivalent to a 
couple of magnitude Pc plus an extra force acting downwards 
at the centroid. 

The couple will produce bending, and consequently com¬ 
pressive and tensile stresses in the material; whilst the addi¬ 
tional P (thrust) at C will cause a direct compressive stress- 
of equal intensity over the whole of the cross-section. 

79. For a Short Column. Cross-sectional area A (Fig. 87b). 

Maximum compressive stress for P applied at an eccentricity 

e on one of the two principal axes of the cross-section. 


L. 4 - ^0 _ L. 
A^ I ~ A 


+ /cB 


(13) 
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Maximum stress on the other edge distant yt from C 

-L f 

~ A~ I ~ A 


( 14 ) 


Peyt P 

If -j- > ^ S' resultant tensile stress will be developed, as 
shown in Fig. 88. 


L 

Compressive pj 
Stress, -tI 

^Tensile 
Stress. 




Compressive Stress 
due to P^actin^ 


Tensile 

Stress, 


Fia. 88 


Referring to Fig. 88, 

ABCD = normal stress distribution 

Pey* P 

AEFB = stress distribution when -j- < ^ 
AOKHBK= „ „ ^>J 


80. Long Struts—Euler Form. Pin Joints (Fig. 89). Let 
P act on one of the two principal axes at a distance e from the 
centroid of the cross-sectional area. Let A be the origin. It is 
required to find the deflection y of some section X distant x 
from the origin. Take y as positive. 


Moment at X = - P(e + y) 


El 


dx^ ~ 


-Pe-Py . 


or 


El ^ El ^ 


(16) 
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The solution of this differential equation is 

y + c = ^ Bin J^.x + B cos . x (16) 

x==0, y=0, B = e 

dy I 

jj-0,when*-j 

. [P i 

^ = ctan^^.^ 

y + e = et^n(^J^^. I-) . a: ) + ecos . x) 


Particular values of 


that make tan 




infinite 


will also make y infinite. The only interpretation of this mathe¬ 
matical infinity is that the column is unstable for values of 
/P" 

V ^ sfi-tisfying the equation 


i.e, values of 


' I ^ 
y m • 

JZ 

y El-2 


PI 71 3ji 5n 

M • 2 "" 2’ T’ T’ 


The load at which instability really appears is the first one 

P 

given by El ^ P 

n^EI 

i.e. the critical value of P is = ■ - which is the same as for 

the axially loaded Euler column. In this case, the strut bends, 
however smaU the load, and the deflection is correctly given 
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by the equation for y before instability is reached, but at the 

n^EI 

particular load given by P = —the rod is really unstable. 

If the length is great, the stress in the rod may become so 
great, before the load is large enough to produce instability, 
that the strut just fails as a beam would fail under transverse 
loads. 

If this is possible two separate calculations are necessary, 
ip one to find the safe load assuming instability 
I impossible, the other to find the buckling or critical 

^ T load assuming the stresses do not become unsafe 
before budding begins. The smaller of these loads 
is the safe load for the strut or column. 

From equation (17) the defiection y is obtained 
for any value of x. 

y is a maximum when a; = ~ 

JL 

Vmaz + C = 



Fio. 89 


e sin* j 

( I'p 

W EI'2 J 

) -f c cos* j 

' l^.-) 

El 2 / 

cos 1 

(v 

iL.i) 

El ^ J 


Then + e = e sec 


y max 




Ul l) _ 

-+{(1-“*(</£ ■ l)]/°o® V® • i 

Ip I. 

^ . 218 small, it 18 accurate to assume that 


(18) 

(18a) 


cos 


J- - = 

\ El‘2 


1 


Pl‘ 

SEI 


in the numerator and = 1 in the denominator of equation (18o). 

PeP 

Then ^ , or y„ax varies directly as P. 

This coincides with the expression for the defiection of a 
beam bent by couples Pe at the ends. 

For other cases, equation (18) will give the displacement 
under a load P. 
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The moment at the centre is 

^(ymoa + e) = -Pc sec ^ • —) = Jf, = + 1 ^ 

The maximum compressive stress in the material at the 
centre will be 

fma,= ^ + McJ . . • ( 19 ) 


(This latter, assuming the elastic moment form holds good for 
all values of P, and = distance from the N.A. to the outer 
compression fibre—see Fig. 87b.) 

P 

The minimum stress will be - 7 - - il/- -p 

A ® I 


which may be compressive or tensile. From equation (19) 


■ ‘2)+!- 






El • 2 

Knowing the ultimate compressive stress of the material, the 
probable failing load P can be calculated for a given strut. 

81. Failure of the strut will occur usimlly in the compression 
flange when the maximum compressive stress reaches the 
ultimate stress of the material. 

With built-up struts, failure should occur by the compression 
flange buckling; if not properly designed, it may not do so, 
but fail in a secondary manner due to rivets failing or webs 
buckling, etc. 

82. Professor Pippard and J. L. Pritchard have shown in 
their book Aeroplane Structures'^ how the Rankine formula 
for axially-loaded struts may be adjusted to apply to an 
eccentrically-loaded strut. 

For a short strut eccentrically loaded, the maximum com¬ 
pressive stress developed is 


A ^ I 


From which - 5 - 
A 



* Aeroplane Structurest by A. J. Pippard and J. L. Pritchard. (Longmansi 
Green St Go.) 

6~(T.543o) 
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In Rankine’s formula, replace in the numerator 


/.by 



the eccentricity factor 


Af 

then P = / ;- 7 r\ 2 ^^- 7 —Rankine’s failing load 

i(l + ai~i In+I —Ieccentrically-loaded 
(\ \^ / ) { /struts . . (21) 


83. Ckimbined End and Transverse Loads. In certain 
structures, members acting as struts may also have transverse 
loads applied to them, e.g. members of the frames of an aero¬ 
plane wing. In these cases a compressive stress will be 
developed in the strut due to the end load P, the moment 
Py (where y is the deflection of the strut), and the moment 
caused by the transverse load. 

84. Case I. A concentrated transverse load of W acting at 
the centre of the strut having pin-ends. Assume the strut 



Fio. 90 


elastic to failure and that it will fail by buckling of the compres¬ 
sion flange, find the approximate axial end load P to cause 
failure. 

The strut is constrained to bend in the direction of one of the 
principal axes. 

Let A be the origin. (Fig. 90.) 

W 

Upward reactions at A and B due to Tf = — 

A 

X to the right positive : y downwards positive, 
d^v W 

d^y , F W 


( 22 ) 
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The solution of this equation is— 
y = A + 

a;=0, y=0, jB = 0 

1 ^ r. 


(I • M 


0 = 

/- 

El 

. A cos ^ 

A _ 

W 

/El 


A — 

2P • Y 

P • 

COS 

W 

IW 

sin 


2P ' 

•aJ P 

■ 



An equation giving the deflection for any value of x, 
knowing P and IF, 

2 / is a maximum when ^ ^ 


W I El I P\ 

Vma, - 2P V P • V2 Y El) 


The bending moment will be a maximum at the centre, and 
will be of the negative sign for known values of P and W, 

^ W [Wl [I pP \ Wl Wl 
- 2 Jsj P El) 4 ■'■4 




Assuming elastic conditions hold up to failure, the critical 
load for P, will be that value when the maximum compres¬ 
sion stress becomes the failing stress of the material = 
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= distance of the compression flange from the neutral 

axis. 

There will be an equivalent load P acting at the centroid to 
complete the couple Pymax 



Knowing/c, W, I, A, and t/c» the Equation (27) can be solved 
to give the fading value of P. 

85. Case II. Strut pin-jointed, end load applied axially, 
with a uniformly-distributed transverse load (over the whole 
length of the strut). (Fig. 91.) The strut is constrained to bend 
in the direction of one of the principal axes. 



Fig. 91 


— - Py - — a: + ^ 
The solution of this equation gives 

%vlx wx^ El 

+1? ""'P2 


when x= 0, y — 0, B — -j- 


when x = 


2 ’ dx 


(28) 


(29) 


'p\ ET Ip . fl Ip 
El]~'^P^S El *^"(2 V El 

2 P ' 4P 
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when a: = —, t/ = maximum 


wEI 

lifnax J32 




EI 

+ cos 


a 75 ) 


wZ* wEI 
4P + 8P~^ 


p2 sec^2 El}\ 8P 
The moment at the centre will be a maximum 


(30) 


= Py. 


wl^ wEI[ 

max “f“ Q 




8 P L 

Assuming elastic conditions to hold to failure, 
ff, = failing stress in compression of the material, 
wEI [ 


/.= 


p L 


H7£)-]r + T 


(31) 


85a, If P^ = Euler failing load for the struts with 
transverse loads, 




El or 


P 

I 


Vei Vp. 


86 . Case I. Concentrated transverse load at the centre of 
the strut, 

If Z ..- . „ - 

.... ^32) 




It can be shown* that if P < P, 
, P Wl WP 

then fc = -7 + ■Zy + 


P, 


A ^ 4:Z 
where Z = Ify, 


48P/ ZP.-P 


. (32a) 


* Materials and Structures^ Vol. I, by E. H. Salmon. 
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The longitudinal load P increases the deflection due to the 
lateral load, in the ratio P, : (P, - P). 

87. Case n. Uniformly-distributed transverse loads, 

Z*P.r t-n /P\ .Iv. . P 


/.= «’; 




It can be shown* that if P < P, 

^ P wP 5 wl* P P. 

th®n/e-^ + 8^ + 384’^?/’^ P^-P ’ 

where Z = Ijyc 

The longitudinal load P increases the deflection due to the 
lateral load in the ratio : (P, - P). 

Knowing wot Tf */, • P„ and Ay P can be ascertained from 
equations (32a) and (33a). 

Ilhistrative Problem 21 . 

1. Calculate the thickness of a mild steel tulje 6 in. in internal diameter, 
12 ft. long, to support an axial load of 15 tons. The tube is fixed at its ends. 

Taking a factor of safety of 4, 

Let Di = external diameter in inches 

.1.1 . . 1 Pi - 6 

t = thickness in inches = —r— 

id 


i = thickness in inches = 


1 = 1(d.‘ - 6 .) i (Z>,. - 6‘) = ...a X f 

I = 144 in. 

I 

the effective length == - = 72 in. 

Take E for mild steel = 13,000 tons per sq. in. 

Using Euler’s formula, the buckling load is 


TT® X 13,000 X 


4 X 15 = 


(p,«- 


Take = 10 , 


then t 


--- 64 

72 X 72 

1345 

Pj = 6*06 in. 
^ . 

: = 0*03 in. 


* McUeriala and Structures, Vol. I, by E. H. Salmon. 
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Rankine^s Formula, 
square •inch. 


a = 


Take /. for mild steel as 22 tons per 
1 

7000 


60 


^ 7000 ( 


Di* - 36 j 

72 X 72 \ 
+ 36 / 


X 16 


Solving Di = = 6-32 in. 

0*32 

The thickness of the tube is, therefore, ™ ^ 

I ^ . 

15*2. Kankme 
I 

— = 15-8. Euler 


Illustrative Problem 22 . 

An I beam, 12 in. x 6 in., 54 Ib. per foot length, is used as a horizontal 
strut hinged at both ends, and is 20 ft. long centre to centre. The beam is 
arranged with its web horizontal. The least moment of inertia is 28*3 in.*. 
There is an axial load of 24 tons, and a vertical load of 1 ton at the centre 
of the length. Calculate the maximum bending moment approximately, and 
find the maximum and minimum normal stresses. (U. of L., 1923.) 


Cross-sectional area of the beam is 15*88 sq. in. 

( 1 ) Neglecting the weight of the strut, the maximum 
moment is (see Equation 26) 

radians. 

Take E = 13,000 tons/square inch. I to be in inches. 


W I El IIP 

~ 2 aJ P '*^^2aJeI' 


Note 


^max tons-in. 


-J 


13,000 X 28*3 


24 

= 86*6 tons-in 


tan 


240 /_ 

2 V 13, 


24 


,000 X 28*3 


3 24 

Max. compressive stress = 86*6 x + jgTgg 

= 9*24 + 1*51 = 10*75 tons/sq. in. * 
Max. tensile stress = 9*24 - 1*51 = 7*73 ,, 


* By Eqn. (32a)/, = 11-08 tons/sq. in. 
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Allowing for the weight of the beam, it can be shown that 
- ^ [(sec i - i] + ^ . tan I y^ 


that is, the sum of the maximum moments due to a trans¬ 
verse concentrated and a uniform transverse load acting 
individually in conjunction with the end load ; 
w= 64 lb. per ft. run = 4-5 lb. per in. run = 5 l-o ton per in. run 


- = 


13,000 X 28-3 


500 


24 




1 + sec (55*5°) 


+ 86*6 tons-in. 
= 109*9 tons-in. 


Max. compressive stress = 109*9 x + 1*51 

iiO* o 


= 11*6 + 1*51 = 13*11 tons/sq. in. 
Max. tensile stress = 11*6 - 1*51 = 10*09 tons/sq. in. 


Illustrative Problem 23. 


A strut consisting of a steel tube 4 in. outside diameter and in. thick 
is loaded along an axis parallel to the centre line and } in. from it. The 
tube is 120 in. long. The yield stress of the steel is 28 tons per square inch. 
Find the crushing load of the strut. (The method of solution of the equa¬ 
tion you devise must be clearly indicated.) (U. of L., 1923.) 


Take the strut as hinged at both ends. 

Using the Euler form for eccentric loading (Eqn. 20), 

P 

+ "7" 


u 

f, 


“ ■ f) 


max 

E = 


28 tons/sq. in. I = 120 in. = 
13,000 tons/sq. in. = 2 in, e 
1 = 4-12 in." 

A — 2-27 sq. in. 

= 1-82 in .2 
I _ 120 
k ~ r35 


^in. 


= 89 


r,l 2 // P „ \ P 

28 — P 8 ^ 4:12 \/J 13,000 X 4-12 ^ j ■*" 2‘^‘7 

P y/E^JL 

16-48 3-86 2-27 

By trial, P = nearly 30*55 tons. 
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By Bankine’s formula for eccentric loads, 

fcA 


P = 


+“(l) ][^ 


P = 


Taking a 

28 X 2-27 


1 + 


7000 


X 


1202 IP 1 2 1 

1-82 ^ rsfj 


26 tons 


Eccentrically-loaded strut: failing load 

is 30*55 tons (Euler method) 
and is 26*0 tons (Rankine formula). 

n^EI 

Note —Euler’s Critical Load = P = —^ = 36-6 tons 
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EXAMPLES 

1. Find the buckling load of a channel section strut 12 in. x 7 in. X 1 in., 
length 16 ft., both ends rigidly fixed, by Rankine*s formula. Check your 
result by Euler’s formula and, if there is any discrepancy between the two, 
state which result you consider to be the more reliable, and why ? Draw 
the Euler and Rankine curves. 

2. A strut, whose length is 100 times its diameter, is compressed by a 
load applied axially. Describe how the strut gives way, and show how the 
nature of the end constraints affects the strength. Discuss the application 
to this case of Euler’s formula, 

, , n^El 

Limitmg load — 

Derive the Rankine formula and explain its use. 
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3. A column of circular section, the internal and external diameters of 

which are d and D respectively, has to support a non>axial load of W tons 
acting at a distance x from the centre of the column. Find the value of x 
in order that there may be no tension in the material. (I.C.E.) 

4. A strut is formed by two channels 7 in. x SJ in. braced together back to 
back and in. apart. Their flanges are 0*5 in. and the web 0*4 in. in thick¬ 
ness. If the strut is 20 ft. long and hinged at the ends, find the safe load, 
given that the safe working load on a column with fixed ends 


6A 


1 + 




,20,000/A;* 

when A is the cross-sectional area of the strut : 


L is its length ; and 

k the radius of gyration about an axis at right angles to the webs 

(I.C.E.) 

6. The vertical pillar of a crane is of 1 section, 18 in. deep, area 22 sq. in., 
maximum moment of inertia 1150 in inch units. Find the maximum 
intensities of compressive and tensile stress in the pillar, when a load of 
6 tons—acting in a plane containing the lengthwise centre line of the web— 
is being carried at a radius of 12 ft. from the centre of the section. 

(I.M.E.) 

6. A bar of steel under a tension test is gripped so that the line of pull 

is ^ in. from the axis of the bar. It is 2 in. diameter. What is the maximum 
stress produced in the specimen when the load registered by the testing 
machine is 10 tons ? Deduce any formula you use. (U. of B.) 

7. A short timber prop 6 in. diameter is loaded with a load of 10 tons 

along a line parallel to the axis and at | in. from it. Find the maximum 
and minimum stress in the section of the prop. (U. of B.) 

8. You are required to ascertain how the strength of mild steel hollow 
tubes (say, 4 in. external and SJ in. internal diameters) used as struts 
depends upon the length of the tube. How would you carry out tests ? 
Describe any special fittings you would use. What kind of curve would you 
plot 7 Compare the failure of a tube 1 foot long with one 8 ft. long. 

(U. of B.) 

9. A square hollow cast-iron col\imn 12 ft. long, sides 6 in., and walls 
1J in. thick, is fixed at the lower end and pin-connected at its upper end. 
Calculate the load the column will safely carry, allowing a reasonable factor 
of safety. 

= 36 tons per sq. in. Constant = 

(U. of B.) 

10. A cast-iron column, rigidly fixed in the ground, with its upper end 
free, is 20 ft. long; the cross-section is a hollow cylinder 12 in. outside 
diameter, 8 in. inside diameter. Calculate the safe load this column will 
carry. 


(/p = 36 tons per square inch, 
nected at both ends is 


The constant for a column pin con- 
(U. of B.) 


11. A round bar 2 in. diameter is subject to a pull of 5 tons along a line 
parallel to the axis and J in. from it. Determine the maximum and 
minimum stresses on the sections of the bar. 

12. A solid cast-iron column, 4 in. in diameter and 2 ft. long, is fixed at 
both ends. Calculate the load the column will safely carry by Rankine’s 
and Euler’s formula. 
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In Rankine*8 formula, take a ^ 


1800 


and safe compressive stress for 


short lengths of the material = 7 tons per square inch. 

In Euler’s formula, take E for cast-iron = 10,600 tons per square inch. 

(U. of B.) 

13. Compckre the strength of columns 12 ft. long containing the same 
volume of metal: (a) the column being rolled steel joist of I section 10 in. 
X 8 in. X t in. ; (6) cast-iron hollow cylindrical column, the metal being f in. 
thick. 

Use Rankine’s formula— 


P 


LA 


■-ay 


for steel 21 
1 


a for steel 


7600 


for cast-iron 36 
1 


for cast-iron 


1600 


(U. of L.) 


14. Discuss briefly the limits of application of Euler’s and Rankine’s 
formula for struts. 

A mild steel tube is used as a vertical strut. It is 2 in. internal diameter 
and the metal is in. thick. It is 20 ft. long and firmly set in a foundation 
of concrete. The upper end is quite free. Making reasonable assumptions 
as to constants, calculate the load at which it will fail. 

If the strut was reduced to 3 ft. in length, what load could it carry ? 

(U. of B.) 

16. Find the external diameter and thickness of metal for a hollow steel 
strut 10 ft. in length and capable of carrying an axial thrust of 20 tons. 
The ratio of diameters to be 10 to 8, and the ends of the struts are firmly 
fixed. Use the Rankine formula : /c = 21 tons per square inch ; a — 1/7600 
(for rounded ends) ; factor of safety = 6. (I.M.E.) 

16. A rolled steel joist. Sin. deep €uid 6in. wide, is used as a strut. Its 
moment of inertia is 110*6 in inch units, and the cross-sectional area is 
10*3 in. A compressive load of 40 tons a>cts along a line lying in the centre 
of the web and parallel to the longitudinal axis of the joist, but at a distance 
of 2 in. from it. Determine the maximum intensity of stress induced. 

(I.M.E.) 

17. Find the sede working load for a column of the section „ 

indicated in the sketch, 20 ft. long, and having its ends fixed, U—9—>{ 
using the formula 

Working load = - - -pr- tons, 

1 I 1 

‘ ^ 20,000 

where A is the cross-sectional area in square inches, 

L is the length of the column, 
and k is the least radius of gyration about a diemieter. 

18. A steel built-up stanchion is made of two plates 16 in x Jin., two 

plates 12 in. x J in., and four angles 3 J in. x 3 J in. x Jin., the section forming an 
internal rectangular space of 12 in. x 7 in. The stanchion is 30 ft. high and 
loaded centrally. Considering the stanchion is fixed at both ends, determine 
the safe load. (U. of L., 1923.) 

19. Find the necessary diameter of a mild steel strut 8 ft. 4 in. long, freely 
hinged at each end, if it has to carry a thrust of 10 tons with a possible 
deviation from the axis of one-eighth the diameter, the greatest compressive 
stress not to exceed 5 tons per square inch. {E ^ 13,000 tons/square inch.) 


4 "- 


■T 

'b" 

I 

.± 


Fig. 92 


(I.C.E.) 
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20. A mild steel strut, pin-jointed, 5 ft. long, I = 10*0 (in. )^, carries an 
axial thrust of 5 tons. What transverse load can it carry at the centre to 
develop a maximum stress of 22 tons per square inch, assuming the strut 
remains elastic ? Cross-sectional area of the strut, 0*5 sq. in. (E ~ 13,000 
tons per square inch.) 

21. If the strut in Question 16 is pin-jointed. 100 in. long, and the 
eccentricity is as before, find the buckling load of the strut (a) by Euler’s 
method, (6) by Rankine’s method, assuming the failing stress of the steel is 
22 tons per square inch in compression. 

22. A strut, consisting of a steel tube 4 in. outside diameter and in. 

thick, is loaded along an axis parallel to the centre line and ^ in. from it. 
The tube is 120 in. long. The yield stress of the steel is 28 tons per square 
inch. Find the crushing load of the strut. (L.U.) 

Students are requested to solve the problems, where possible, by the 
straight line and parabolic formulae, using any constants necessary from the 
tables. 



CHAPTER VII 


Framed Structures with Dead Loads 

88. Frames or Trusses. A frame is a structure which consists 
of ties and struts pin-jointed or riveted together; its individual 
members are in tension or compression. Ties take pulls, 
struts take pushes. 

Notes on the Frames given in Fig. 93. (a) is the Lunville 
or iV^-girder, or Pratt Truss. The verticals are struts and the 
diagonals are ties. 

(c) is the Howe Truss : the verticals are in tension and the 
diagonals are in compression. 

(h) and (d) are respectively the single and double Warren 
girders, both ties and struts being inclined, usually at angles 
between 45® to 60®. 



Fio. 93 

(e) and (/) are hog-backed lattice girders or lattice bow 
girders. 

(jr) to (n) are various types of roof-trusses, (gr) and (A) 
being used for small spans up to 30 ft. or so ; (A) and (1) for 
large spans of 45 to 50 ft.; (n) is a French truss, which is 

161 
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used for a span of 60 ft. ; (m) is a common factory roof, 
known as a northern light or saw-tooth roof. The short side 
is glazed to admit a northern light without direct sunshine. 

89. All frames in this chapter and the following ones are taken 
as pin-jointed. 

Frames may be divided into three classes, viz., perfect, 
incomplete or imperfect, and redundant. 

A perfect frame has just suflScient members to keep it in 
equilibrium under all systems of loading. Frames in one 
plane are called plane frames. The simplest plane and per¬ 
fect frame is the triangle : the basis of all perfect frames. 
The frame in Fig. 94 is a perfect frame. 


6L h f 



Fig. 94 Fio. 95 

If the diagonals of the frame in Fig. 94 were removed, then 
the frame would be incomplete or imperfect. Under certain 
conditions of loading it will be in equilibrium. 

The frame in Fig. 96 has too many members (by ab and 6c), 
and it is a redundant frame. If the diagonals ab and be were 
removed, the frame would be perfect, as shown in Fig. 94. 

If ab and be are •nly capable of taking tension and are 
consequently quite light, the structure would be just braced ; 
for if de and ef were taking tension, then ab and be would 
slacken off. Counter bracing as shown is inserted if the 
sign of the shear in the bay is likely to change due to loads 
moving over the frame. Overbraced frameworks are perhaps 
more rigid than perfect frames, but the loads in the members 
cannot be calculated by simple processes. Often they are 
divided up into perfect frames with certain common members ; 
the loads in each are calculated separately and then added 
algebraically. This is not an accurate method, but it gives a 
close approximation in many cases.* The number of mem¬ 
bers in a perfect frame is 2n - 3, where n is the number of 
joints.f Any number greater than 2w ~ 3 will represent the 
number of “internal” redundant members. 

♦ See Chapter IX. 

t See also Chapter IV for notes on supports and external** redundants, 
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90. Methods of Detennixiing the Stresses in Framed Perfect 
(Plane) Structures* The forces, including the reactions, acting 
on the structure being known or calculated, the loads in the 
members themselves may be found by one, or a combination 
of three methods— 

( 1 ) The stress or force diagram ; 

( 2 ) The method of sections ; 

(3) Resolution. 

The supports for the frames will be such that the reactions 
can be calculated by statical methods. There will be no 
redundant restraints at the supports. {See Chapter IV.) 

91. Stress or Force Diagrams* Probably the most satis¬ 
factory method of determining the forces in the individual 
members is by means 
of a stress diagram. 

* The following 
method is given by 
Capito in his Applied 
Mechanics — 

Fig. 96 (a) repre¬ 
sents a triangular 
link frame with three 
forces Pj, Pg, and 
Pg acting respec¬ 
tively at the three 
joints in the plane of 
the figure. The lettering of the frame and the forces may 
be as shown in the figure ; it will be seen that every bar 
and force has a letter to its right and left which gives a name 
to it. The bars are named thus : OA^ OB, OC. This is 
called Bow's notation. 

As every force has also a letter on each side, they may be 
named, when taking a clockwise direction round the frame, 
AB, BCy CA instead of Pi, Pg, Pg. Finally the joints are 
named OAB, OBC, and OCA, 

Resolve each of the forces Pi, Pg, P 3 in the direction of its 
adjacent bars. At the joint OABy Pi is resolved into 81 
parallel to OA, and 82 along OB ; similarly for the other 
joints. Obviously Si and 8 ^ act in the same direction but not 
in the same sense, and similarly for the other forces. 




(W 


* Capito, Applied Mechanice^ Part IT. (Griffin.) 
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The given forces will obviously be in equilibrium when 

S,+ 8,^ 0 8,+ 8,=^ 0 S,+ 8.=^ 0 

Choose any pole 0 in Fig. 96(6), and draw the three straight 
lines Oa, Ob, and Oc respectively parallel to the bars OA, 
OB, and OC. 

Set off to some scale Oa = 8^ = - Si 

06 = /S,= - 8 , 

Oc = /Se= - 8 „ 

then ab = Pi, be = P 3 , and ca = Pg- 

As these three latter form a triangle, they are, therefore, in 
equilibrium. 

Note. —^At each joint there are two internal forces (in the 
members) and one external load ; as the frame is in equilib¬ 
rium, then these forces are in equilibrium, and so form the 
sides of a triangle. If there are more than two members at a 
joint, then all the internal forces and the external force are 
in equilibrium, and the forces to scale must form a closed 
polygon. 

The diagram in Fig. 96(6) is called the force-stress diagram. 

When n coplanar strai^jlit lines emanate from a point 0 and 
an n-sided polygon be drawn whose sides are parallel to, or 
perpendicular to, the corresponding lines through 0 . then the 
polygon is called the reciprocal for the point 0 . 

In Fig. 96(6) the triangles Oab, Oca, and 06c are recip¬ 
rocals for the joints OAB, OCA, and OBC respectively; 
hence the force-stress diagram is the reciprocal force diagram 
for the frame shown. Fig. 96(6) represents the three triangles 
placed in one figure. In practice, the external loadings on a 
frame are given ; for known conditions, and by means of 
moments or otherwise, the reactions may be found. 

A simple frame is shown in Fig. 97 loaded with a single 
load W acting vertically at the joint OBC. The frame is 
supported on rollers at the joints OAB and OCA. 

Let OB = OC, 

then obviously the reactions Bi and P 2 a^cting vertically 

W 

upwards are each equal to -y. 
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The lettering of the diagram, as indicated, starts at the 
centre space 0, and the remaining spaces formed are then 
lettered in a clockwise direction, that is, lettering all the 
spaces between the external forces first and then between 
the members themselves (as also shown for another frame in 
Fig. 98). 




Continuing, for the simple frame in Fig. 97, draw a load 
diagram (Fig. 97 (6) ), which in this case will be a vertical 
straight Une 6c. The force-stress diagram for the frame consists 
of a number of triangles. 

6 c = PT to scale and acting from 6 to c ; that is, down¬ 
wards. 

ca = iZj upwards ; 
ab = 

The triangle abc in this case is a single line, and 6c = ca + a6. 

Considering joint OAB. From 6 on th '^ load diagram 
draw bo parallel to BO, and from a, ao parallel to AO ; then 
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Oah is the triangle of forces for the joint OAB ; ob and Oa to 
scale represent the internal forces in OB and OA acting at 
the joint. 

Considering the joint OBG, W is the external force, and 
from the previous triangle one internal force Ob is known ; 
i.e. on the force-stress diagram bc = W ; Ob = internal stress 
in OB. Joining 0 to c completes the stress diagram, which 
is a triangle Obc for the joint OBC. Oc to scale is the 
internal force in the member OG. 

92. The Kind of Stress in a Member. (Fig. 99.) (i) Consider¬ 
ing joint OBG. Start with W and work round the joint in a 


Member- 


OB 


OC 


OA 


“T f r 

Direction Internal Force, 
tlvt (Strut 7<e 

1 _ If 


St 


Corresponding to 

1 - t 1, 

External Loads Di'reciion. 

I I I 

Fio. 99 


clockwise direction. On the force-stress diagram, starting at 6, 
be = W which is in a downward direction. 

Consider the member OG ; in the stress diagram, pro¬ 
ceed from c to o This indicates the internal force in 

the member OG acting towards the joint OBG ; similarly for OB, 
completing the direction round the stress diagram 0 to 6 is 

in y direction, again indicating an internal force acting 

towards the joint OBG. The directions of the internal forces 
at the joint are indicated in Fig. 97. 

(ii) Consider the joint OAB ; on the stress diagram a to 6 is 

t upwards; 6 to 0 is ^, indicating a force acting 

towards the joint OAB; 0 to a is-►, indicating an internal 

force acting away from the joint. 

(iii) Similar reasoning applies for bars at the joint OAG. 
Internal forces acting towards a joint indicate a strut; 

away from a joint, a tie. (Fig. 99.) 
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93. With this method, if there are three unknowns to solve 
for at a joint, it fails. It is necessary to find one of the 
unknowns by another method, thus leaving two which can 
be found by continuing the force-stress diagram. 

94. The Method of Sections. If the internal forces acting 
at the joints of the link frame DA, DB, and DC are balanced, 
equilibrium will not be disturbed 
by cutting the bars DB and DC 
(Fig. 100), provided that the neces¬ 
sary external forces be added at the 
points where the bars are cut. The 
two latter forces and force BC must 
balance ; but only BC is known. 

As, however, the resultant of any 
two of the three forces acts in the 
line of the third force, we may choose Fio* 100 

any point 0 in the line of action of 

one of the unknown forces, say DB, as fulcrum, and measure 
the lengths of the perpendiculars pi and let fall from 0 
on the forces BC and CD respectively. We have thus, 

Pi X external force BC = pg X internal force in DC» 

Hence, force in DC = —^ X force BC. 

P2 

By this method, known as the method of sections, all the 
internal forces in the bars may be determined. 


4 
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Illustrative Problem 24. 

A loaded frame is given in Fig. 100 A. It is required to find the forces and 
kind of stress in the members DH and AJ, 

Always take a dividing line, so that when taking moments about a point 
O, the unknown force required will be the only unknown force having a 
moment about this point. The reactions are equal and of 7*5 tons each. 
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To Find the Force in DH. The dividing line will cut the 
members AJ, JH, DH as indicated in Fig. 101(a). This por¬ 
tion of the beam is in equilibrium under the loading shown. 

The force in DH is required. Take moments about the joint 
AOHJ, i.e. point Y. Then from the diagram, 

1-5 X 5 {Q = DH X 5 (^) 

Force in DH = dh = 7-5 tons, and it acts away from its 
joint EFOHD, thus indicating a tensile force in the member. 



(C) 


Fio. 101 

Similarly for the Member AJ, 

Moments about the joint Yi, see Fig. 101(6). 

Then AJ x 5 Q) = 7 5 x 10 ((^) + 5 x 6 (^) 

= 60 ((^) tons-ft. 

Hence the internal force in AJ = ^ = 10 tons ) 

and it acts towards the joint AOHJ and, therefore, the member 
AJ is a strut. 

The frame may be out also as indicated in Fig. 101(e). 

In this case take moments again about Yi for l^e left-hand 
portion. 
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95. The Force in the Member JHis found from the method 
of Resolution of Forces. This method consists in resolving the 
resultant force at any point in a structure or across a partic¬ 
ular section, along the members of the frame meeting at that 
point or cut by the section. g 

If there are more than two 
members meeting at a 
point, then all the re¬ 
mainder must be known 
in order to obtain the loads 
in the remaining two by this 
method. Fig. 101 (a). 

At the joint AJHG, four 
members meet. It can be 
shown by the previous 
method that the internal 
compressive force in the 
member AG is 7-5 tons. 

The joint is in equi¬ 
librium, therefore, the 
algebraic sum of all the 
horizontal components of 
the forces in the members 
must be zero, and similarly 
for tlie vertical com¬ 
ponents. 

The members AG and AJ are horizontal, GH vertical, and 
JH (from the dimensions of the frame) is at an angle of 45® 
to the horizontal. 

Let tensile forces be positive and compressive forces negative. 

Resolving h orizon tally, 

7*5 {AG) - 10 {AJ) — - (horizontal component) JH 

Horizontal component \n JH .’. + 2-5 
and JH must be a tie. 

JH cos 45® = 2-5 

therefore, tensile force in JH = 2-5 V2 tons. 

The vertical component of the force in JH == -f 2-5 tons ; 
therefore, the vertical force in the member GH is - 2*5 tons: 
as these are the only two members acting at the joint Y ; 


V 








1 'zero 
\ rD i 

T 

C 

^zero i i 


Col) 
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therefore, OH is a struii having an internal compressive force of 
2-6 tons. 

[Note. —OH takes the shear force (10 - 7-5) tons = 2*5 tons 
in the second bay from the left-hand support.] 

96. The method of resolution is not so elegant as the two 
previous as a whole. Where members meet at right angles to 
one another, however, it is often the quicker method. A 
combination of the methods may be the most useful. 

Illustrative Problem 25. (Fig. 102.) 

The lattice girder shown in Fig. 102 is loaded at the joint A with a load 
of 50 tons. Find the forces in the members, stating the kind of force. 

The force-stress diagram is shown in Fig. 102(6): the arrows 
on the members in Fig. 102 indicate whether the member is 
a strut or a tie. 


TABLE OF FORCES 


Member. 

Strut (S) 
or Tie (T). 

Force in Member. 
Tons. 

Member. 

Strut (S) 
or Tie (T). 

Force in Member 
Tons. 

BE 

S 

- 37-8 

DE 


0 

BF 1 

S 

- 37-6 

EF 

T 

-¥ ^/2x 37-5 

BH 

S 

- 25 

FQ 

T 

+ 12*6 

BJ 

S 

- 25 

OH 

S 

- X 12-5 

BL 

S 

- 12*5 

HJ 


0 

BM 

S 

- 12*6 

JK 

T 

+ V2 X 12-5 

CM 


0 

KL 

S 

- 12-5 

CK 

T 

+ 12-5 

LM 

T 

+ v'2 X 12*6 

CO 

T 

+ 37-6 





Determination of Some of the Forces by the Method 
OF Sections. Take a dividing line through the three mem¬ 
bers in the second bay from the left and moments for the left- 
hand portion of the girder about the joint FBHO, 

37-5 X 16((^) = (7(7 X 15 (^) 

Force in OC = 37'5 tons and acting away from its joint, so 
that OC is a tie. 

Taking moments of the forces to the left of and about the 
joint COHJK to give the force in BH, 

37-6 X 30 ((^) + 60 X 15 (^) + X 15 (*) ) = 0 

or 37-5 X 30- 50 X \5-BH X 15 = 0 
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Force = 26 tons and acting towards its joint, therefore, 

negative 

so that BH is a strut. 

The Force in EF by the Method 
of Resolution of Forces. 

The force in BF can be shown 
equal to 37'5 tons. 

Horizontal component of force ^5^ 
in EF + force in BF = 0 
EF cos 45 + ( - 37*5) = 0 
therefore, force in EF 
I 37.5 

= -X 

cos 45 

and EF is a tie. 

Illustrative Problem 26. 

A Warren girder, 30 ft. span, has three 
equal bays in the lower boom. All the 
diagonals are inclined at 60® to the hori 
zontal. There are loads of 16 tons at each 
of the two joints in the lower boom. Find 
the forces and the kind of force in the 
members of the girder. (Fig. 103.) 

All the members are 10 ft. long. 


(W 




\ To 

"T/ 

\J60 


\ 

7 ^ 


ac 


Fig. 


e 
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The force-stress diagram is given in Fig. 103(6). 


TABLE OF FORCES 


Member. 

Tie (r) or 
Strut (S). 

Force In 
Member. 

Member 

i 

t 

Tie (Dor 
Strut (S). 

Force in 
Member. 

AF 

5 

30 

~ Vs 

EF 

T 

so 

V3 

AH 

S 

30 
' V3 

FO 

— 

0 

BJ 

T 

16 

V3 

OH 

— 

0 

CG 

T 

30 

V3 

HJ 

T 

30 

V3 

DE 

T 

16 
^ V3 

JA 

S 

i2. 

~ V3 

AE 

1 

S 

30 
” V 3 
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The student is asked to check the forces by the use of the 
other methods. 

Illustrative Problem 27 (a). (Fig. 104.) 

Find the stresses in the members of the truss in the sketch, due to the 
loads indicated, and distinguish which are tensile and which compressive. 

(T.C.E.. 1923.) 

I 



Strut (S) Force in 

Member. 

or 

Member, 


Ti^n 

Tons. 

B>H 

5 

-2*7 

CJ 

5 

-2^2S 

DL 

S 

-2*25 

EM 

S 

-2*7 

MG 

T 

^2>2S 

KG 

T 

4- /*5 

HG 

T 

+ 2*25 

HJ 

S 

-0*8 

JK 

T 

+ (?*8 

KL 

T 

+ 0*8 

LM 

a 

-0*8 



Scale - inch =- 1 Ton. 


Fig. 104 


For the given loading, R^~ R^— 2 tons. 
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Illustrative Problem 27 (6). (Fig. 105.) 

The truss in Problem 27a is fixed at one end and on rollers on the other. 
Wind loads, as indicated in Fig. 105, act on the roof. Find the reactions 
and also the forces in the members due to this loading. 

The resultant of the wind loads = 2 tons will act normally to the 
surface at the joint BCOF, The roof truss is in equilibrium under and 
the two reactions ; hence the three forces must form the three sides of a 
triangle. Rj^ at the rollers will act vertically upwards. Draw the triangle 
of external forces, including the reactions as shown in Fig. 105. 

ad — 2 tons : ae = 1*1 ton ; then de — R-g. in magnitude and direction. 
ea — Rj^ — 1*1 ton ; de = Rg, — 1*28 tons. 

Draw the stress diagram as before, starting at the left-hand reaction. 



Illustrative Problem 27 (c). (Fig. 106.) 

The roof truss in the previous problems 27a and 21b is loaded with the same 
dead loads and wind loads acting together. Find the forces in the members. 

Method 1. The two loads act independently and so obtain a force-stress 
diagram for each ; add algebraically the forces in the members due to the 
two kinds of loads to give the resultant forces in them. 

Method 2. On the left side of the truss in Fig. 106a, find the resultant 
loads and their lines of action for the dead and wind loads at each joint 
separately. As the external loads and the reactions are in equilibrium, it 
does not matter the type of truss. Divide it up into single triangles as illus¬ 
trated. Working from the ridge joint, draw a force-stress diagram (for the 
newly-arranged truss), which will eventually be closed by the reactions which 
can be taken off to scale. Draw the force-stress diagram for the original 
truss, the load polygon for which will be dbcdefg. 

The diagrams are given in Fig. 106. 
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97. Roof Truss. With Three Unknowns at a Joint 
(Fig. 107). Calculate the reactions in the usual way, starting 
from the left-hand reaction. Drawing the force-stress diagram, 
iihe forces in the members CK, KA are found. Proceeding to 
either of the joints CDMLK or KLPA, it is found that there 
are three unknowns at each joint. 



Divide the truss into two parts by a dividing line through 
the ridge joint and the member PA ; then the left-hand half 
of the truss is in equilibrium under the external loading, and 
the internal force in PA = T = pa acting as an external force. 
Then from moments about the ridge joint, 

Z (moments of the external forces and Rj,) -f- (pa)h = 0 
In this case, T will act away from the joint, and so PA is 
a tie ; pa is thus found, leaving two unknowns at the joint 
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AKLP. Force in KL can be found, leaving two unknowns 
at the joint CDMLK. Proceed with the completion of the 
stress diagram by the usual methods. 

97a. Notes on Wind Pressures. 

P = Intensity of wind pressure on a plane normal to the 
direction of the wind. 

= Normal Intensity of wind pressure on a plane inclined 
at an angle 6 to the horizontal. 



Formulae for 

(1) P„ = Psin0. (See Goodman’s Applied Mechanics.) 

2 sin 6 /Duchemin’s formula : see ArrorsX 

(2) « — j ^ sin^fl’ \ Handbook by A. Hunter. / 

VHutton’s formula: sQeApplied\ 
\ MechanicSy Duncan. / 

The tangential component of the pressure P on the surface 
inclined at the angle d to the horizontal is assumed to exert 
no pressure on the plane. 


(3) = P sin 
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EXAMPLES 

1. If a number of forces, some of which are inclined to the vertical, act 
on a hinged structure, and the direction of the reaction at one point of sup¬ 
port is known, show how the magnitude of both reactions and the direction 
of the one at the other point of support can be found. 

2. Find the stresses in the meml^rs of the truss in Fig. 108 due to the 
loads indicated, and show which are tensions and which compressions. 

(I.C.E.) 




3. If the left extremity in the sketch in Fig. 108 is hinged and the right 

can slide horizontally, find the stresses in the members due to a wind of an 
intensity equal to 40 lb. per square foot on a vertical surface blowing from 
left to right. Trusses 10 ft. apart. (I.C.E.) 

4. Draw a reciprocal diagram giving the forces of the members in the 

framed cantilever shown. (Fig. 109.) (I.C.E.) 

6. Find the stresses in the members of the truss in the sketch due to the loads 
indicated, and distinguish which are tensile and which compressive. (Fig. 110.) 

(I.C.E.) 

6. If the right extremity of a truss of the dimensions in the above sketch 
(Fig 110) IS hinged, and the left one is capable of sliding horizontally, find the 
stresses in the members duo to a horizontal wind of intensity equal to 35 lb. per 
square foot on a vertical surface, blowing from left to right, assuming that 
the total wind pressure on the inclined surface is equal to its normal 
component. Trusses 10 ft. centres. 

7. If a roof truss, as in the sketch (Fig. Ill), is loaded as indicated, draw 
the stress diagram to scale, showing which stresses are tensions and which 
compressions. 

8. If trusses similar to that in the sketch (Fig. Ill), and loaded as 

shown, are placed 10 ft. apart, cmd the support at A is hinged and that at B can 
slide horizontally, and a wind is blowing horizontally from the right-hand 
side with a force of 301b. per square foot on a vertical surface, draw the 
stress diagram. (I.C.E.) 

9. In the braced cantilever shown (Fig. 112), the three members of the 
lower chord are each 10 ft^ in length, and the upper chord is straight and 
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meets the vertical face of the wall 12 ft. above the lower chord. The diagonal 
braeings are attached to the upper chord at points vertically above the centres 
of the three members of the lower chord. Neglecting the weight of the 
structure, draw the complete stress diagram for it, and determine the reactions 


2 ^ 





at D and C, distinguishing between tensions and compressions when loads 
of 6 tons and 10 tons are suspended from the joints A and B respectively. 
Tabulate the stresses in the members. (U. of L.) 

10. A Warren girder has two bays in the upper and three in the lower 

boom. It carries a load of 2 tons at each panel point in the upper boom. 
Draw, to scale, the stress diagram for the girder. (Fig. 11.3.) (I.S.E.) 

11. Determine the reactions and the forces acting in the members of the 
vertical frame shown in Fig. 114. 



Fig. 114 



CHAPTER VIII 

Deflection of Perfect Frames Under Dead Loads 


98. It has been shown that, due to loads acting on a frame, 
tensile or compressive forces are induced in the various mem¬ 
bers of the frame, causing lengthening or shortening of the 
members. Assuming that the strains are within the elastic 
limits of the material, then the resilience* of each of the 
prismatic members can be shown to be equal to 

2 AE 


where F is the total force, L the length of the member, A the 
cross-sectional area, E the modulus of elasticity. 

Let a; in. be the extension or compression of a member 
Lin. long acting under a load of F tons. A is the cross- 
sectional area, 

F 

X A F L 

L^E^^^^AE 

F 

The average internal load acting through the distance a: is ~ 
therefore the total internal work per member 


IT. 1 F2 L 

~ ~ 2 A E 


99. Castigliano’s Theorem. For any frame, assuming no 
work done by the reactions, 

Total internal work = E internal work of all the members 
= total external work. 

Consider any structure (Fig. 116) loaded with a number of 
concentrated loads, 

W, TFi, . . . W, 

Total external work done on the structure 

= v==wy + WiSfi + + 


* Resilienoe ■« internal strain energy [vide Art. 37). 
178 


. ( 1 ) 
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where y, etc., are the deflections of the structure at the 

load points and in the same direction as that in which the 
loads act. 

Now let W be increased by 6W^ 
then the deflections under all the 
loads will be increased by <5y, dy^, 
by^, etc. And a small increase in 
external work = 5 ?7== internal work 

= Wdy + \dW • dy + W^fiyi 

+ W ^iy 2 + • ( 2 ) 

Now let the loads W dW, 
etc., be applied initially; then the work done 

- f/i == \{W + 6W) iy + dy) 

+ Wi{yi + <5yi)+ +••• 

=^-\Wy + \dW.y + \W-5y 

+ \6W . 6y + \W,y, + \W,6y, + . . . . (3) 

Subtract (1) from (3), then 

C7, - [7 = (5C7 = i • • y + ilf • (Sy + Wi^Vi 

+ +.(4) 

Divide Equation (2) by 2 and take the limit, then 

^ + Widyx + + . . . . ( 5 ) 



Subtract (5) from (4), 


2 


^\dW-y 


i.e. 


dU 


dU 

dW 


(in the limit) 


( 6 ) 


This is known as Caetigliano’s First Theorem, which postulates 
that in any beam or truss, subjected to any set of loads, the 
deflection of an arbitrary point X is equal to the first partial 
derivative of the internal work of deformation with respect 
to a load W at the point acting in the direction of the desired 
deflection. 
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100. Example. Consider the Warren frame or girder in 
Fig. 116. 

(a) Let be the only external load acting at the joint 
DEFOG, 

The force-stress diagram can be drawn for the frame with 
only this load acting. 

The force in any member, say, DE = Fj^^ = ^ 

where is a numerical coefficient. 

Similarly the force in member FA = F^^ = h'Wy 
where k^' is a numerical coefficient. 

^ Use similar notation for 

the forces in the other 
members. 

(6) Let another load 
act as indicated at the joint 
COHJB ; a force-stress 
diagram for this load 
acting alone can be 
Fig. 116 drawn. 

Let the force in DE 
due to W 2 acting alone be Fp,' = k^W 2 - 

Force in FA due to hTg = = k 2 W 2 - where k^ is a 

coefficient; and similarly for the other members ; ^ 2 » 

and ki\ k^^ etc., are numerical coefficients. 

If a girder consists of a number of bays and there are loads 
acting at several joints, then forces are developed in each 
member of the frame due to each load acting separately. 

(c) Consider the joint where is acting; imagine another 
load of unit magnitude at the same joint. A force-stress dia¬ 
gram can be drawn for the load of 1 ton acting alone, and the 
shape of this diagram is the same as for Wj acting alone. 

Then force in DE due to 1 ton acting alone will be 
therefore, 

F ix)B == X 1, because 1 replaces Wy 



Therefore ki is the force in the member DE for unit load at 
the point of application; ifc,' = force in member FA due to 
I ton acting alone instead of Wi ; and so on for all the other 
members. 
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{d) The total work done in any member 


^ im 
'^2AE 


where F = total force in the member due to external 


loads 

- + hw, + + . . . 


(e) Total work done on the whole structure 

_ 

““ A 2AE 

1 FH FH 

therefore 17 = ]^ 2 ^~ == % 2AE 

_ FH 

2 / = ^ so that the deflection may be found for one 

load from this equation, 

1 FH I 

+ + k^'W, + k^'W, + . . . 

+ . . . etc. . . (7) 

(g) To find the deflection y of the point of application X 
of any load which is one of a number of loads acting on the 
structure differentiate U partially with respect to the load W^. 

dU _ ^2F dF I 

Wi~ ^~2 • Wi' AE 

= If, + + . . . k„W„)^ 

+ kx'ikiW,+ . . . K'W„)^ 

+ . . . etc. ... (8) 

Now + kzWt + KWs i- RnW^ = line on force-stress 

diagram for all loads for one member; (ifc/ Wy + + k^*W^) 

= line on force-stress diagram for all loads for another 
member ; and similarly for all the other members. 

(ii, k^j etc., are forces in the members due to 1 ton at the 
point of application.) 


7 — 
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from eqn. (6) 
dU 

but -jjp — y the deflection in the direction of W^. 

O rr j 

f Total force in a member V force in a member \ 
V due to external loads /Vdue to unit load at JT / 

S'-2.^- 


-vr I 

^ ■ dWi' AE 


where u = 


dF 

dW~^ 


(9a) 


The displacement at a point where no load is acting 
Wi = zero. kiWi= 0 ; 


therefore ki is not equal to zero, but equal to the force in a 
member due to unit load acting at the point where Wi = 0. 

The procedure to get the deflection at any point on a loaded 
framed structure is (1) find the load in each bar due to the load¬ 
ing on the structure; (2) take a unit load acting in the given 
direction and treat it as the only force on the structure and 
find the force due to it in each bar; then (3) use equation (9). 

In solving problems for displacements, it is best to draw up 
a Table as outlined below. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

Name or 
No. of 

Force in 
Member 

Force in Mem¬ 
ber due to 

Product 
(2) X (3) 

1 

A 

1 

(4) X (7) 

Member 

due to all 
loads 

F 

imit load at 
place where 
deflection re¬ 
quired 
dF 
dw^ 

STF, 



A 

„dF i 
8W^ A 


Sum Total of (8) . . X 

Deflection required = Sum . Totri of (8) 

Ml 


In bridge frames or girders the loads on the bridge are 
generally transmitted to the main girders by cross girders at 
the joints, and the dead loads act vertically downwards ; it 
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is only therefore necessary in these cases to find the vertical 
displacements. 

101 . If at a joint the load does not act vertically downwards, 
the loads in the members can be found for the load acting in 




its true direction; unit 
load will act in the 
same direction, and 
the displacement in the 
direction of the load 
may be found. This 
displacement can be re- 37.5 
solved vertically and 
horizontally. ' ^" 

The horizontal and 
vertical displacements 
can also be found by 
imagining unit hori¬ 
zontal and vertical loads 
at the point of applica¬ 
tion. 

The displacement in 
the direction of the 
load may be found by 
compounding the two 
component displace- pjo 

ments. 

To obtain the displacement of a single point in a truss, the 
equation 

dF I I 

' 5W’ AE~ AE 



Stress Dia^am 

due to load 
at Ai 

See Fl^.lHAfor 
Stress Diagram 
due to 


will usually give the readiest solution. To obtain the simul¬ 
taneous displacements of a number of points in a truss, the 
WiUiot diagram is the simplest and quickest method. THs is 
a graphical method of constructing the deflection diagram. 
Space does not permit of the discussion of this diagram and 
reference should be made to it in other works. It is largely 
used for truss deflection problems in the field of statical 
indeterminanoy. 

Illustrative Problem 28. 

Part J. The lattice girder shown in Fig. 117 is loaded at the joint A 
with a load of 60 tons. Find the amount of deflection of the girder at 
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the point A. The figures against the members in the left-hand half of the 
girder indicate the cross-sectional area of the member in square inches (and 
are the same for the right-hand half). E = 13,000 tons per square inch. 
(I.St.E., 1923.) 



The force-stress diagram is as in Fig. 117a (6). 

For the deflection 
of A vertically down¬ 
wards, as only load 
is at A, y is the dis¬ 
placement ; 

Ittt 1 

2 % = 2 X 2/ X 50 
= external work 

- 

- 2^AE 

F — force in a 
member due to 50 
tons only acting. 

{See Table I, page 
186, for forces, etc., in 
the members.) 

V — = 158,900 

tons-in. units 



Fio. 11 7 a 


-X 50 X y = -^X 


1 _ 158,900 
13,000 


, 158,900 1 „ . 

y (inches) — qqq X ^ — -245 m. 


Part II. For the given conditions of loading of the girder in Fig. 117, 
find the deflection of the joint A^. In this case, imagine a vertical load of 
1 ton at A 2 . Find the forces in the members due to this irnit load. Next 
draw up a table as given in Table II. 

Let tensile forces be positive and compressive forces 
negative. 

T is for tensile and C for compressive forces in the 
following table. 


TABLE II FOR PROBLEM 28, PART II, PAGE 184 


Member. 

(1). 

F 

Force in Tons due 
to 50-ton Load (kind) 
at A. 

(2). 

Force in 
Tons due 
to 1-ton 
Load at 

Ml 

(and kind). 

9Wi 

(3). 

fIL 

9Wi 

(2)x(3) 

(4). 

nn. 

(6). 

A 

sq. 

in. 

(6). 

1 

A 

(7). 

9Wi 

"" 2 
(4) X (7). 

(8). 

BE 

- 37-6 C 

- -6 C 

4- 18-75 

180 

1 

! 12 

1 

15 

+ 281 

BF 

- 37-5 C 

- -5 C 

f 18-75 

180 

12 

16 

+ 281 

BH 

-25 C 

- 1 C 

+ 25 

180 

15 

12 

4- 300 

BJ 

-26 C 

- 1 C 

4- 25 

180 

15 

12 

4- 300 

BL 

- 12-5 C 

- -5 C 

4- 6-25 

180 

12 

15 

4- 94 

BM 

- 12-6 C 

- -5 C 

4 6-25 

180 

12 

15 

+ 94 

CM 

4- 0 

0 

0 

180 

10 

18 

0 

CK 

-f 12-6 T 

4- *5 T 

+ 6-25 

180 

12 

15 

4- 94 

CO{DO) 

4- 37-5 T 

+ -5 T 

4- 18-76 

180 

12 

15 

-4 281 

DE 

4- 0 

0 

0 

180 

10 

18 

0 

EF 

4- V2 X 37-6 T 

+ 

4- 37-5 

v'2 X 180 

15 

12^2 

4- 636 

FO 

4- 12-5 T 

- -5 C 

- 6-25 

180 

12 

16 

- 94 

OH 

- V'2 X 12*5 C 


- 12-5 

v/2 X 180 

10 

18v/2 

- 318 

HJ 

+ 0 

0 

1 

0 

180 

5 

36 

0 

JK 

4- v'2 X 12-5 T 


+ 12-5 

V 2 X 180 

10 

18V2 

-4 318 

KL 

- 12-6 C 

- -6 C 

-4 6-25 

180 

12 

16 

4- 94 

LM 

4- v'2 X 12-5 T 


+ 12-5 

v'2 X 180 

15 

12v2 

4- 212 






■fol 

r/Q\ -L 

OPt'TQ 
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TABLE FOR PROBLEM 28. PART I. PAGE 183 


Member. 

Kind. 

Force in Member. 
Tons « F, 

lln. 

Asq. 

in. 

JP*. 

1 1 

A 

A 

BE 

Strut (S) 


- 37*6 

180 

12 

1400 

15 

21,100 

21,100 

7600 

7600 

2340 

2340 

BF 

S 


- 37-6 

180 

12 

1406 

16 

BH 

S 


- 260 

180 

16 

625 

12 

BJ 

S 


- 26-0 

180 

15 

625 

12 

BL 

S 


- 12-6 

180 

12 

166 

15 

BM 

s 


- 12-5 

180 

12 

156 

15 

GM 

Tie (T) 


0 

180 

10 

0 

18 

OK 

T 


+ 12-6 

180 

12 

166 

16 

2340 

21,100 

CO 

T 


+ 37-6 

180 

12 

1406 

15 

DE 

T 


0 

180 

10 

0 

18 

EF 

T 

+ 

V2 X 37*6 

V2 X 180 

15 

2812 

12V2 

0 

47,700 

2340 

7950 

FQ 

T 


+ 12-6 

180 

12 

156 

16 

OH 

S 

- 

V2 X 12-6 

V2 X 180 

10 

312 

18^2 

HJ 

— 


0 

180 

6 

0 

36 

JK 

T 

+ 

V2 X 12*5 

^2 X 180 

10 

312 

18^/2 

Q 

7960 

2340 

5300 

KL 

S 


- 12-6 

180 

12 

166 

16 

LM 

T 

-1- 

X 12-6 

V2 X 180 

15 

312 

12V2 









168,900 


Note. —Tensile forces plus, compressive forces minus, and F* is always 
positive. 


(Problem 28, Part II, continued.) 

The unit force-stress diagram for 1 ton only acting at 
is given in Fig. 117 (6). 

Sum of column (8) = + 2573 tons-in. units ; 

2573 

therefore, deflection of the joint ^ in. = *198 in. 


Illustrative Problem 29. 

A Warren girder 30 ft. span has three equal bays in the lower boom. All 
the diagonals are inclined at 60° to the horizontal. There are loads of 15 
tons at each of the two joints in the lower boom. The stress in the tension 
members is 6 tons per square inch, and in the compression members 3 tons 
per square inch. Find the deflection at the points of application of the 
loads. E = 13,000 tons/sq. in. All members are 10 ft. long. (L.U., 1923.) 

For the calculation of the loads in the members due to the 
external loads of 15 tons acting at the two lower joints, see 
Fig. 103 (Chap. VII), and Table, page 187. 

The girder is symmetrically loaded ; therefore the deflec¬ 
tion at the two lower joints will be the same, so that 
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TABLE FOR ILLUSTRATIVE PROBLEM 29 


Member. 

Tie or 
Strut. 

F tons. 
Force in 
Member. 

nn. 

A sq. 
ins. 

F*. 

1 

A 

F*l 

A 

AF 

S 

30 
^ V3 

120 

10 

V3 

300 

12^3 

3600V3 

AH 

S 

30 
~ v/3 

120 

10 

V3 

300 

12V3 

3600V3 

BJ 

T 

16 

a/3 

120 

3 

V3 

75 

40 V3 

3000^3 

CO 

T 

30 

a/3 

120 

6 

a/3 

300 

20V3 

6000 V3 

DE 

T 

16 

+ V3 

120 

3 

V3 

75 

40V3 

3000 ^3 

AE 

S 

30 
’ V3 

120 

10 

V3 

300 

12V3 

3600^3 

EF 

T 

30 
+ V3 

120 

6 

V3 

300 

20^3 

6000v/3 

FQ 

— 

0 

120 

— 

— 

— 

— 

OH 

-- 

0 

120 

— 

— 

— 

— 

HJ 

T 

30 

V3 

120 

6 

V3 

300 

20^/3 

6000v/3 

JA 

S 

30 

V3 

120 

10 

V3 

300 

12^3 

3600v/3 






A 

38,400v/3 
tons-in. units 


11 1 FH 

o+ o — total external work = ^5!Tti 

z Ji j ^ Abj 

= total internal work 

^ ^ 1 38,400V3 

that IS, - X 15 X ?/ + 2 X 15 X y ^ 


13,000 


y in. 


38,400V3 


71 in. 


13,000 X 30 

The deflection of each of the lower joints is equal to -171 in. 
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Illustrative Problem 30. 

The girder in the previous problem is loaded with 15 tons at the left joint 
in the lower boom and with 10 tons at the right joint. Find the deflection 
of the joint loaded with the 10 tons, the cross-sectional areas being the same 

The force-stress diagrams required are given in Fig. 118, 
and the calculations in Table III. 


TABLE III 


Member. 

Force 
in Tons 
due to 
15-and 
10-ton 
Loads. 

F 

Force 
in Tons 
due to 
1-ton 
Load at 
the 10-ton 
Point. 

??- V 
3Wt 

9Wi 

(2) X (3). 

Mn. 

A sq. 
in. 

1 

A 

1 

9Wx* A 
(4) X (7). 

(1). 

(2). 

(3). 


(4). 

(5). 

(6). 

(7). 

(8). 

AJP . . . 

- 15-4 

- -4 


616 

120 

10 

a/3 

12V3 

4- 128 

AH . 

- 13-5 

- -8 

+ 

10-8 

120 

10 

12VS 

+ 224 

BJ . 

+ 6*8 

+ *4 

+ 

2-72 

120 

3 

V3 

40 V3 

4- 188 

CQ {OD) . 

+ 160 

-1- *6 

+ 

9-00 

120 

6 

V3 

20 V3 

+ 311 

DE . . 

-f 7-7 

+ -2 

+ 

1-74 

120 

3 

VS 1 

40 V3 

-f- 120 

AK . . . 

- 15-4 

- -4 

+ 

616 

120 

10 ! 
VS 

12V3 

4- 128 

EF , , . 

-t- 16-4 

-4 


616 

120 

6 

VS 

20^3 

-f 213 

FO . , . 

+ 1-6 

- -4 

- 

•6 

120 

3 

VS 

40V3 

- 42 

OH . 

- 1-5 

+ -4 

- 

•6 

120 

3 

VS 

40 V3 

- 42 

HJ . . . 

+ 1-5 

-f *78 

4 

M7 

120 

6 

VS 

20 V3 

+ 41 

JA . . . 

- 13-5 

- -78 

•f 

10-5 

120 

10 

vs 

12V3 

-1- 218 







Sum c 

►f(8) - 

1487 







tons-in. 









units 


Note. —^Tensile forces plus, ccwnpressive forces minus. 
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The deflection of the girder at the joint with the 10-ton load 


13,000 


= -114 in. 


101a. In Chapter III, paragraph 37, it was shown that the 

/JM^ dx 

(between 



Force-Stress Diagram Force-Stress Diagram 

for had of 7 Ton with loads of 75 Ions 

only acting at JO^jomt. and 70 Tons acting. 

Scale-1 Inch = 1 Ton. Scale- ^Inchs loTons. 

See Table for kinds of stresses in the members. 

Fig. 118 


the required limits) where M = Moment due to the external 
loads acting at a section X distant x from the origin. 

Consider a beam loaded in any manner : it is required to 
find the deflection under any load F, By Castigliano’s Theorem, 



{El being constant.) 
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Now M will be of the form (for a beam, irregularly loaded, 
and working from the left support as origin) as given below. 




W{l-a) ^ Tfj(l-J) 


Jf = - 


W(l-a)x 
T 


I 

W, 

I 


I 




F 


. --j-(I- n)x - . 


-|- W(x - o) + Wi(x - 6) + . . . F(x -n) - . . 
where W, W-i, ... F, etc., are at distances a, b, c,. 
from the origin, and where n < x. 


n. etc., 


Thus -IS- = 


1 X (1 - n)x 


+ 1 X (ar-n). 


dF ~ I 

= Moment at the section X. due to an imaginary 
unit load acting at the point of application 
of F. 


= m. 


Therefore, 



(Moment at the section due to all the real 
external loads) x (Moment at the section 
due to an imaginary unit load at the 
point of apphcation) . dx 


u 


M ,m , dx, 


the integration being taken between the required limits. 

If the section X considered lies nearer to the origin than the 
point of application of F, then {x - n) is neglected, as n would 
be equal to, or greater than, x. 

If it is required to find the deflection of the beam at a point 
where there is no load, place the imaginary unit load at this 
point. M will be the moment at any section due simply to 
the real external loads and m the moment at the same section 
due to the imaginary unit load at the point for which the 
deflection is required. 

Example. 

A beam AC simply supported and of length I carries a load of W tons at 
B a distance nl from A, Calculate the deflection (1) under the load at B, 
and (2) at a section distant z from A and between A and B. El » constant. 
(Fig. 118a.) 

(1) Moment at any section X between A and B due to W (A 
as origin) == - IF (1 - n)x. 
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Moment at any section between B and <7 (C as origin) 
= - Wn Xi. 

/. For deflection at JS, 

1 ] rul ria-n 

] r rni ri{i-n) -i 

so that i Wy — 2^1 / » dx + J W^n^Xx^ . dx^j 




TONS 



toW ' -'U_-_7_ ' Wats 

at B 


An equation from which j/ can be found 

WPn^ 

y == ~zet + ”*) 

WP 

U n= I y= 

(2) Deflection at D, distant z from A, 

1(1 - z) 

Reaction at A, due to 1 ton at D, — —^— ton. 

z 

Reaction at C due to 1 ton s>t D ^ j ton. 

Moment at any Section X between A and D (A as origin) 

1 X (Z - z)x 


due to unit load at D = 


I 


Moment at any section X^ between D and B {A as origin) 

1(Z — z) 

due to unit load at D =- j — . ^2 + 1 (^2 ~ 2 ;). 

Moment at any section Xj between B and (7 (C as origin) 

1 X z X a;, 


due to unit load at D = - 


I 
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Deflection at D (by Castigliano’s Theorem) = ^ J {Mmdx) 

^ . Xi - (X2 - 2) j dXf + J" WnXi . ^ . da^ij 

Solving the integrals, t/j, can be found in terms of W, z, I, and n. 
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EXAMPLES 

1. Explain Castigliano's Theorem with reference to the deflection of a 
structure due to a system of forces acting on it, and give a proof of same. 

(I.C.E.) 

2. Prove that the deflection in the direction of any one of a system of 
forces applied to a structure at its point of application is equal to the dif¬ 
ferential coefficient of the total work done on the structure with respect to 
the particular force. 




A Warren girder (Fig. 119) has four equal bays in the lower boom, and all 
the triangles are equilateral. There are loads applied at the panel points 
of the lower boom, as shown. The sectional area of all the members is the 
same. Determine the deflection at the centre of the girder. E = 13,000 tons 
per sq. in. (U. of B.) 
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3. In the frame shown (Fig. 120), find the displacement of the point O 
perpendicular to the bar AB. The lengths of the bars are as follows— 

AB, BC, BD, EC, 13 ft. each ; DE, 18 ft. ; EF, 27 ft. 

Stress in compression members = 4 tons per square inch. 

Stress in tension members = 5 tons per square inch. 

E — 12,000 tons per square inch. 

Angle between DB and CD —90°. 

4. Show how to find the deflection at a joint in a pin-jointed structure, 
duo to the action of a number of forces on it, expressed in terms of the 
stresses in its members due to the acting forces, and those due to a force 
applied at the given joint and in the direction the deflection is required. 

(I.C.E.) 

6. Referring to Fig. 112 (Chap. VII), page 177, find the deflection of the 
braced cantilever in the direction (a) of the 6-ton load, (6) of the 10-ton load. 
Assume IjA for tension members — 80, and for compression members s 24. 
E = 30,000,000 lb. per sq. in. 

6. Taking the Warren girder in Fig. 113 (Chap. VII), page 177, find the 
vertical defiection of the centre joint of the top boom, and also of the joints 
in the lower boom. Length of bay = 10 ft. E = 30,000,000 lb. per sq. in. 

7. A Warren girder 30 ft. span has three equal bays in the lower boom. 
All the diagonals are inclined at 60° to the horizontal. There are loads of 
15 tons at each of the two joints in the lower boom. The stress in the 
tension members is 5 tons/square inch ; in the compression members, 3 tons/ 
square inch. Find the deflection at the points of application of the loads. 
E » 13,000 tons/square inch. 

8. A beam simply supported is 20 ft. long and carries a load of 4 tons at 
a point 12 ft. from the left support. Calculate the deflection (using the methods 
in Chapter VIII) of the beam under the load and at a point 6 ft. from the 
left support. 

E = 12,000 tons per sq. in. 

1 = 100 in. units. 

9. If the beam in the previous example (9) is rigidly fixed at both ends, 
and the loading is the same, calculate the deflections of the beam under the 
load and at a point 6 ft. from the left support. 

(Check the results of questions 9 and 10 by methods given in Chapters III 
and IV.) 

10. A triangular truss rests on two supports A and B at the same level. 
A is a hinged immovable support, and D is a hinge on frictionless rollers. The 
span AB is 20 ft. The members of the truss are AC, CB, BD, DA and CD, 
AC = CB =120 in. AD = DB = 134 in. CD = 60 in. The cross-sectional 
areas are: of AC and CB, 3 sq. in.; of AD and DB, 2 sq. in.; and of CD, 
4 sq. in. A vertical load of 8,000 lb. and a horizontal load of 5,000 lb. in 
direction A to D act at the joint C. Calculate the horizontal deflections of 
B and (7. Take E = 28,000,000 lb. per sq. in. 



CHAPTEE IX 


The Pkinciple of Least Wobk —^the Deteemination 

OF THE StEESSES IN THE MeMBEES OF REDUNDANT 

Feames and of Exteenal Redundant Restraints 

102. The stresses in redundant frames cannot be determined 
by the ordinary methods of graphic or analytical statics. 
The usual procedure has been to work by the method of 
superposition, by which the redundant frame is considered 
divided up into a number of superposed firm or perfect frames, 
and the load divided between them, the stresses in common 
members being added together. The results obtained by 
this method are fairly accurate. 

An analytical method is that dependent upon the Prin¬ 
ciple OF Least Work. By this method the cross-sectional 

areas of the members must be 
initially known. The agreement 
between the two methods depends, 
therefore, upon these areas.* 

103. Consider Any Structure 
with One Redundant Member. 
Let AB be the position of the 
redundant bar before loading and 
after loading. (Fig. 121.) 
From and B^ drop perpen¬ 
diculars on to AB at C and D, 
Let AC = j/i, BD = t/gJ and these are the components of 
the displacements in direction AB, 

Let T tons be the load in AB after loading : I = length AB, 
AB after loading will be strained by an amount 
Tl 

which will be equal to where A = cross-section of bar and 
E = Young’s modulus. 

Tl 



Fig. 121 


^2- 


“ AE 


(1) 


Now let the bar AB he removed and replaced by loads Tj 
and T 2 at A and B respectively, T-y acting towards B and jTj 
towards A\ the loads in the remaining members will be 

♦ An analytical method based on the Law of Virtual Work is given in a 
paper by the Author, vide Reference (9), page 220. 
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unaltered, so that and Tg ^ considered external 

forces at the points of application. 

Ti will be equal to Tg = equilibrium exists. 

Let U = total internal work of all the members except AB, 
Vi and ^2 will be of opposite senses : 

yi will be in the direction of Tj, and positive 
y, „ ,, opposite direction from Tj, and negative 

From the last chapter, and using partial differentials, for 
there are two independent variables, 
dU dU 


_ ^ 

sr,' 


dTt ~ 


eU 

dTi 


Tl 
' AE 

eu 


aU 


Now as Tl = r, = 2’. gjT + 


_ 

y*- Vi — 


<w 

'dT 


( 2 ) 


^dU = 




aTi 


dl\ 


dT. on total differentiation 


dT~ AE . 

AE~dT\2AE) . 

1 TH 

^ -r= = work done in the redundant member. 

2 AE 


(3) 


(4) 

(5) 


or 




dT 

1TH\ 


+ 


'\2AE) 


dT 


= 0 


(6) 


2AEJ 


dT 


= 0 , 


or 


/ U,= V 

d I total work done on the members 1 
\including the redundemt member/ 


= = 0, i.e. a minimum* 


dT 


(7) 


* The Principle of Least Work is a statement of the practical fact that if an 
elastic structure is in a state of stable equilibrium under any forces whatever, 
then the work stored is the smallest amount possible. It is a particular case 
of Castigliano’s Second Theorem, 


=B A, where A is a small strain or displacement within the elastic limit. 

(See Reference (3), page 192: also Analysis of Engineering Stnustures, by 
A. J. Pippard and J. F. jSaker (Arnold & Co.).) 



196 


THEORY OF STRUCTURES 


104. Thus, if an elastic structure is in stable equilibrium 
under any forces whatsoever the work stored is the least 
possible amount. To use this method, replace all the redun¬ 
dant members by loads acting at the required joints for one 
bar, Tg acting at the necessary joints for another bar, and so 
on. The statically determined system which results from the 
removal of the redundant bars is called the base or principal 
or perfect system. 

Although it is difficult to prove that each partial differential 
of the total work with respect to one unknown force when 
there are several such forces each unknown, amounts to zero, 
it may be taken as true; 


then 


aTi 


dUj 

dT^ 


= 0, and so on. 


The number of equations will be the same as the number of 
unknowns. 


105. For one redundant bar, T^ = = Force-pair T ; so 

that as before (Chap. VIIT), 

V, = 

where k^T^ and k^Ti are the loads in a member due to T = y, 
acting at one point of application and T = acting at the 
other : SkW the load in a member due to all the external 
loads acting on the perfect frame. 

= load in a member replacing T^ by unit load 

(at one point of application) 

= „ „ at the other 


Differentiating Equation (8), 




= 0 = 


\ef ^ 1 

L ‘’ari AE_ 


+ 


A^E 


where + k,'T, + EkW = + EkW 
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and Ki = load in a member due to a pair of unit loads acting 
at the points of application, i.e. at the joints of the superfluous 
bar, 


or 


- I ^ T1 

E{lc^T, + +2’A;PF)(fc, + i,') Jgj + ^ = 0 (9) 


or iX.T, ^ + XUkW) i H - 0 
or rjir.>3’. ^ + = - 

where Ki m - = unity 


!r, = - 


A^E 

X{kW)K, . 


AE 


^AE 


Vx 


( 10 ) 


. (lOa)** 


kW v& the stress in any member due to the given loads with 
the redundant member removed, and — stress in any mem¬ 
ber due to a pair of unit forces acting on the structure, in the 



direction of the redundant member, and at the joints of the 
member. = unity for the redundant member. The de¬ 
nominator of the right-hand side of the equation (10a) includes 
all the members in the frame: the numerator all except the 
redundant one. In effect the method of solution is as follows: 
Imagine the superfluous bar is cut and compute the resulting 
relative displacement y' of the faces of this cut bar. Determine 
the true stress in the bar, by the principle that it is equal in 
magnitude to the force pair required to bring these faces into 
contact. A pair of one-pound forces will move the faces a 

* In equation (10a), {kW) corresponds to F, and to a in equation (9a), 
page 182. Therefore (10a) can be written T, = — EF . u . llAE/EuHIAE, 
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distance of j/j, and therefore to move the faces through a distance 
of y' will require a force pair of (1 X lb* == lb. 

Equation (10a) will also apply for the determination of the 
redundant reaction of a truss which is simply supported at the 
ends and is continuous over a third support which is at the 
same level. (See Fig. 121a.) 

Let JBb be the redundant force whose value it is desired to find. 

SK.ikW)!^ 

Th»ii, = -| =-. (106) 


where EKHjAE is the deflection of the truss at point JS, due 
to unit load acting at B in the direction of i?B, when the 
redundant support at B is removed. As this support of the 
actual structure does not move then there is no allowance for 
the redundant reaction in the denominator of the right-hand 
side of the equation (106). 

kW is the stress in any member due to the original loads 
with the redundant reaction removed, and K is the stress in 
any member due to the unit load acting at B. 

106. For two redundant bars, replace the bars by Ti act¬ 
ing at one end and Ti acting at the other end of 1 redundant 
bar, and by T 2 acting at the two joint ends of the other bar. 
Ti and are in the directions of their respective bars. The 
redundant bars have been replaced by force pairs Ti and 
respectively. 

^2 = load in a member due to unit load replacing at one 
joint. 

k^ = load in a member due to unit load replacing at the 
other joint. 


Then + K'T, + 

"^2AiE'^2A^ 

, eU, 

then ^ = 0 


• ( 11 ) 


= + ki'T^ + + EkW)(k^ + jfc, 



A^E 


(12) 
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Equation (12) can be written 

as IIAE + IJAE^ f EK^K^T^ . IJAE 

+ EKi(EkW) IIAE = 0 
or T^EKj^ IIAE + T^EK^. . IIAE + EKi(EkW)llAE = 0 

(A) (B) (0) , (12a) 

Ki has the same definition as in paragraph 105, K 2 is the force 
in a member of the principal system, due to a xinit force pair 
replacing the redimdant force pair T^. 

The factor (a) in equation (12a) includes all members of the 
base frame, and the one redundant member stressed to T^. 
The factors (b) and (c) include only members of the base 
frame. 


a 17, 

dT, 


= 0 


= [2:(A,!r, + k,'T, + k2l\ + k^7\ + EkW)(k2 + 




^2 

Aj 


(13) 


If the end of a redundant bar meets at a support point, in 
this case will be zero. 

Equation (13) can be written 

T^SK ^. . IjAE + T^K^HjAE + EK^(ZkW)llAE = 0 (13a) 


A general method of writing the equations (12a) and (13a) is 

y^z=z0 = y^ + ^I^AA 4" • • • (126) 

== ^ = ys 4“ ^iJ/ba 4" • (136) 

Also from Maxwell’s Theorem y^^^ =‘ i/ba* 


The Interpretation of Equation (126). 

The statically determined system which results from the 
removal of the redundants and Tg called the base or 
principal system. If now we imagine the redundants and 
Tg fo be entirely removed, and the specified loading applied 
to the base frame, then there will result a certain relative 
displacement = ZK^{ZkW)llAE of one of the equal and 
opposite forces Ty^ with respect to the other. If we now imagine 
the specified loading removed, and the force pairs Ty^ and Tg 
applied to the base frame in turn, it is found that the relative 


* See page 64: also Referenoe (9), p. 220. 
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movement of one of the forces T^ with respect to the other 


(where is the amount due to unit loading, and includes the 
unit extension of the redundant member) plus a further amount 

n . 2 /,b = T^EK^K^IAE 

where ^ab is the relative movement of one of the forces 
due to the unit force pair acting at the points of application 
of the force pair T^. acts at points A and at points B, 
Similarly for Equation (136). 



Scale - ZTons - \ Inch. 
Fig. 122 


Illustrative Problem 31. 

Find the forces in the members of the loaded frame given in Fig. 122 

To find the forces in the redundant members by super¬ 
position, make the frame into two perfect frames, and in this 
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case each perfect frame takes the whole loadings. By means 
of stress diagrams, find the loads in the members ; for any 
member which occurs in both perfect frames, take the mean 
of the forces in it due to the two loadings to give the 
approximate actual force in the member. 

Solution is by the method previously detailed 

and k^ = 0 

for there is no displacement of the force Ti acting at the support 


TABLE FOR ILLUSTRATIVE PROBLEM 31 


Member. 

LkW Force 
„ due to „ 

2^ and 4^^ 
acting on a 
Perfect Frame. 

Force due 
to Load at 
Joint (1) 

= ky 

1 in. 

A 

sq. in. 

1 

A 

(ZiW). 

*1*- 
^ A 

(including 

redundant 

member) 

BO . . 

- 2-0* 

- 0 .55 

60 

3 

20 

+ 22-0 

+ 6-0 

CO . . 

- 0-2 

- 0-90 

51 

3 

17 

+ 3-0 

+ 13-8 

DE . . 

- 3-0 

- 0-75 

72 

3 

24 

+ 54-0 

+ 13-6 

EA . . 

+ 1-7 

- 0-48 

96 

1 

96 

- 78-5 

+ 22-1 

EO . . 

- 2-2 

+ 0-75 

84 

1 

84 

- 139-0 

-f 47-0 

EF . . 

(redimdant) 

(1-0) 

108 

1 

108 


+ 108-0 






Total . 

- 138-6 

+ 210-4 


From equation (10a) — — 



210-4 Ti =- 138-5 

T| = + -66 ton (tensile).* 
t Compressive force - ; tensile force -f • 


Actual Forces in the Members, including the Redundant Member 


Member. 

SkW. 


Resultant Force 
by Principle of 
Least Work. 

F - LkW + kyT^ 
Tons. 

By Superposition of 
Two Perfect Frames.* 

Tons. 

BO . . 

- 2-0 

- 0-36 

- 2-36 

- 2-9 

CO . 

- 0-2 

- 0-60 

- 0-80 

- 1-45 

DE, . . 

- 30 

- 0-50 

- 3-50 

- 3-9 

EA. . . 

-f 1-7 

- 0-32 

+ 1-38 

+ 1-06 

EO . . 

- 2-2 

+ 0-50 

- 1-70 

- 1-1 

EF. . . 

i 

-f 0-66 

+ 0-66 

-f 1-4 


due to a force Ti acting at the support is zero for all members. 


* The positive sign indicates that Ti acts in the direction of the applied 
unit load, and vice versa. 

t Each perfect frame takes the whole loading, and the resultant force in 
a member is the mean of the two forces. 

The agreement between the forces in the same member depends upon the 
areas of the members: in one case, known ; in the second, unknown. 
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Illustrative Problem 32. 

Find the forces in the members of the loaded frame given in Fig. 122a. 
The calculations are given in the three tables shown on pages 203-204. 

The cross-sectional areas of the members are given in the first table on 
page 203. 

E is the same for all members. 

Bays: 60 in. long; height 60 in. 



107. Work Due to Bending, Using Moments Instead of Forces. 

In Chapter III it was shown that the internal work stored in 
a beam between two limits of a: = 0 and x = Xj due to 
bending was 


U = 



'M^-dx 

2EI 


By similar reasoning as for forces, if the total internal work 
done by bending is a minimum, and this work depends upon 
some unknown factor, then differentiating the total internal 
work with respect to the unknown factor, the result must be 
equal to zero. 

108. A direction-fixed-ended beam carries a central load of 
W tons. 

Find the end fixing moments. (Fig. 123, page 204.) 

Moment at a section X between the origin and W 

W 


where is the end fixing moment. 
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TABLE A FOR ILLUSTRATIVE PROBLEM 32 
Tensile Forces + ; Compressive Forces - 


Member. 

(See Base Frame 
Diagram.) 

Forces due 
to Specified 
Loads on 
the Base 
Frame. 
£kW. Tons 

Force due 
to force 
pair of 

1 ton 
acting in 
direction of 
force pair 

at Ti Joints. 
El tons. 

Force due 
to force 
pair of 

1 ton 
acting in 
direction of 
force pair 

at T| Joints. 
iTa tons. 

1 

in. 

A 

sq. in 

UA 

AF . 



60 

0 

0 

60 

20 

30 

AO . 


- 

60 

0 

0 

60 

2-6 

24 

AJ . 


- 

80 

-0-70 

0 

60 

30 

20 

AK . 


- 

80 

0 

-0*70 

60 

30 

20 

AM . 


- 

70 

0 

0 

60 

2-6 

24 

AN . 


- 

70 

0 

0 

60 

20 

30 

BN . 



0 

0 

0 

60 

10 

60 

CL . 


4- 

70 

0 

-070 

60 

1-6 

40 

DH . 


+ 

60 

-0-70 

0 

60 

1-6 

40 

EF . 



0 

0 

0 

60 

10 

60 

FO . 


-f 

70 

0 

0 

86 

10 

85 

OH . 



30 

-0*70 

0 

60 

10 

60 

HJ . 



4-6 

4 100 j 

0 

85 

10 

86 

JK . 



0 

-0*70 

-0-70 

60 

10 

60 

iCii . 



1-6 

0 

4 I'OO 

86 

10 

86 

LAf . 



10 

0 

-0*70 

60 

10 

60 

MN 


4 10-0 

0 

0 

86 

10 

86 

Redundant T, (1) 


- 

— 

(1*0) 

— 

86 

20 

42-6 

M r, (2) 


- 

— 


(1*0) 

85 

20 

42-5 


Member. 

K,* 



(LkW) • Kx 

(EkW)'K, 

AF , , , 

0 

0 

0 

0 

0 

AO . 

0 

0 

0 

0 

0 

AJ . . . 

4 0-60 

0 

0 

4 6-6 

0 

AK , 

0 

4 0-60 

0 

0 

4 6*6 

AM . 

0 

0 

0 

0 

0 

AN . 

0 

0 

0 

0 

0 

BN . 

0 

0 

0 

0 

0 

CL ,, , 

0 

4 0*50 

0 

0 

-4-9 

DH . 

4 0-60 

0 

0 

-3*6 

0 

EF . . , 

0 

0 

0 

0 

0 

FO . . . 

0 

0 

0 

0 

0 

OH , 

4 0-50 

0 

0 

4 21 

0 

HJ . . . 

4 1-0 

0 

0 

4 4-6 

0 

JK . . . 

4 0-60 

4 0-60 

4 0*60 

0 

0 

KL . . . 

0 

4 100 

0 

0 

4 1*6 

LM . 

0 

4 0-60 

0 

0 

4 0-7 

MN . 

0 

0 

0 

0 

0 

Redundant I’l (1) . 

(1-0) 

0 

0 


— 

„ Tt{2) . 

0 

(10) 

0 

— 

— 
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Member. 

K' i- 



(£kW) X 

I 

{ZkW) X 

Total 
Force 
in the 
Member. 
Tone. 

AF . 

0 

0 

0 

0 

0 

- 5 00 

AQ , 

0 

0 

0 

0 

0 

- 5-00 

AJ . . 

+ 10-0 

0 

0 

+ 112-0 

0 

- 6-46 

AK 

0 

4- 10-0 

0 

0 

4 112-0 

- 7-94 

AM . 

0 

0 

0 

0 

0 

- 7-00 

AN 

0 

0 

0 

0 

0 

- 7-00 

BN . 

0 

0 

0 

0 

0 

0 

CL 

0 

+ 20-0 

0 

0 

-196-0 

4 7-06 

DH . 

+ 20-0 

0 

0 

-140-0 

0 

4 6-54 

EF 

0 

0 

0 


0 

0 

FQ 

0 

0 

0 

0 

0 

4 7-00 

OH 

+ 30-0 

0 

0 

4- 126-0 

0 

- 1-46 

HJ 

4- 85-0 

0 

0 

4 382-5 

0 

4 2-30 

JK 

+ 30-0 

+ 30-0 

4 30-0 

0 

0 

4 1*60 

KL 

0 

+ 85-0 

0 

0 

4 127-5 

4 1-44 

LM . 

0 

4 30-0 

0 

0 

4 42-0 

- 0-94 

MN . 

0 

0 

0 

0 

0 

4 10-00 

Redundant T, (1) 

(42-5) 

— 

— 

— 

— 

- 2-20 

M Tt{2) 


(42-5) 

— 

— 

— 

- 0-09 

Totals 

+ 217-5 

4 217-5 

4 30-0 

4 480-5 

f 85-5 

— 


2n-5Ti -I- 30r, + 480-5 = 0 
217-5T, -f 30Tj -h 85-6 = 0 
On Solution — - 2-20 tons 
T, = - 0-09 ton 





Total internal work due to bending 

0 ^EJ 



[ 




E!^!l 

96 J 
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The redundant quantity is and the total internal work 
must be a minimum for the application of M^- 

Wl 

= — units (c/. Chap. IV) 

109. A Continuous Beam (Fig. 124) of two equal spans is 
uniformly loaded with w tons per foot run for both spans, Find 
the value of the fixing moment at the centre support, the 

Mg 

"N 

. w tons pen foot run, _ 


y XV' 




Fia. 

124 


supports being at the same levels. For the first span, the 
moment at a section X distance x from the origin is 

M^x wx^ tvlx 

Tutal internal work for the first span, 

I r f M^x wx^ wlx\^ , 


1 f 

\EI J \ I 


^ Mji wl ^ ^ w ^ 

Let —^ — A and - = £ 

u — ^ + Bx)- • dx 

1 P 

= ^ J (x^A^ + 2ABz^ + eV) • dx 
Integrating and substituting the value x = I, 
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Substituting for A and B 

1 [M^H M^wl^\ 

-3-+^j ■ ■ • 

?72 = total internal work for the two spans = 2C7. 

is the unknown redundant*; therefore 
dU^ _ 2MJL wP 
~3 I 2 

X ^ {cf. Chap. IV.) 

Illustrative Problem SS.f 

Two vertical posts 16 ft. apart and 15 ft. long, made of 5 in. x Sin. British 
standard beam sections, are hinged at thoir bases, and their caps are con¬ 
nected by a beam of the same section rigidly attached to each. If this 
beam carries a central vertical load of 1 ton, estimate the maximum bending 
moment on the beam and on the posts. (Fig. 126.) 


iTon 



The structure of Problem 33 is an example of a rigid frame 
structure, where the members consist of beams and columns. 
The joints of the columns and beams are assumed rigid, i.e. 
the rotation of all the bars meeting at a joint is the same. 

* See Chapter IV. 

t Problem set for solution. Morley, Theory of Structures, A general solu¬ 
tion of the type of structiue given in this problem has been stated by E. H. 
Bateman in the Philosophical Magazine 
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The bases of the columns may be fixed or hinged. In the 
example given, the frame is made up of two columns and one 
beam which is centrally loaded. There will therefore be two 
couples of equal magnitude, which will act at the horizontal 
ends of the beam and will oppose the free rotation of the ends, 
so representing the action of the vertical bars on the beam. 
The end beam couple can be considered as the only static- 
ally indeterminate quantity (see Chapter IV). The couple 
will also act as the couple at the end of the vertical posts 
bending the bars. 

As the beam is rigidly fixed to the posts, the fixing couples 
at the ends of the beam will cause a horizontal force at each 
of the base hinges ; as there are no horizontal forces in the 
system, these will be equal and opposite (and their direction 
is shown in Fig. 125). The vertical reactions at the hinges 
W 1 

will be each = — = ~ ton. 


The diagram of forces and moments is shown in Fig. 125. 
Neglect work done due to direct and shear forces. 

The total work done by bending on the beam and columns 


U 




"4)’ 


dx 


2EI 

(columns) 


"7 ' 


(Mb - \x)Hx 

(beam) 


E and I the same for columns and beam. 



Mb**® ] 
3 X 225 


-116 r 
I + Mb**- 


Mb*® *® 

~Y' ■^72 

7-6»' 


6Mb® + 7-5Mb®- 28Mb -f 



Let be the unknown redundant,* 

28 


dU 

then r-irr- = 25Jlfr 


-0 


dM^ 

= +1*12 tons-feet 

Maximum positive moment on the columns == 1*12 tons-ft 
„ beam =1*12 ,, 


See Chapter IV. paf^e 78, 
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Maximum negative moment for the beam 

== - ^ X 7*5 + M2 = - 2-63 tons-ft. 

1-12 

H =- tons = *075 ton nearly. 

109a. The Solution of Statically Indeterminate Structures 
from the Moment Deflection Method. In para. lOla it was 
shown that 

/ M , m , dx 
Ei 

where M = moment at any section of the structure due to the 
specified loading and m = moment at the section due to an 
imaginary unit load applied at the point at which it is desired 
to find y. In the following example it will be shown how the 
above equation can be applied to the solution of the statically 
indeterminate problem in general. 

Example. 


Determine the reaction of the centre support (B) of a continuous girder 
ABO resting on throe rigid supports all at the same level. 

Remove the centre support and imagine the simple beam 
AC acted upon by the specified loads. Calculate the displace¬ 
ment y^B at the section J5. Imagine now the reaction at the 
centre support Rb only applied to the simple beam AC. Then R^ 
will be of such a magnitude that the displacement of B for ii„ 
only on the beam will be equal (but of opposite sense) to the 
displacement of the simple beam AC under the specified loading. 

Mm^dx 

Then 

M = Mg + Rb^B 


where Mg is the simple beam moment due to the specified loads 
at any point of AC, and Rb^Ib is Rb times the simple beam 
moment of any point in AC due to unit load applied at B. 

Mg. ttIb . dx niB^ . dx 

—E7- -m 


= 


Compare equation (106). 


. rriB . dx/EI 

i: 


. dxJEI 


. 1 ^ 
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The general equation is of the form 

yg = 0 = + RbVbb (see also Equation (10a) ) 

Generally, if a beam ABGD is continuous and rests on four 
rigid supports all at the same level, then suppose the reactions 
and Bq at the intermediate supports are the redundant 
ones, and referring also to Equation (126), page 199. 

i/ii = 0 = RsyBB 4“ ^cyso .... (1«^) 

and yo ^ ^ ^ yo 4“ .Kb^/ob 4“ ^cj/oc .... (1®) 


In Equation (15) above y^' and ^bb have the same definition as 
in the previous example and 



WIb . wio . dx 


= deflection at B due to unit load only acting at 
C on the simple beam AD. 


Similar definitions and forms apply to yc', ycB> and ycc- 
Also, t/cB = Pbo from Maxwell’s theorem of reciprocal deflec¬ 
tions.* The equations can therefore be solved for i?B and Bq. 

The following problems illustrate the above method for 
singly determinate structures. 

(a) The Continuous Girder of Two Equal Spans and Carry- 
ing a Uniform Load. (Fig. 126.) 

El — Constant 


w per unit length 



Fig. 126 


Treat the centre support as redundant and take the origin 
at A. Working from A(x ^ 0) to x ^ L 


Mr = wLx - 


wx^ 


and mB = rt 

It 


* See page 64, and Reference 16), page 219. 
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, 2 uxx^\j 5w. 

«’ -mi j*' = 24j 

2 ri' 2 

^BB - El Jo El Jo 4 • 


ym 4 


The sign of is negative which indicates that it acts in an 
upward direction. 

if B = - ^wL X L + wL X ^ 


== (c/. Para. 109.) 

(6) Portal Frame, 

A general solution of the portal shown in Fig. 127 a by use 
of the equation (16). 



Fig. 127 a 


The horizontal reaction is treated as redundant, and the 
effects of longitudinal and shear force strains are neglected. 
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The fundamental equation is 




f 


Mg .rtij^.dx 

1/ 


V/iA ^ f mj . dx 
El 


^ C Ms .nit^.dx 2 Px ^ PftP 

y f - dx ^r’^x^.dx p h^dx 2 A® hH 
~~Er^ = ^7o ^ Jo lio “ 3 111 Uj 

__ 8^/g _ 8/g when E is the same for all 

~ 2 A® hH ~ 2 A® hi members. 

Ei^ 3 ^ 


The unit load was applied outwardly: the minus sign shows that 
Hi, acts inwardly. 

The moments at the joints are obviously equal to HJi in 
magnitude. 

If the properties of the column and beam of Problem 33 
are inserted in the equation for it will be found that its 
value is - 0-076 tons. 

(c) Portal Frame with Side Horizontal Load P at the Top of 
one Column, (Fig. 127 b.) 

Neglect the effect of the axial and shear forces. Let Ha be 
the redundant quantity. 


Ha 




tf 


Ms .nis.dx 

u 




mi} . dx 
El 


ill’s = 0 for AB\ itfs = -y a; for any section distant x from 
the origin B for beam BC, 

Jlfg = Px for any section distant x from the origin D for the 
column CD, 

Wa = 1 X a: for the columns with origins at A and D. 
mA = 1 X A at any section of the beam with origin at B, 
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^ f . da: „ r* X® . dx r‘h^ .dx 

~~ET~-^Jo ~Eir 

~ 3 EX EX 

pm ^ 

2EX ^ ^EIi P 

2 i ^““2 

EX 3 EX 

This value is also given by the usual approximate formula 
for P acting at the top of the column, and for no axial shorten¬ 
ing of the members. 

1096. In connection with the solution of rigid frames and 
continuous structures, special analytical methods of solution 
have been developed, and the reader who is interested is 
referred to works dealing with these methods. WeU-known 
ones are the Slope-deflection method, the Moment-distribution 
method sponsored by Professor Hardy Cross, the Slope-distribu¬ 
tion method of Goldberg, and the Remainder-distribution 
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method of Bateman. Also in certain cases, solutions can be 
obtained by the use of the theorem of three moments applied 
to continuous frames. 

Consider the frame given in Problem 2 of the examples at 
the end of this chapter. As AB is shorter than DC, there wiU 
be a displacement of B relative to A and G relative to D. 
These displacements y will be the same and imagine the move¬ 
ment takes place to the right. The distorted frame can then 
be imagined opened out as in Fig. 127c. 

E is the same for all members 



As there are hinges at A and 1>, no moments can occur at 
these points. Let and Mq be the hogging couples at B and 
C. {See equation (24), Chapter IV.) 

Considering members AB and BC, 


^ 10 \ 10 376ir 

m MB j '^‘’315 ~ 10 X 315 

Considering members BG and CD, 


QEy 


Mb 



+ 2M< 




''V315 375, 


375W^ 6% 

10 X 315IT • 


(17) 

(18) 


If H is taken as the horizontal component of the reactions 
at the hinges A and D, then Mb = SH and Mq = 12£r. 

Substituting in equations (17) and (18), eliminating y and 
solving for H, it is found that H = 0-234 ton. 

109c. E. H. Bateman has shown that the strain energy 
U in an elastic bar AB, of stiffness which 

is bent by any distribution of transverse loading and by end 
moments M^ and Mb, is given by 

^EK^U = (M^ ~ - (^A - -P’a)(Mb - Fb) 

-f (Mb-Fb)^ + C7 


8-(T.5430) 


(19) 
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where E is Young's Modulus, and are the end moments 
at A and B which would be produced by the transverse loadings 
if the ends of the bar were feed in direction, and C is indepen¬ 
dent of and Jfs* The determination of F^ and Fb is simple. 

For a concentrated transverse load P, at a point distant x 
from A, 

Pa = Px{l “ Fb = Pa:(l - x/l) . xjl 
and for a distributed load 

Fj^ = J* wx(l - x/l)^, dx, Fb = J wx(\ - xfl) . xfl . dx 
where w is any function of x. 

If Pa is taken as acting in a positive direction, then it is a 
positive number, and Pb acting in a negative direction is a 
negative number. If and Mb act in the same directions as 
Pa and Pb, then their signs are the same; if they act in the 
oppositive direction, then they are of the opposite sign. 

Sigm of Moments. 

End moments and end-fixing moments are all positive when 
operating in an anti-clockwise rotation. Downward vertical 
forces acting on horizontal members give a positive fixing 
moment at the left-hand end of a member, and a negative 
fixing moment at the right-hand end. Similarly for a vertical 
member, if the applied force acts horizontally in a left-to-right 
direction, then the fixing moment is positive at the bottom, 
and negative at the top of the member.* 

The complete solution for the portal frame and loading given 
in Fig. 127a is now easily derived by the application of Casti- 
gliano’s theorem of minimum strain energy. 

Considering the beam BG, we have, using equation (19), 

QEIJLUbc = (Mb - Fb)^ - (Mb - Fb)(+ M, - Po) 

4“ (“t“ Mq — F o)^ 4" ^Bo 

Let Mb be the redundant we wish to find. Owing to symmetry 
Me = - Mb in magnitude and Pg = - Pc as the beam is loaded 
PI 

at the centre. Pb = — 

o 


* Refer also to footnote, page 115. 
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6EIJI = - t)(- + t) 

+ (^-M^ + ^J + C^ 

Considering the columns AB and CD, the fixing couple at 
the end B of column AB is - and at the end C of column 
CD is + Mq : as these members carry no transverse load then 

= J’b = jPc = = 0 

Also -Wb = Me 

There are no fixing couples at the hinges. 

Then 6EIJh . £7^^ = M^^ + C'ab 

and ^EIi/h , Ucj} = M^^ -f~ Cqj, 


Adding together 

/2h\ I / PI 3PH^\ 

6E. V = - 6if, . - + ^ ) 


Solving for Mb 

aU 


+ Gbo + C'iB + Gc 


QE, 


a Mb I\ 


^ .. I PI I 

Mb + &Mb.t-^-Y = o 


3PP 

,, 8/j (+ for beam BC\ 

■“" "" 2A sT \ - for col. BA ) 

Mb = - HJi. when considering column AB. 


^A = 


8/ 

2 Ji 2 ‘ jil ('®®® equation for on page 211.) 


Problem, The solution of the Portal Frame loaded as in 
Pig. 127b. 

Referring to this figure. As there are hinges at A and D 
there will be no moments at these points. There will be fixing 
couples at B for the column AB and for the beam BC, Let 
these couples be + ; there will be equal couples at the 

end C of beam BC and the top of the column CD : let these 
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couples be + Jfo- and may be regarded as the unknown 
quantities: they are not independent, for it can be easily 
shown that Mb + == M = Ph. Let Mb be the redundant 

couple it is desired to find. The direction-fixing couples F for 
the three members are all zero for the loading used. 

Strain energy equations for the columns are 

and = Jf,* 

The strain energy equation for the beam is 


The total strain energy for the portal is 

+ ei; 

The equation of equilibrium between the external forces and 
the terminal couples is 

Mb + Me + M = 0.(20) 


where M is the moment about D of the horizontal components 
of all of the external forces, in the direction of a positive ter¬ 
minal couple. Since Mb and Mo are not independent, only 
one equation will be required to establish the condition of 
minimum strain energy, and this is written 


0 = 


dU 

aMp 


( 21 ) 


Also we have from equation (20) 
a Mc ^ _ 
^Mb 


Then equation (21) becomes 


2Mcy - 2Mcy = 0 
■*2 ■‘1 


Also, 


Then 




-M^-M 
M 




(Li) 

5 + 4 ^ 
h 
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Now Jf == + -PA 

Mj,^-Phl2 

Considering the column AB. 

Let H be the horizontal thrust at the hinge A, which is 
balanced by an equal and opposite shear force H at the top 
of the columns. Then Hh + = 0. 

P 

Then H = + — and acts in the opposite direction to P, i.e. 

towards P, because Hh is positive and this couple has positive 
sense (and therefore sense of rotation is anti-clockwise). The 
same procedure is adopted for Portal Frames having fixed 
column bases: the general solution for such portals when all 
the members are loaded transversely has been given by 
Bateman in his paper in the Philosophical Magazine, May, 
1934. From the general solution, the result for any kind of 
loading can be easily ascertained. 

Solution of Problem (2) Examples, page 220, by the Previous 
Method. 

There will be no couples at the column bases, but there will 
be equal and opposite horizontal forces acting inwards equal 
to H. The terminal couple at the top of column AB will be 
SH and at the top of column DC it will be X Sff = \2H. 

Let = M which is the terminal couple at B of the beam 
BC : the terminal couple at G of the beam BC will be ~ 3I2M. 

As the beam BC is centrally loaded, the direction-fixing 
couples for B and C will be + P and - F respectively. 

The strain energy for the whole system can be written 


8 10 r 

M^ 10 09 15 ) 

= ^(8 + 27) + + 3^’^j + C 


+ C 


Cancelling 6P and differentiating, 


dM 


70 

375 


. 10 /19^^ 15„\ 
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M = -r^oF ; F = -j- tons-ft. /. M = 1*83 tons-ft. 

100*0 4 

SH = 1*83 tons-ft. /. H = 0*23 ton 
and acts from left to right at base of Column AB. 

{Cf. 0*234 by continuous beam method.) 

For the solution of portals and continuous frames having 
built-in or fixed column bases, the student is referred to the 
papers by E. H. Bateman, which are noted in the references 
at the end of the chapter. 

lOOd. Mechanical Solution. Experiments on models of struc¬ 
tures to determine the redundants of reactions or stresses for 
the corresponding full-scale structure. Only the outline of the 



Fig. 127d 


method can be given, by showing the application to the con¬ 
tinuous beam of Fig. 127 d. 

In this method the fundamental structure is not the simple 
structure with all redundants removed: it is the structure 
obtained by the removal of the redundant it is desired to find, 
and no other. Let it be supposed that in the above girder it 
is required to find the value of the reaction for a unit load 
at any point E on the beam. The support at B is removed and 
the girder ACD is considered and is our base system. I^et A 
be the defiection at any point on the beam, then 



where in general Ai,e is the deflection at B due to unit load at E 
on the girder ACD, and Abb is the vertical deflection at B 
due to unit load at B, 

For solution, a model of the beam is made to scale, and by 
means of suitable arrangements it is supported and hinged at 

* A full discussion of this solution is given in the two papers of reference 
(9), page 220, and in the paper of reference (8), page 220. 

Also refer to Chapters XV and XVI for modern work on statically in¬ 
determinate structures and the mechanical solution of these structures. 
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the corresponding points A, C, and D. The value of I of the 
beam is proportional to that of the actual girder. The model 
is displaced at the corresponding point B by an amount ^bb in 
the direction of : the amount of displacement of the model 
at the corresponding point E in the direction of the actual unit 
load is then measured. This is equal to which is equal to ^be- 
It has been shown that the model ratio of deflections 

— = — IS equal to -r— 

2/bb 2/bb ^bb 

for the full-scale structure. Thus, in general, the ratio of model 
displacements is equal to a force ratio for the actual structure; 
and if P^ is the load at a point E on the full-scale structure 
and Xji is an unknown redundant (which may be a couple), 
then 

_ 2/eB _ 

2/bb -Pe 

Good results have been obtained by the use of relatively simple 
and easily constructed models in celluloid. Cardboard has been 
used for model making, but as it is not a homogeneous material, 
it is not recommended for use in cases where the full-scale 
structure is of homogeneous material. Care must be taken in 
the design of model members to eliminate, so far as possible, 
axial and shear force strain efiects where these are neglected 
in the analytical discussion. The reader is referred to papers 
dealing with this subject, a few of which are given in the 
references which follow. 
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EXAMPLES 

1. A horizontal b(‘am of span I is rigidly connected to two columns of 
length h, which are hinged at their lower ends. The moment of inertia of the 
section of the beam is 7^ and of the columns is 7^. The beam carries a uni¬ 
formly-distributed load of w tons per foot nui. Neglecting the effect of 
thrust in the columns, determine the bending 
moment diagrams for the beam and columns. 

(U. of B.) 

2. The frame ABCD (Fig. 128a) has rigid 
joints at B and C, and is hinged at A and D to 
fixed supports. IF is a load of 3 tons applied 
at the centre of BC. The moment of inertia of 
the cross-sections of AB and CD is 375 in inch 
units, and that of BC is 315 in inch units. Find 
the bending moments at B and C, and the 
horizontal thrusts at A and D, Draw the 
bending moment diagram for AB and BC. 

(U. of L.) 

3. The lattice girder shown in Fig. 128 b is 
loaded at the joint H with a load of 50 tons. 
Find the forces m the members due to the 

loading. The ratio of length to area of cross-section is the same for every 
inombor. 





Ftg. 128c 


4. If the bases of the columns of the frames in Questions 1 and 2 are 
rigidly fixed, draw the moment diagrams for the columns and beam for both 
frames under the respective loadings. 
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5. Find the forces in the members of the lattice frame shown in Fig. 128o. 
The ratio of length to area of the cross-section is the same for every member. 
AF = 12 ft., FE « 10 ft., DE = 10 ft. 

6. A beam is continuous over two spans of 20 and 30 ft. It is simply 
supported at the ends and the supports are at the same level. There are 
lo^s of 5 tons and 6 tons at distances of 10 and 35 ft. from the left-hand 
support. Find the fixing moment at the centre support by the principle of 
least work. (Check the result by the theorem of three moments.) 

E — 12,000 tons/sq. in., and I = 144 in. units for both spans. 

7. A beam having the supports at the same height and simply supported 
at the ends, is continuous over three spans of 20, 30, and 20 ft. There are 
loads at the middle points of the first, second, and third spans of 5, 6, and 4 tons 
respectively. E — 12,000 tons/sq. in., and / = 144 in. units are constant. 
Find the fixing moments at the central supports by the principle of least work. 

8. A beam of length I is fixed rigidly at its ends. It carries a load of W tons 
at a distance nl (where n < 1) from the left support. Find the general 
expression for the fixing moments at the supports, by the principle of leaat 
work. 

El is 0 . constant. 

Note. When moment diagrams are drawn, they are usually placed on the 
tension sides of the various members. 



CHAPTER X 


Beams and Frames with Live Loads 

110. Moving Loads. The determination of stresses in bridges 
and structures subjected to rolling loads is an important factor 
in bridge design. It is often faciKtated by the use of “ Influence 
Lines and Vagrams. Such lines and diagrams will be con¬ 
sidered for bending moment and for shear. Fig. 129 gives a 
few typical examples of moving loads which bridges may have 
to carry. 

111. Definition. An influence line for any given section P 
of a structure is such a line that its ordinate (to the beam as 
base) at any point X gives the bending moment, shear, or 
similar quantity at P when a load is placed at X. In the 
case of bending moment, shear force diagrams, etc., for dead 
loads, the ordinate at a section X gives the particular quantity 
for this section X only; whereas as regards an influence line 
for one particular section, the ordinate at any point on the 
beam gives the value of the moment, shear, etc., at the par¬ 
ticular section, and each section along the structure has its own 
influence line, 

112. The unit influence line will be developed by consider¬ 
ing a load of 1 ton crossing over a beam or frame ; and from 
this unit influence line the moment, shear, etc., for a number 
of moving loads or distributed loads can be simply ascertained. 

113. Influence Lines for Simply-supported Beams. AB is a 
simple beam I — Unit Influence Line of Bending Moment 
(Fig. 130). 

To construct the unit influence line of moment for the 
point P when a load of 1 ton is placed at any point on the 
structure AB, 

AP = a PB^b 

(a) Let the load of 1 ton be at any section X between A and P 
distant x from A and I - x from B. 

„ 1 X (/-*) „ 1 X a: 
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Railway Bridges. 



L ftN.E.Rly. CG.N.R.) Train of Locomotives as above. 


Axle Load In Tons 9‘375 9>37S 19>76 IB TS t9-75 13’0 13*75 13‘0 



L M.&S.RIy.(L.N.W.R )‘'SirGilbert Clau^ton"Class. 


Axle Load m Tons 


tA-2 ; 7'5 / 4'2 9‘S 9-5 9'7S 7*25 


3 6 " J ■ I- 


L.M.&-S.Rly.(L.N.W.R.^ 4ci^llnder & wheels coupled Goods En^ne. 

Highway Bridges. 

Axle Load m Tons 12 12 fZ 12 6 6 6 6 6 

Li^ht Railway. 

Axle Lo'-id m Tons 7^ 7i i 4.f 4 46^^ 

I I-*--- 

Types of Tramcan Loads 

Axle Loadm Tons 20 20 20 10 

>[ , f2'0 , , r2 0 ^ 1VO 

•a r-i r—I ^ 


12 0 .. 12 0 , . IVi 


30loa Engine and 4oTon Trailer. 
( 2 sets taken ) 


16 

16 

10 

a 

. o 

119 

t n Q 

174 “ 

a 

O 

a 

16 

16 

10 

a 

a 

a 

a 

a 

C3 


6 , 

io'id'^\'§ 


Two teTon Tractors each with a 32 Ton Trailer. 

Axle Load In Tons 10 10 10 10 10 10 g 10 

y>\ 12 0 " ° 8 > 4 ° i 2 'o'‘ ° /2'0** ,. IU rr o*° 

C3 O C3 CS C3 O ^3?*^ ® 

30Ton Tractor with 3- 20Tiiri Trailers. 


Fig. 129 
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Retaining the ordinary signs of moment, 

xh 

The moment at P == ikfp = - RJ) = ”■ y 


R^ is proportional to x and, therefore, is proportional to x, 
and is a maximum when x = a. 



line for the point P with the load of 1 ton in any position 
between A and P. 


Consider the load at X, 


y 

X la 


. xh 

then y =z^ - -j- 


which agrees with the equation 


~ R^h = - 


xh 

1 


(b) Similarly for the load at any section between P and P, 
considering B as origin and a section Xj distant x-i from B, 
Join C to B, and the unit influence moment line for the sec¬ 
tion P is completed for the load at any point on the beam. 


XM 


Ply the ordinate at Xj is equal to- j- tons-ft. to scale 


= J/p == - R^a = - 


axi 

T 


Thus, the ordinate of the unit moment diagram for the load 
of 1 ton at that ordinate give.^ the value to scale of the 
moment at the section considered. 

(c) If a load of a value greater than 1 ton crosses the span, 
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draw the unit influence moment diagram and multiply the 
ordinates by the value of the load. 

Let the load = W tons. 

xb 

With 1 ton at X, ~ — tons-ft. to scale 

Wxb 

With W tons at X, M^ — - j- tons-ft. 

Wx 

For ^ = reaction Sbt B = R^ and Mj, = - R^b 



114. The Mome^ at a Section P when a Number of Loads 
Cross the BearoT^^'igr 131.) Construct the unit moment 

ab 

influence line for P. PC == — 

Let some of the loads be between A and P, and distant 
^ 3 » ©tc., from A, the loads being etc. 

Let som3 of the loads be between B and P, and distant 
^ly oc^y from P, the loads being Wi^, 1 ^ 2 ^, IFg*, etc. 

Let the ordinates to the unit line be t/j, i/j* Hz* 

2/2^ 2/3^ etc. 

Considering Fig. 131, 

+ TTiV + 

due regard being paid to the sign of the moment. 

Let the angle GAP = a, and angle CBP = )3. 

Maximum unit ordinate 
ab 

= - T > ^ ^ ® W^x^, etc. 

Jf, = tan a{W^Xx + + . . .) + tan ^{W^Xt!^ + 

W.^xJ^ + . . .) 
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Therefore, for any number of loads on the beams, 
Jfp = tan a ZWx -f tan 

where W represents the loads between A and P 
and „ „ „ P and jB, 


and where ilfp will be of the negative sense in the case of a 
simple beam. 

The Maximum Value of Jfp. 3Ip will be a maximum 
when the loads are in such a position that 


tan aZWx + tan is a maximum. 

It will always occur when one of the loads is at the section. 
To find by trial, place the loads on the beam with one of the 

loads at P ; calculate the 
moment. Move on the 
loads to bring another on 
6 to P; again find the 
moment. The maximum 
value can thus be found. 
Professors Lea and 
Andrews have shown that 
to obtain a maximum 
moment, place a load on P, so that if considered as part of 
ZW, then bZW -aZW^ is positive, and if a part of ZW^, then 
bZW - aZW^ is negative. 



115. To Find the Section Having the Greatest Possible 
Moment under any given Load for a System of Concentrated 
Loads on a Beam.* (Fig. 132.) Let be the sum of all the 
loads on the beam, and acting at the centre of gravity of the 
system, distant x from the support B, It has been mentioned 
that a maximum moment for a section occurs with one of 
the loads at the section. In Fig. 132, let G be the point of 
maximum possible moment under the given load. 

Let be the sum of the loads, including on the 
portion AC of the beam. will act at the centre of 
gravity of these loads, and let it be at a distance b from (7. 

Let c be the distance between and 


Now R^ 




♦ Or find the position of any given load so that the bending moment 
under it is the maximum possible for this partioxilar load. 
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The moment at C = if 

therefore, if^ --2^^ + WJ) . , . (1) 

By hypothesis this is the maximum possible moment: it is 
of negative sign. 

For the given loads, 6 is a constant; but both x and a are 
variables: therefore, if ^ is a maximum when xa is a maximum. 

Also for the given set of loads, as c and I are constant, then 
(i~c) = {x a) is a constant, 
i.e. a; + a = if = constant 
a = K - X 

Let z = ax = x{K - x) 
dz 

-7- = if -- 2a; = 0 for a maximum 
dx 

2x = K = X + a 

For maximum moment, a; + a = 2a; 
a; = a 

Hence, for a maximum value of in Equation (1), the 
wheel under which the maximum moment occurs and the 
centre of gravity of all the loads must be at equal distances 
from the supports : this requires the centre of the beam to be 
midway between the load under which the maximum moment 
occurs and the centre of gravity of the loads. The maximum 
moment at the section under the given load is 

= + WJ> . . (2) 

116. In determining the greatest possible maximum moment 
for a given set of loads, it is usually necessary to calculate 
the maximum value for several sections (usually near to the 
centre of the beam). On comparing these maximum values, 
the amount and position of the maximum possible moment is 
obtained, and also the position of the loads causing this moment. 

117. Important General Cases. Case I. Two equal loads 
of W tons and distance dft. apart. (Fig. 133.) Using the 
Buie given in paragraph 115, and referring to Fig. 133, the 
maximum possible moment is at two sections X, both distant 
d 

j from, and at either side of, the centre 

I U i) 
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Case n. Two unequal loads JFj and W 2 distant d ft. apart. 
Let Wi be greater than IFa* From the example No. 34 it will 
be noticed that the greatest moment occurs under the greater 
load. (Fig. 134.) 


ZW 



^Centre of Beam 



Fio. 133 


Fio. 134 


The greatest possible maximum moment occurs at the 


section under distant 


d 


+ wj 


from the centre and is 


W,+ W,(l dV 

*“ I V 2 fTi + Wt2) 

w, + w,( Y 

u y w, + wj 

Illustrative Problem 34. (Fig. 135.) 

A boam is 20 ft. long, and IoskIs of 2 tons and 4 tons, 4 ft. apart, move 
from left to right. Find the maximum moment at the centre of the beam. 


(a) 4’^’ load leading 

atC) = 4x5 + 2x3=26 tons-ft. 
at C) = 2 X 5 + 4 X 3 = 22 
therefore, max. when 4'' at centre, 


i.e. i:W-2:W^= + 6-0 ) . 

i:iF - = 2 - 4 = - 2 { 

(6) 2”^ load leading 

Jl/. (2'' at C 4* at 6) = 2 x 5 + 4 x 3 = 22 tons-ft. 

(2* at 14 4'' at C) = 2 X 3 + 4 x 5 = 26 

In both cases a maximum when 4'^ at the centre. 


Note, The greatest moment occurring under will be when Tf 2 ^ 


distance < 


fl ^ 

-^1 

< \ 

V JTx + wJ 

~ 2 ' 

+ wJ 


from the centre. 


Its viaue wiU be (l - 
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(B) Loads of 2'^, 2’’ and 4’’ at 4 ft. centres cross the beam^ 

Find the maximum moment at the centre and the load under which it 
occurs. 

Mq (4 tons at centre) =4x5 + 2x3 + 2x 1 = 28 tons-ft. 
M,^ (Mid 2^ at centre) = 4 X 3 + 2 X 5 + 2 X 3 = 28 „ 

Me = (Last 2’^ at centre) = 4x1 + 2x3 + 2x5=20 „ 

Conditions for maximum, 

bEW - aZW^ to change sign. 



CB) 



Fio. 135 


4’' at centre 8 - 0 = 8 + 

Mid 2^ „ 4-4 = 0 

Last 2^ „ 2 - 6 = - 4 

A maximum moment for the centre when either 4^ at C 
or middle 2^ at C, 

In the previous problem for the 2-+on plus 4-ton loads 
crossing the span, find the section having the greatest moment 
and also the value of the greatest moment. 

(a) The 2-ton and 4-ton loads only. The C. of G. of the two 
loads is at 

4 4 

~ X 2 == — ft. from the 4-ton load, 
o d 

The section having the greatest moment will be at 
4 

10 + «-= lOf ft. from the left support, 

d X d 

with the 4^ load leading from left to right 
or „ 2^^ „ right to left 

(If the loads are reversible then with the 4*^ load leading from right to left, 
the section of greatest moment will be at 91 ft. from the left support.) 
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Max. moment = - 


-i 

80 V 




6 662 
80^ 9 


26*13 tons-ft. 


118. Simple Beam with a Uniformly-distributed Load Moving 
on the Beam. (Fig. 136.) Let the length of the load of w tons 
per ft.-run be and let Zj be less than Z the length of the span. 


C 



The unit influence moment line for a section P with a maxi- 
a6 

mum ordinate == --y- is shown in Fig. 136. 

The load on an elemental length dx = w , dx, so that moment 
at P due to w ,dx ^ dM^ z=z w .y . dx, as y is the ordinate of 
the unit diagram for w . dx. Now y ,dx\& the area of the unit 
influence diagram above dx ; hence total = wEy . dx 
= w X area of unit influence diagram above the length of the 
uniformly-distributed moving load, i.e. 

ikfp = w X area CDEFO to scale 

118a. Mavinnini Moment, (a) For a rolling load as long as, 
or longer than, the length of the span, the maximum moment 
for any section will obviously occur when the whole span is 
covered. 

(6) For a rolling load of length Zj less than the length Z of 
the span. 

cZJlf 

Mf = wx area CDEFO : for a maximum = 0 

dx 
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Accordingly Jfp must be expressed in such a form that it 
can be differentiated— 


ab ab I 

CP = - T" *> a = T X " 
I la 


b 

I 


a 

tan P = y 

= EP, X 2 = PF 
AE = (a ~ FB = (6 - 


Hence ED = AE tan a = (a-x^) y, FO = (6 -ojg)y 
Then M^ — t«;[area CDEP + area CPFQ^ 

Substituting x^ == {l^ - Xj), it can be shown that 

dMp / w\2bxi /w\2a{li-Xj) 

dx^ ~ \l ) 2 \ l ) 2 


Hence Mp is a maximum when bx^ — a(lj - x^) = ax 2 


i.e. when 


X2 


a 

b 


so that the maximum moment occurs at the section, when the 
section point divides the load in the same ratio as it divides 
the span. 


119. Equivalent Uniformly-distributed Load for Moments— 
For Concentrated Loads Moving Over a Span. For a single 
concentrated load moving over a span, the maximum bending 
moment at any section occurs when the load is at that section, 


and this maximum moment is equal to 


Wx{l-x) 

r 
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where W tons is the moving concentrated load and x is the 
distance of the section from the origin ; 

W r “1 

that is, section = -y- 

This is an equation where M^ax depends on ; and a curve 
plotting M^ax fits ordinates against x as abscissae will be a 
parabola (as in Fig. 137). 



Single Loacionl(^. 


Fig. 137 


The maximum ordinate will be at the centre of the span 

_ m 

4 

it is also equal to the ordinate of a moment parabola for 
an equivalent uniformly-distributed load We, thus, 

Wel^ Wl . 2W 

— = — i.e. w. = —r 


is the equivalent uniformly-distributed load for W, A 
maximum moment for a uniformly-distributed load always 
occurs for any section when the beam is totally covered. 
For any system of concentrated rolling loads, find the maxi¬ 
mum moment for various positions of the loads on the beam. 
Draw (a) a polygon on the length of the beam as base to 
enclose the maximum moments for different load positions 
when all or the greater part of the loads are on the beams. 

Then to find the equivalent uniformly-distributed load 
take the maximum height (at the centre) in moment units of 


the enclosing parabola and equate to 


IT 
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Draw (fc), a polygon to enclose all the maximum moments 
and to include cases when only a few of the loads are on the 
beams, i.e. near to the end supports : then the maximum 
ordinate of the enclosing parabola in this case will in most 

cases be greater than that of the case (a). Equate this 

* 

maximum moment ordmate to —— 

o 



Fig. 138 


The student is requested to find the equivalent uniformly- 
distributed load for various lengths of beams using the loads 
given in the loading diagram (Fig. 129). 

120. Example. 

Two rolling concentrated loads crossing a span. To draw the curve of 
maximum moments (Fig. 138) - 

(a) Construct the unit moment influence line for a number of sections. 
Find the moment for these sections with the first load leading, say, from 
left to right and with the first load at the section. Construct a curve having 
as ordinates the moment at the section when the load is at that section. 
Now let the loads move from right to left with the other or second load 
leading. Construct a curve having as ordinate at a section the moment at 
that section with the second load at the section. 


* Examples given in — 

(а) Arrol’s Bridge and Structural Engineers' Handbooky by Adcum Hunter, 
M.I.C.E. (Spon.) In paragraph on Moving loads—graphical construction. 

(б) Structural Engineering, by J. Husband and W. Harby. (Longmans, 
Green & Co.) 

Also consult Papers by Professor F. C. Lea on “ Influence Lines *’ in the 
Proceedings Institute of Civil Engineers. {See references at the end of the 
chapter.) 
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Now draw an enveloping parabola to enclose the maximum 
moments which occur at the sections with either of the loads 
at that section. This curve will be of the parabolic form : 

take its maximum ordinate and equate to 

where is the equivalent uniformly-distributed load. 

For two loads of equal intensity, the curve of maximum 
moment will be as shown in curve (AOFB), Fig. 139. Again, 

draw the enveloping para¬ 
bola to enclose the curve 
of maximum moments 
for the sections. 

Note on Fig. 138, 
AFDOB is the curve of 
moments for the sections 
when the smaller load is 
at the section and lead¬ 
ing from left to right. 
AC DEB is the curve of moments when the larger load is at the 
section and going from right to left. Then, obviously, ACDOB 
is the curve of maximum moments for all sections. If the loads 
were reversible, then the curve of maximum moments would 
have to be symmetrical about a vertical line through the 
centre of the beam, and would be ACCfi^B shown dotted in 
Fig. 138. 

Note on Fig. 139. AOEDBh the curve of maximum moments 
for all sections. It is a special case of the preceding one. 

121. Unit Influence Line of Shear Force for any Section of 
a Simple Beam. The shear force at any section of a beam 
is the algebraic sum of the external forces to the right or left 
of the section. 

Forces acting upwards and downwards to the left of a 
section are negative and positive respectively ; forces acting 
upwards and downwards to the right of a section are 
respectively positive and negative. 

Let AB (Fig. 140) be a simple beam ; it is required to 
construct the influence line of shear for any section P when 
unit load crosses the beam. 

With the unit load between A and P, the shear at P is 
equal to + Pg i 

With the load between P and P, the shear at P is equal 
to - 



Fig, 139 
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because in their respective cases they are the only forces to 
the right or left of the section. 

With 1 ton at .4, = “1 ton = 0 

With 1 ton at B, JKb = +1 ton = 0 

At A and By erect ordinates AD j = - 1 ton and BC f 
= + 1 ton to scale. 

Join A to Cy and B to D, 

With unit load at any section X between A and P, and 
distant x from A, y is the ordinate of the diagram ABC, 



i.e. y = -j z=: when the load is at X. 

And similarly for any section between A and P. Therefore, 
AEP is the unit influence diagram and positive for the shear 
at P when the load is between A and P. 

Let the load of 1 ton just move to the right of P, then the 
single force to the left of P is t negative sense. 

Let the load be at any section Xi distant x^ from B and 
between P and B, and let y^ be the ordinate to the R^ 
diagram ADB, 

. 1 Vi 1 

= "T 

== - with the load of 1 ton at X ^; 

therefore, PFB is the unit influence diagram and negative for 
shear at P when the load is between P and P. The complete 
unit influence shear diagram for P is AEPFB when unit load 
crosses the span. Similarly for any other section Pj the unit 
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influence shear diagram is AE^ Pi Pi B, If a load of W tons 
crosses the span, construct the unit diagram as shown for the 
particular section, and multiply the ordinates of this diagram 
by W. 

122. If a number of loads cross the span, then the shear 
at a particular section will be equal to 

... (3) 

where Wi and y^ represent loads giving positive shear at the 
sections and ordinates of the positive unit shear diagram 

respectively, and y^ 

representing loads giving 
negative shear and negative 
ordinates respectively. 

The sign of the shear force 
will depend on the magni¬ 
tudes of the quantities in 
Equation (3). 

123. The Position of the 
Loads to Give Maximum Shear at Any Point is found by trial; 
that is, take different positions of the loads, and the maximum 
shear is easily ascertained by finding the largest sum total of 
shear ; it occurs with a load at the section, and usually one 
of the largest. 

124. The Shear at a Section when a Uniformly-distributed 
Load Moves Over a Beam (Fig. 141). Construct the unit 
influence shear diagram for the section. As in the case of the 
moment diagram, the shear at the section — w . dx . y = w , dA 

dA = small area of the unit diagram ; 

therefore, the area of the unit shear force diagram between the 
right limits X w gives the shear at a section when a uniformly- 
distributed load crosses the beam. 

125. Case I. Length of Bolling Load Greater than the Span. 

Let the load cross in the direction A to B, It is obvious that 
the shear of positive sense will be a maximum when the 
portion AP of the beam only is covered (Fig. 141), and 
that the shear at P of negative sense will be a maximum 
when only the portion PB of the beam is covered. If AP 
and part of PB is covered, then the shear at P will be 
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-f (ti; X area AEP) - (w X part area of PFB), The sign of 
the resultant shear will depend on the magnitudes of the areas. 

Case n. Length of Rolling Load Less than the Span. 

Let AP = a ; PB = 6, and a < b. 

Let the length of the moving load he < a, and moving 
from left to right. 

Then maximum positive shear at P is when the beginning of 
the load is at P, and maximum negative shear at Pi when 



the end of the load is at P. Also vice versa for the load 
moving from right to left. 

Referring to Fig. 141, the maximum positive shear at P is 
- X Area PXYE 
rii{PE + XY)-[ 

2 J 

126. Maximum Shears (Fig. 142). (l) For a single load 

moving over a bridge, the maximum negative or positive shear 
for a section occurs when the load is at that section. For two 
loads rolling over a bridge, the maximum positive or negative 
shear can be ascertained by the use of the unit influence shear 



238 


THEORY OF STRUCTURES 


diagram for the section : it will occur when one of the loads is at 
the section. A diagram can be plotted giving the maximum 
shear at the section. {See Fig. 142.) 

(2) For a uniformly-distributed rolling load over the span and 
longer than the span, the maximum negative or positive shear 
occurs at the span, when either one or other of the portions of the 
beam made by the section are wholly covered. It has been 
shown that the shear is the corresponding area of the unit 
influence shear diagram to scale. In this case, therefore, maxi¬ 
mum shear is a function of x^, and consequently the curve of 



maximum shears plotted against a; is a semi-parabola as 
illustrated in Fig. 143. 

127. Equivalent Unifonnly-distributed Load for Shear for 
any Section. As discussed previously, find the maximum 
shear at a section by placing the loads at different positions 
on the beam with a load at the section. From the magnitudes 
of the loads and the corresponding ordinates of the unit 
influence shear diagram for the section, the maximum shear 
at the section can be found. 

Let -8^ he the maximum negative shear for a section X, 
then the negative portion of the unit influence shear diagram 
must be covered by a uniformly-distributed load of value w, 
to cause the shear - (See Fig. 144.) 
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Similarly for maximum positive shear, 

Cr 2/ 

y)^ — “j“ maa • ^2 


The maximum possible shear obviously occurs at the ends 
of the structure, and, therefore, the maximum equivalent 
uniformly-distributed load will occur for end shear. 

128 . I^uence Diagrams for Perfect Frames of the Warren 
and N-girder Tsrpes which have Parallel Flanges. Influence 
diagrams are specially applicable to frames, as the loads are 
generally applied at the joints ; the stresses in the members 
are ascertained by a con¬ 
sideration of moments and 
shear forces. 

Influence Lines for -j 
A Warren Girder, of • 

“Through’’ Type, single 
members as shown in Fig. i 
145. Let a unit load = 1 ton Fio- 

cross from A to J5. 

(1) To ascertain the stress in a member of the top flange, say 
CEy take a section line (1) - (1); then the force in CE is found 
by taking moments about the bottom joint Z>, i.e. 

Force in CE X p = moment at D = Mjy 



Therefore it is required to find the influence moment diagram 
for a joint in the lower boom. Take R on side of section line 
away from the load, then with unit load between A and D, 

Mjy = , BD 

also with unit load between D and J5, 

M^^R,. AD 


R^ and R^ are found in the usual way by the method of 
moments. 

The influence moment diagrams for the joints on the bottom 
flange are the same as those for the different sections of a simply 
supported beam. The ordinate at D of the unit influence 


moment diagram for D is 


AD.BD 

AB 


The maximum stress in CE = MjJiNLdx)lp 
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(2) The stress or force in a member of the bottom boom such 
as DF is found by taking moments about a joint (here E) in 
the top flange. (See Pigs. 145 and 146.) 

Force in DF x p = 

Force in DF — M^lp, so that the maximum force in DF 
depends on the maximum moment at E, 

(a) With unit load between F and B, distant Xj, from By 


= -Ra = y 

SO that : this is a linear equation in x (each term 

being of the first degree, it is the equation of a straight line). 


X® 



Let d — length of one bay, then BF = n^d and I = nd, 
where n — number of bays in the bottom boom and = num¬ 
ber of bays from F to B. 

When the 1 ton load is at F, x^, = BF = n^d. 


7?' 1j 

At F erect an ordinate FG = tons-fi. to scale. 

n 

When the 1 ton load is at jB, = 0 and = 0. Join G 
to By then GB is a portion of the unit influence moment line 
for joint E. 

(b) With the unit load between A and Z), distant x^ from A 
(see Pig. 145) 

BE = = xjl and Jf, = 

which is again the equation of a straight line. 
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When Xa = 0; Mjs = 0. 

When Xa — (where — number of bays from A to D) 

__ n^d . Z g _ ^2^2 
nd n 

At D erect an ordinate DH to scale = n^^ln tons-ft. Join 
H to A, then AH is a portion of the unit influence moment 
line for joint E with the load of 1 ton between A and D. 

(c) To find the Influence Line for Moment (or Shear) for a 
section in the bay, when the load is in the bay and transferred 
to the main girder at the bay points by cross girders. 



H- l^rul -H 

AH6B Is the unit influence moment 
line for the Joint E . 

Fig. 146 


In Figs. 145 and 146, when the load is in the bay DF, the 
load will be applied at points D and F. It is required to con¬ 
struct the influence line for moment (or shear) for any sec¬ 
tion Xj in bay DF. Let yj^ — ordinate of unit influence 
moment (or shear) diagram for section when unit load is at 
D; it has been shown that yj, = 1 Vf == ordinate of 

same diagram for unit load at F, then y^ = njr^ln. Let the 
1-ton load be between D and F, distant x from 2), and let 
DF = d = length of bay. 

The load transmitted at F 

= Reaction at F = Fp = x/d 
also the load transmitted at D 

= Reaction at £> = jBd = (d - x)ld 
Let the moment (or shear) at Xi be represented by y^^y 
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Then = | (y,) + (+ | ~ 2'») 

as yn and are ordinates of the unit influence diagram for 

X,. 

(Proof: If 1 ton is at D, a; = 0 and hence y^^ = and if 
1 ton mdXF,x = d and y^^ = 2/d + ^ (^f - yj>) = J/fO 

Accordingly, the influence line for a section in the bay, with 
the load in the bay DF, is found by joining the tops of ordinates 
yjy and yy^. The complete unit influence moment line for joint 
E is thus AHOB, Force in DF = M^fp. 

129. Maximum Moment About a Joint. For a single load 
crossing the frame, the maximum moment will occur when the 
load is at the maximum ordinate of the unit influence moment 
diagram. With a uniformly-distributed load of length longer 
than the span, the moment is a maximum when the whole frame 
is covered; for a load of length less than the span, by trial 
the position of the load to give the maximum area of moment 
diagram above it can be readily ascertained. For a joint in 
the bottom flange of a Warren girder, the position of the load 
will be the same as that obtained by using the form in para¬ 
graph 118 for simple beams. The rule for maximum moment 
for lower joints due to irregular loading is the same as for 
simple beams. 

Maximum moment due to a number of irregular loads for the 
upper joints of a Warren girder. Place the loads on the span so 
that one load is at F, Fig. 146; And the moment for this case. 
Move the loads along a little to the right and re-work ; by 
trial, the position of the loads for maximum moment can be 
found. The equivalent, uniformly distributed, can be found 
for both cases in the same way as for a simple beam. 

130. Stresses in the Diagonal Members. The stresses in the 
diagonal members depend on the shear force in the particular 
bay. For example, consider the bay DF (Fig. 147). To find 
the stresses in the diagonals DE and EF, With the load of 
1 ton between F and F, the only force to the left of F is Rj, : 
so the shear force in the bay DF is - Rj,, With the load of 
1 ton between A and D, the only force to the right of Z> is 
JB, and the shear force in the bay DF is then -f ii,. 
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AD == ^2 bays 
FB == Wj , 

Length of bay = d 

With the load at F, = - y X n^d tons 


D, Rji = + X tons 



At D and F, erect ordinates to scale. 


DH 



FG^-^ 


Uid 

T 


Join A to H and B to 0, then AH and OB are portions of 
the unit shear influence line for the bay DF, 

Join H to G, and by the previous theory in paragraph 128 (c), 
HO is the influence line for the load between D and F, that 
is, when it is in the bay. 

HG cuts the bay DF in the point J. 


The force in DE — 


shear force in bay DF 
sin d 


The force in EF = 


shear force in bay DF 
sin 6 


If shear in bay DF ±» force in DE force in EF 
where tensile force + and compressive force 

Thus, the kind of force in the diagonals varies according 
to the position of the load ; that is, negative shear in a bay, 
the left-hand diagonal is a strut, the right hand a tie, and 
vice versa for positive shear. 
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The maximum load in the diagonals will depend on the 
maximum shear in the bay. For a single concentrated load, 
the maximum shears will occur at the bay limits D and F. 
For a uniformly-distributed load longer than the span Z, the 
maximum positive shear in the bay DF will occur when the 
portion AJ of the span is covered, and maximum negative 
when the portion JB is covered. For a uniformly-distributed 
load less than the length of the span Z, and moving from left 
to right maximum positive shear occurs when the front of the 
load is at J, and maximum negative shear when the end of it 
is at *7. 

131. Maximum Shear in a Bay Due to a Uniformly-distri¬ 
buted Load Longer than the Span. {See Fig. 147.) 

By similar triangles 

JF ^FG 
JD HD 

so that “ njd + V‘ 

But (n^d + = (I -d); and if number of bays 


n,l — nd, 


so that the expression 




(« 


Also 


JD + JF = d; hence 
% 


1 )' 

JF 

d 


JF 




(n-l) 


It has been indicated that the maximum negative shear occurs 
when the length JB = FB + JF is covered by a uniformly- 
distributed load; so that maximum negative shear occurs for 
a continuous loading in a bay, e.g. the (Hj -+- 1)‘* bay from the 

right-hand support when a length d^rii + j covered, 

i.e. when ^ bays are covered by the load. 

Similarly for maximum positive shear in the same bay; 
working from the left-hand support, a length of 

bays must be covered to give maximum positive shear. 
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132. Maximum Shear in a Bay Due to Xtregular Loads. Con¬ 
sider bay DF in Fig. 147. The loads move from left to right. 

(а) Let Wj, be the resultant of all the loads in the frame to 
the left of the bay, Wb the resultant of all the loads in the 
bay, and the resultant of all the loads to the right of the 
bay. 

Let 2 /l, VBf Vb be the ordinates of the unit influence shear 
diagram at the positions of TTl, Wb, and respectively. 

Then the resulting shear = {W^^ + WbVb + W^y^), regard 
being paid to the signs. 

For this position of the loads, this equation gives the total 
shear. 

(б) Move on the loads until the first heavy load passes D 
and comes into Wb : find the resulting shear for this new posi¬ 
tion of the loads. 

(c) Continue thus until the maximum is found. Professors 
Lea and Andrews have shown that in the limit and when the 
loads are very close together 

Tj;- Wb + Wb + Wb 
W B - 

n 

i.e. the maximum shear in any bay occurs when Wb, the sum of 
the loads in the bay, is equal to the total load ( W^ + Wb + Wb) 
divided by the number of bays. As a general rule, the maxi¬ 
mum shear occurs in a bay when the first heavy load passes 
the general point D, {See Fig. 147.) 

133. Framed Girders with Vertical Posts of the N or Pratt 
Type. (Fig. 148.) The moment influence lines for any 
joint will be the same as for the lower flange joints 
of the Warren girder; and for shear in any bay, 
the influence line will be the same as for a bay 
of the Warren girder. The maximum load in an 
upright member will be equal to the maximum 
shear force ; the maximum load in a diagonal will 
be equal to 

Maximum shear force where p == angle diagonal 
cos p makes with the vertical 

For shear in the bay =F> load in the left-hand vertical load 
in the diagonal ± where compressive forces - , and tensile 
forces -I-. 



Fig. 148 


9—(T.3430) 
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134. Frames or Trasses with Carved Flanges. (Fig. 149.) 
The frame in Fig. 149 is a curved flanged frame ; it is required 
to find the forces in the members EF, CD, and FC as being 
typical of members in the top and bottom flanges and the 
diagonals. 

„ . moment at F 

Force in CD = -- — 

Pt Pi 


Force in EF = 


moment at C 
P 


P 



The moment influence lines for C and F are as for the bottom 
and top joints of the Warren girder considered previously. 

Force in FC. Produce FE to cut BA produced in 0. 
From 0 drop a perpendicular to FC produced 


Then the force in FC — 


moment about 0 


P, 


(1) Beferring to Fig. 149, let a unit load be between D 
and B distant x from B. Let XX be a dividing line cutting 
the three members EF, FC, and CD. Then the left-hand 
half of the girder is in equilibrium under the external loads, 
including the reaction and the forces in the members EF, 
FC, and CD acting as external forces. Let the unit load be 
between D and B distant x from B ; then the only external 

load to the left of XX is = 


I 
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Moments about O, 

ifp = - y X AG = - y X fir, negative 

as it will cause a compressive stress in FC, This is a linear 
equation in and, therefore, the unit influence moment line 
for unit load between D and is a straight line BJ^ 

where = — 

l In 


n, = the number of bays in BD, 
d = length of one bay, 
n = total number of bays. 

Let the unit load be between A and C7, distant Xi from A. 
Considering the portion of the frame to the right of XX, 

X-t 

the only external load will be i?* = y tons. 

Moment about 0, 

== R^{AB + AO) = + g) 


X’l 

= y iji + g) and is positive, 
as it will cause a tensile stress in FC, 

M.- ^I + t) 

This is again a linear relation in Xi, so that the unit influence 
line when the load is between A and C7 is a straight line AH, 
the ordinate CH being equal to 

AC^l 4- y^ == n^d^l + y^ where nj = number of bays in AC. 

The unit influence moment line for the load crossing the bay 
is found by joining H to J. 

HA and BJ produced meet in one point K, which is 
vertically below O. Join K to O. 

KG, considered as an ordinate of BJ, produced 

+ 9)9 , 


I 


where a; = Z + gr 
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KO, considered as an ordinate of HA produced, 

= - - - where = ~g 

Therefore, K is vertically below G. 

Thus, to construct this particular influence line of moment, 
set down from 0 an ordinate GK to scale 
_ jl + 9)g 
I 

Join KA and produce to meet a vertical through (7, to give 
the ordinate + GH. 

Join K to B \ from D drop an ordinate DJ to meet KB 
in J. Join H to J. The unit influence moment line for the 
point G will then be AHJB. 

Maximum Load in OF. For a single isolated load, this will 
occur when it is situated at the maximum ordinate of the 
unit diagram, that is, at the bay points, to give a maximum 
tensile or compressive force ; at i) a maximum compressive 
force will occur; at (7 a maximum tensile force. 

For a uniformly-distributed load of length greater than the 
span, the maximum occurs when AL or LB is covered : for 
length of load less than the span and moving from left to right, 
maximum positive moment occurs when the front of the load 
is at the point L, and maximum negative moment when the 
rear of the load is at the point L in the bay CD, 

Tests for maximum moments about C and F are as pre¬ 
viously determined for parallel flange trusses and simple beams. 

135. In dealing with the forces in the members of the 
flanges, care must be taken that the kind of force in the 
member is correctly determined. This can easily be ascer¬ 
tained by the consideration of the turning direction of the 
moments of the known external loads about a point. A force 
in a member acting towards a joint indicates a compressive 
force, and a force acting from a joint indicates a tensile force. 

REFERENCES to Papers and Works on Influence Lines 
Proceedings of the Institution of Civil Engineers, Prof. F. C. Lea ; Vol. clxxxv, 
p. 288 ; Vol. clxxxv, p. 277 —“ Influence Lines for Continuous Girders 
and Lattice Girders*' Vol. clxi, p. 284, **Notes on Equivalent Uniformly- 
distributed Loads." 

Higher Problems in the Theory and Design of Structures, Ewart S. Andrews. 

(Chapman A Hall.) Influence lines for beams and frames. 

Influence Lines, Sprague. (Scott, Greenwood & Son.) Including also notes on 
impact. 

Theory of Striustures, Timoshenko and Young. 
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Illustrative Problem 35. 

A symmetrioal N-type deck bridge has six equal panels and spans 120 ft. 
The depth of each main girder is 20 ft. If on each truss there acts a uniform 
dead load of 1 ton per foot rim and a uniform moving load of 1 ton per foot 
run, determine the forces for which the members DE, DK, LK should be 
designed. Assume the dead load is concentrated at the top chord panel 
joints. (U. of L.) 

Considering the forces in the members due to dead load only. 

Referring to Fig. 150, 

== 60 tons = jBj. 




Force in LK, considering the equilibrium of the portion of 
the girder to the left of the dividing line and taking moments 
about D. 

(Force in LK) x (- 20) = 20 x 20 + 10 X 40- 60 x 40 
(Force in LK) = 80 tons and is positive, giving a tensile 
force. 

For the force in DE, 

Let a dividing line cut DE, KE, and KJ, 

Taking moments about K, 

(Force in DE) x 20 = 400 + 800 + 600 - 3600 
(Force in DE) = 90 tons, and is compressive. 
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The shear in bay 3 = - 60 + 60 = - 10 tons. 

CSonsidering the forces to the left of the bay, EK takes this, 
and, therefore, the force in the diagonal DK will be 

H-= 10^/2 = 14*14 tons, and is tensile. 

cos 46° 

Maximum forces in the members due to the live load of 
1 ton per foot run. 

The maximum ordinate of the unit influence moment line 
for joint D will be 
40 X 80 

-— tons-ft. = - 26*6 tons-ft. 

The maximum moment at D will, therefore, be 
- 26*6 

1 X —5- X 120 = - 1600 tons-ft. 

Force in LK due to live load = = 80 tons tensile force. 

The maximum ordinate of the unit influence line for the joint 
60 X 60 

Z is- j 2 q— = - 30 tons-ft. 

Maximum moment at K will, therefore, be 
- y X 120 X 1 = - 1800 tons-ft. 


Force in DE due to the live load, 


- 1800 
20 


= - 90 tons, and is compressive. 


The maximum positive shear in the third bay from the 
left-hand support will be (see paragraph 131) when ^2 + 
bays from the left-hand support are covered : maximum 
negative shear when ^3 + bays from the right-hand support 
are covered. 

Maximum positive shear in bay 3 therefore 
1 2 \ 20 

= 1 X 3 - X (^2-f-jy= -f 8 tons. 

= ordinate unit load influence line with 1 ton at D.] 
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Maximum negative shear in bay 3, 


= 1 




- 18 tons. 


[J ordinate unit load influence line 1 ton at E."] 
Max. compressive force in DK 8 

due to the live load ~~ cos 46 ~ 


Maximum negative shear causes a tensile force in DK, 

Max. tensile force in DK 18 ^ ^ 

jt j. T 1 j Atio — 11*3 X 2*26 

due to live load cos 46 

= 26«43 tons. 


The members, therefore, should be designed to carry the 
following loads. 

LK^ *4~ 80 -f- 80 = “1“ 160 tons ^ 

DE, - 90 - 90 = - 180 tons I 

DK, + 14-14 + 25-4 = + 39-54 tons J 


Minimum tensile stress in DK = 14-14- 11-3 == 2-84 tons. 

If the resultant load in a diagonal is changed from a tensile 
force to a thrust, then the bay can be counterbraced by a 
member along the other diagonal to take a tensile force, 
assuming the first diagonal cannot take thrust loads. 


REFERENCES 

Design of Modern Steel Structures, L. E. Grinter. (Macmillan.) 

Kinetic Theory of Engineering Structures, Molitor. (McGraw-Hill.) 

Code of Practice for Simply Supported Steel Bridges, (Institutions of Civil and 
Structural Engineers.) 

See also those listed at the end of Chapter VII, page 176. 

EXAMPLES 

1. A girder 40 ft. long is supported at its ends, and two isolated loads of 
10 tons and 4 tons travel slowly across it from opposite ends at the same 
speed, passing each other at the centre of the span. Draw the diagram of 
maximum bending moment and shearing force for the girder. (U. of L.) 

2. A load of w\h, per foot run moves from left to right over a Pratt 
girder which is divided into N panels of length 1. Show that the maximum 
shear S at the 7ith panel point from the left is given by the equation— 

^ umH 

' ~ 2{N-l) (U. of B.) 

3. A Pratt truss, 104 ft. span, depth 13 ft., is divided into 8 equal panels. 
It carries a uniform dead load of 0*6 ton per foot run and a uniform live load 
of tons per foot run, both supported at the joints of the bottom chord. 
Determine the maximum stresses in all the members of the third and fourth 
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panels from one support, and state whether these panels require to be 
oounterbraced. 

4. A Howe trussed girder of 120 ft. span is divided into 10 bays of 12 ft. 

each. The depth of the girder is 16 ft., and it is subjected to a dead load 
of 3 cwt. per foot run. Find the maximum shear in each panel when a live 
load of 2 cwt. per foot run rolls over the bridge, and the number of bays 
that require counter bracing. Width of bridge = 15 ft. (U. of B.) 

5. Railway bridges have a great variety of wheel loads moving over them 
at different times. Show carefully how you would determine “ the equiva¬ 
lent load per foot run ” for a given span for any type of load— 

(a) for end shear, 

(b) for bending moment at all points of the girder. (XJ. of B.) 

6. An N girder of 120 ft. span has 6 equal bays in the lower boom. A 

rolling load of 2 tons per foot run passes over the girder. Determine (1) the 
maximum force in the top boom of the second bay from the left; (2) the 
maximum force in the diagonal of the same bay. (U. of B.) 

7. An girder 160 ft. span is loaded on the top boom and is also sup¬ 

ported at the ends of the top boom. It has 8 panels, each 20 ft. long. The 
depth of the girder is 26 ft. There is a dead load of 0*5 ton per foot run 
and a travelling load longer than the span of 1 ton per foot run. Determine 
the maximum forces in the vertical members 40 ft. and 60 ft. respectively 
from the left abutment, and also in the three members cut by a vertical 
section 60 ft. from the left abutment (i.e. the three members connecting the 
two vertical members). Neglect impact. (U. of L.) 

8. A lattice girder of the Warren t 3 rpe has 4 equal bays of 20 ft. in the 

lower boom and, consequently, 3 equal bays in the upper boom. The 
diagonals of the girder are inclined at 60® to the horizontal. Draw the 
influence diagrams for the three members cut by a vertical section 36 ft. 
from the left abutment; and determine in each case the maximum force 
produced in the member when a uniformly-distributed load of 2 tons per 
foot run, 80 ft. long, passes over the girder. (l.S.E.) 

9. Two loads of 10 and 15 tons respectively at 6 ft. apart roll over a 

girder of 30 ft. span. Draw to scale a diagram showing the variation of 
maximum bending moment that occurs under the load of 16 tons. Deter¬ 
mine the maximum shearing force at the centre and also at the end of the 
girder. (U. of L.) 

10. A locomotive, having wheel loads as shown in Fig. 161, passes over a 
bridge of 60 ft. span. Determine (a) the bending moment at the centre of 
the girder when the load of 18 tons is at the centre, (6) the maximum 
shearing force at the abutments due to these loads. 
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11. Show clearly how you would find the equivalent load per foot run for 
bending moment for the wheel loads shown in Fig. 151 for any span. (U. of L.) 
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12. An N girder has a span of 150 ft. and has 10 equal bays in the lower 
boom. The girder is 20 ft. deep. Show how to find the influence diagrams 
for (1) any boom member, (2) any diagonal. A load consisting of a loco¬ 
motive having 16 tons on each of 5 axles spaced 6 ft. apart rolls over the 
girder. Neglecting any impact factor, find the maximum forces in the 
members cut by a vertical section 40 fb. from one abutment. 

13. The floor of a single line railway bridge is carried on cross girders 

which rest on the main girder at the panel points as shown in Fig. 162. The 
span of the main girder is 100 ft. and there are five panels each 20 ft. The 
girder is 15 ft. at the centre and 10 ft. deep at ED, A uniform load of 2 tons 
per foot runs over the bridge from O to H. Show that the forces due to 
the moving load in the two members AB and AG are a maximum when the 
front of the load is 71*1 ft. from Q, and hence determine these forces in 
magnitude and kind. (U. of L.) 



14. The student is requested to take the frames mentioned in the problems 
and to carry out exercises for himself to test any results and formifia given 
in the text, using any of the types of moving loads given in Fig. 129. 
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Three-pinned Metal Arches, Ribs, and 
Suspension Bridges 

136. An arch rib may be looked upon as a curved girder, either 
a solid rib or braced, supported at its ends and carrying 
transverse loads which are frequently all vertical. The arch, 
as a whole, is subjected to thrust, because the transverse 
loading at any section normal to the axis of the girder is 
at an angle to the normal face, and the force can, therefore, 
be split up into a tangential or shear force across the face, 
and a force or thrust normal to the section. The line of 
resultant thrust is called the “ linear arch.” 

For an arch carrying vertical loads, it can easily be drawn, 
when, in addition to the vertical loads, the horizontal com¬ 
ponent of the thrust at the abutments is known. The vertical 
components of the reactions at the abutments are determined 
algebraically or graphically as for a straight beam, and they 
are not affected by the horizontal thrust if the abutments are 
at the same level, as is evident if moments about an abutment 
are considered. 

Arches are of three kinds— 

(а) Three-pinned, having hinges at the crown and the 
abutments. 

(б) Two-pinned, having hinges at the abutments only. 

(c) Fixed or solid arches, having no hinges at all. 

The former is a statically determinate structure ; the two 
latter are statically indeterminate. In this book the theory 
of the three-hinged arch only wUl be considered. 

137. The general condition of loading for an arch is as 
illustrated in Fig. 153. 

Let the external loads act vertically downwards. At the 
abutments there are, in general, (a) a fixed moment resist¬ 
ing bending ; (6) a reaction due to the thrust of the arch, 
and which can be resolved into Vo acting vertically upwards, 
and Ho the horizontal component acting towards the other 
abutment. 
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The straining actions at any normal section C are as in 
Fig. 163, and they are resolved into (a) a bending moment M, 
and (6) a shearing force /S' (as in a straight beam); in addi¬ 
tion, a thrust P normal to the section. These three actions 
are statically equivalent to a single thrust T acting at some 
point D on the normal face G produced, and where 




M 

P 


D lies on the linear arch ; is a point on face C lying on the 
axis of the arch, the axis passing through the centroid of the 



section. For continuous loading, the linear arch will be a 
curve having the direction of the resulting thrusts as tangents 
to the curve. 

The straining action may then be specified by the normal 
thrust P, the radial shearing force S, and the bending moment 
M ; or simply by the linear arch. When the straining actions 
are known, the stress intensities in the rib can be determined. 
As in straight beams, the shearing force may be neglected as 
producing little effect on the stresses. If the curvature of the 
rib is not great, it is usually sufficient to calculate the bend¬ 
ing stresses as for a straight beam. The uniform compression 
arising from the thrust P is added algebraically to the bending 
stresses. 
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138. The general equations for all types of arches are— 
Considering the equilibrium of the portion AC^ in Fig. 153, 
y = height of the axis of the arch at Ci above the supports. 
Resolving the forces horizontally, 6 = slope of tangent to arch 
axis at ( 7 . 

P cos d-S sin 6 -Ho=0. . . . ( 1 ) 

Resolving the forces vertically, 

P sind + S cos e + Wi) - Fo = 0 . . (2) 



Moments about Cj (the signs being the same as for straight 
beams) 

M,-M-V^ + IJoy + = 0 . . (3) 

The Three-hinged Arch. Thus there are six unknowns in ’ 
these three equations : the general case, therefore, requires 
three more equations which are developed from the strains 
produced. But for the three-hinged arch, i.e. the arch having 
hinges at the abutments and the crown, and which is statically 
determinate, three of the unknowns in the general equations 
are easily found. is zero, i.e. there is no moment at the 
springings or abutments; and also the moment at the crown 
hinge is zero. The horizontal thrust //<, is found from these 
facts and, consequently, the line of thrust or linear arch. The 
line of thrust passes through the hinges, and is found as 
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for a simply-supported beam. Therefore, for the three-hinged 
arch, 

M^-V^ + (2f=^W,x,) + U,y .... (4) 

/Moment at the section as for\ 

~~~\ a simply-supported beam / 

= Ms+ HoV .( 6 ) 

iHf, will always be of negative sign for downward loads. 

139. A few cases of loading will now be considered for the 
three-hinged arch. 

A single dead load between the abutment and the crown. 

Abutment hinges are at same height. 

W is distant nl from the origin O, and between 0 and C. 

Referring to Fig. 154, page 256. 

V„^^{l-nl)=W{l-n) . . . . (7) 

F,= y.»J =»F«.(8) 


Considering moments about the crown hinge C\ 


yc = height 

crown hinge above the origin. 

-Y L 
"2 


nVj + HoVc = 0 

- PF(1- 

-«)^+ ' 

ir{l-ny + H,y,= 


iio = 

Wl 71 \ \ 


Yc\2~2~2'^^) 


H, = 

Wnl 


2 yc‘ 


(9) 


( 10 ) 


Similarly if W be between C and R, 

W 

Wnl 

and = moment at C, as if the arch was a simply-supported 
beam. 
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It W &t C, n = j 

w } wi 1 wi moment at the centre of a simply- 

—— = — X - = — = supported beam with W at the 
2 2^24 

Wl 

Then Ho = and is a maximum. 

^yc 

The moment at any section X between A (the origin) 
and the load point, 

Win y 


- V^ + Hoy==- W(l-n)x + 


( 11 ) 


Moment at any section Xi between the load point and the 
crown hinge = + W(xi- nl) + Hoyi 


= - W{1- n)xi + W(Xi- nl) + 
Wln(2xi „ yA 

= -2-iT-2 + yJ • • 


Win j/i 


Moment at any section X^ on the unloaded half 

= == Hoy 2 - where X 2 is measured from B 

. . . 

2 yc 


Vc 

( 12 ) 


(13) 


140. Oraphical Solution of This Problem. Referring to 
Fig. 155, as there is no load on BC and as the moment at C 
is zero, the thrust at B must pass through G to meet the line 
of action of W in Z, 

Ro, R^y and W are in equilibrium, and the line of the 
reaction Ro at A must, when produced, meet W in Z. 

The vector diagram to the right represents ef == W to scale 
acting downwards. 

fh = Fb and he = F,. 

Prom / and e draw /o and eo parallel to R^ and Ro respect¬ 
ively to meet in 0 ; then /o = Rg scale and eo = Ro to 
scale. 0 is the pole of the diagram. 

Then Oh is horizontal and to scale 


= horizontal thrust at A and B = Ho. 

Now triangle AZB represents the moment diagram to scale 
for a simple beam, and is of negative sign. 
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The curved figure AC BA represents to the same scale the 
moment diagram for H^y and is of the positive sense. 

yc is common to both diagrams. 

Thus the resultant moment diagram to scale for the arch is the 
shaded diagram AZCXBCA, For the loaded half, the resultant 
diagram is negative, and, for the unloaded half, positive. 


W 



If Ho in tons and any ordinate t/p of the shaded diagram is 
measured in feet to the same scale as y^ then the moment at 
the section corresponding to ^ X tons-ft,, due regard 

being paid to the sign. 

Thus the resultant moment at any section is represented 
by the ordinate of the diagram formed by the linear arch and 
the axis of the arch. 

141. (a) The Graphical and (6) the Algebraic Analysis of the 
Three-hkged Arch Carrying Several Vertical Concentrated 
Loads- (Fig. 166.) 

(a) The Gbaphioal Method. Calculate H^ by the method 
stated, and also calculate Vo and Fb by the usual methods as 
for a simple beam. 

Referring to Fig. 166, draw the load diagram of the vector 
polygon to scale; draw the pole line Oh horizontal equal to Ho 
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to scale, h being the point on the load line splitting the total 
loads into the two vertical reactions. Join 0 to the different 
points on the load line. The outer radii will be R^ and R^ in 
magnitude and direction. 

Draw the funicular polygon as^for a simple beam and thus 
obtain the linear arch, which will pass through C. 

The resultant moment diagram is again represented by the 
diagram formed by the linear arch and the axis of the arch. 

If there are only a few loads on the arch, the linear arch 
can be easily found by constructing the simple beam moment 



Fio. 166 


diagram by finding the moment at the different load points 
and erecting ordinates to a scale equivalent to yc, where 
will represent the moment at (7. 

(6) The Algebraic Solution. Let Jfgx represent the simple 
bending moment at any section X due to the vertical loads 
acting on a straight horizontal beam. 

Then the actual moment at X = Afx 

= -Jfgx + S[f,y from equation ( 6 ) 

Let Jfgo be the simple moment at the centre D (see Fig. 156) 
of a span AB; then since the bending moment at C is zero 

0 = Jfgo + H^y, 


or Ho = - 


^BO 

Vo 


Hence for any other section 


Vo 
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due attention being paid to the sign of the simple moments; 
they are of the negative sign for downward loads. 

The normal thrust at any radial cross-section X (Fig. 156) 
may be found by multiplying the resultant thrust (represented 
by eo) by the cosine of the 'angle between the tangent to the 
arch axis at X, and the direction of the thrust (eo); the 
transverse or radial shearing force may be obtained by multi¬ 
plying the resultant thrust (eo) by the sine of its inclination 
to the tangent of the arch axis at X, 

Algebraically, the resultant thrust may be obtained by 
compounding the constant horizontal thrust with the ver¬ 
tical shearing force determined as for a straight horizontal 
beam. 

142. Uniformly-distributed Load of Length Equal to the 
Span on a Three-hinged Arch. The moment diagram for a 
simple beam is a parabola, and it has its maximum ordinate 
at C. 

The resultant moment at G is zero, and therefore the 
resultant moment diagram for the whole arch of any curve 
will be of the same sign throughout. If the axis of the arch 
is a parabola, then obviously the resultant moment for the 
whole arch is zero; because the curve of the simple beam 
moment line is parabolic and it passes through (7, therefore 
the two curves coincide. 


Illustrative Problem 36. 


, The equation of the axis of a three-hinged arch is y = a? ~ , the origin 

being the left-hand support. The span and rise are 40 ft. and 10 ft. respec¬ 
tively. The left-hand half is loaded with a uniformly-distributed load of 
1 ton per foot run. Find the reactions at the supports, and the normal 
thrusts at sections 10 ft. and 30 ft. from the left-hand support. What are 
the positions of maximum moment. Draw the linear arch. 


The linear arch is drawn in Fig. 157. Note = 10 ft, to 
scale = 1 in., and for the linear arch diagram being the 
moment diagram for the simple beam, == 100 tons-ft. 
= 1 in. 


Therefore, —- 

Vc 


100 

10 


Me = lOy^ or Af = lOy. 

A formula required for finding the slope of the linear arch. 
Now Fo = 15 tons. Fb = 5 tons. 
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Taking moments about C and equating to zero, 


X 10^ + Y~ X 20^ = 0 
= 10 tons 

= 18 tons 

i?3= V 52 + 10^ = 11-2 „ 

The linear arch is constructed by finding the simple 
moments about a number of sections (i.e. the effect of is 



not taken into account) and plotting the moments to such a 
scale that at C the linear arch passes through C. 

The resultant moment diagram is the diagram enclosed 
between the linear arch and the axis of the arch. The linear 
arch is a straight line from C to B, 

The resultant moment for any section X between A and C is 

Jf, = - 16a: + |- + \0y 

f x^\ x^ 

= - 16a:+^+ 10(*-J5) = -5a: + ^ 

m.. . . , dM, 

This IS a maximum when -?— = 0 

dx 

i.e. 0 = -6 + ^ or a:=10 

that is, the section of maximum negative moment is 10 ft. 
from A. 
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The maximum resultant moment is - 25 tons-ft., and agrees 
with the amount in the diagram. 

Between C and By the resultant moment equation for any 
section Xj distant Xi from B is 

= -5xi+ lOyi 

= -5x, + lOi^x,- 5x,- -f 

The maximum positive moment occurs at a section distant 
10 ft. from B, for 

dM X 

= 5-^=0 from which arj = 10 ft. 

And the maximum moment at this section is 
= + 25 tons-ft. 

To Find the Normal Thrusts at the Sections Distant 
10 FT. AND 30 FT. FROM A, 

The resultant thrust at any section 

= \/(vertical shear at the section)^ + 

The direction of the resultant thrust is found from the slope 
of the linear arch ; the direction of the normal thrust from 
the slope of the axis of the arch. 

For the Section 10 ft. from A. 

Equation of the linear arch is 

( + i/)= + 

due regard when considering it being paid to the sign. 

In terms of the y ordinate of the axis of the arch, 

( + lOy) = 15*-J* 

The slope at any section is 

dx~ 10 

The slope at a; = 10 = + *5. 

The equation of the axis of the arch 
a;* 
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The slope of the axis of the arch, 
dx 20 

At a; = 10 the slope is 1 - -5 = + *5, 

therefore, 6^ = 27° (tan 27°;= *5), 
that is, at a; = 10, the slopes of the linear arch and the axis 
are the same ; therefore, the resultant thrust is equal to the 
normal thrust. 

Normal thrust = \/( - 15 + 10)^ + 10^ = 11-2 tons 
or Normal thrust = 10 cos 27 -f (15 - 10) sin 27° = 11*2 tons 
using formula given in paragraph 140. 

The radial shear force will be zero. 

Normal Thrust and Radial Shear at A. The direction 
of the resultant thrust (i?^) = angle 6 = tan'^ 1*5 = nearly 
57°. The inclination of the axis of the arch is 
= angle di = tan-^ 1 = 45° 
fl - 01 = 12°. 

Normal thrust at A = . cos 12° = 17*6 tons 

Radial shear at A = . sin 12° = 3-75 ,, 

where = 18 tons. 

Section 30 ft. from A. This is a section in the right-hand 
half of the arch, and where the resultant thrust is the same 
for all sections. Take B as origin and x to the left as positive. 
Resultant thrust = iig = 11-2 tons 

10 

and its direction is 0° = tan'^ — 

/. 0° = 27°. 

The slope of the axis of the arch is also 27° at this section, 
therefore, resultant thrust = normal thrust =11-2 tons. 
[Normal thrust equal to 10 cos 27 + 5 sin 27 = 11-2 tons.] 
At J5, the slope of the arch, considering B as origin and x 
to the left as positive is the same as at A, 0i = 45°. 

01 - 0 = 18° 

Normal thrust at 5 = 11'2 x cos 18° = 10-65 tons 
Radial shear at R = 11-2 X sin 18® = 3-46 „ 

Take a Section X 5 ft. from A 

The slope of the linear arch =1-0 .’. 0 = 45° 

The slope of the axis of the arch = *75 /. 0^ = 36°50' 
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Normal thrust =10 cos 36®60' + 10 sin 36^50' 

= 14 tons. 

or resultant thrust = VlO^ + 10^ = 14-14. 

Normal thrust = 14-14 x cos (45° - 36°50') 

= 14 tons. 

143. Three-hinged Spandril-braced Arch with Dead Loading. 

(Fig. 158.) A frame having its bottom boom curved or 
arched, and hinged at the supports and the crown, is called 
a three-hinged spandril-braced arch; it is illustrated in 
Pig. 158. Calculate R^ and R^ as for a three-hinged ribbed 



arch, and proceed to find the stresses in the members as for 
ordinary frames, that is, by the force-stress diagram, method 
of sections, etc. 

144. Influence Lines for a Three-hinged Ribbed Arch. 


(Fig. 159.) Of Horizontal Thrust. Let a concentrated load 
of 1 ton move across the span, and let it be at any time dis¬ 
tant nl from A (Fig. 159) and between AC, As before, the 
reactions are made up of 

Vo and Ho (the horizontal thrust) and 
Fb and Ho, 

Referring to Equations (7) to (10) and substituting 1 for W, 
Vo == 0 -n) : Fp = n 


Ho = 


nl 

22/c 


, that is. Ho depends upon n 


(14) 


For unit load between C and B, and distant 1(1 -n) from 
B, by similar working as before, 

Z (1 - n) 

~ 2t/r ' 


Ho 


(15) 
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Again a linear relation b( 
when n = 0 from (14) 

n = i .. (14) 

n = 1 from (15) 

« = i „ (16) 

■r— is a maximum value for 

4y, 

load is at C. 


reen ff 

, and n, 


Ho = 

0 



1 

4y<, 

. (16) 

H.= 

0 



1 

4y, • 

. (16a) 

0, And 

it occurs 

when the unit 


Thus join A and B io 0, and let y, represent 

I 

— tons, 

4y, 


and the unit influence line for the horizontal thrust at the 
abutments is obtained; that is, the ordinate of the diagram 
to scale gives the horizontal thrust at the abutments when 
unit load is at that ordinate : let it be y. 

For a number of loads, = ZWy, where y is the ordinate 
of the unit diagram at the position of the load. 

For a uniformly-distributed load, Ho is represented by the 
area of the unit diagram to scale underneath the length of the 
load over the arch. 

For the uniformly-distributed load of 1 ton per foot covering 
half the span AC in Problem 36, 


rz 40 20 , 

^*~4X10^ 2 


10 tons. 


145. Influence Diagram of Bending Moment. Let the unit 
load be at any section Q between A and 0, and distant nl 
from A, Fig. 159. 

To draw the unit influence moment diagram for any 
section X distant x from A, it has been shown that the 
moment at any section X 

= = Negative moment for a freely-supported beam 

+ Positive moment due to the horizontal thrust, 

therefore, the resulting influence diagram of moment will be 
the difference of the influence moment diagram for a simple 
beam and the moment diagram due to the horizontal thrust. 

The horizontal thrust is a maximum when the load is at C7, 
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therefore, the maximum moment at X due to the horizontal 
thrust 



(17) 


where y is the rise of the arch at the section X. The moment 
due to the horizontal thrust at X is H^y where varies 
with the position of the load and t/ is a constant. Thus the 
horizontal thrust moment diagram is found by erecting a 

ly 

central ordinate on the horizontal span to scale = — (Fig. 159), 
and joining to and 

The maximum moment due to a simple beam is when the 
x{Ji “ x) 


load is at X and = 


I 


and must be drawn to the same 


scale as for H^y, 

The resulting unit influence moment diagram for the section 
X is shown shaded in Fig. 159, and it consists of two triangles, 
A^DE negative and C^B^E positive. 


Maximum Moment. With a single concentrated load, the 
maximum negative moment is when the load is at i), and 
the maximum positive moment when the load is at (7. With 
a uniformly-distributed load longer than the span, maximum 
positive and negative moments occur when B^F and A^F are 
covered respectively (Fig. 159 (c) ). 


146. Shear and Thrust Influence Lines. Radial Shear. 

If fla; is the inclination of the tangent to the arch at the point 
X (between A and C), then the shear at X will be the resultant 
force normal to the arch axis at that point. 

With the load between A and JC, 


Fb cos 0a; + sin 6,!. . (18) 

Load between X and J?, 

S^= - Vo cos 0a; + Sin 0, . (19) 


The signs are due to considering the forces to the right and 
left of a section. 

For unit load on the arch, (18) and (19) are as for a simply- 
supported beam with unit load multiplied by cos 0a., together 
with a load Ho sin added. The unit influence shear diagram 
is shown in Fig. 159(d). 
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Diagram A^DB^ is positive, 

„ A^EB^ is negative, 

,, A^C^B^ is positive. 

A/J^B^ is the unit influence shear diagram for jETo sin 6«. 
£^0 is a maximum when the load is at the centre of the arch 
I 

and for unit load = — tons. 

« I sin fl- 

Thus CCs to scale = sm 6- = — - - 

■ 4ye 

and the triangle A^G^B^ is the unit shear diagram for Ho sin®,. 

A^JXKB^ is the unit shear diagram for the section X as for 
a simple beam. 

With the unit load between A and X, the radial shear at X 
(see (d) Fig. 159) is 5^. = + y + Vv 
With the unit load between X and jB, /S* = + ^4 ~ y^- 
With a uniformly-distributed load, the shear (Sg,) will be 
the area of the diagram under the load to scale, due respect 
being paid to signs. 

147. Influence Line for Normal Thmst. The normal 
thrust at a section X, between A and (7, will be the resultant 
force tangential to the axis of the arch at the section. Bg. is the 
direction of the tangent to the arch rib at X. 

For the load between A and X, the thrust at X 

= Tg.== Ho cos 0 * - Fb . sin 0* . . . (20) 

Between X and B 

T. = ifoCOS0a.-f Vo sin0* . . . (21) 

By similar reasoning to that for shear, the following is the 
construction for the unit normal thrust influence line. (See (e) 
Fig. 159.) 

Make BJ)i and -^4X1 equal to (1 sin 0), 

Join D^A^ to meet the vertical through X in 

,, B^E^ ,, ,, ,, in Kj 

At the centre of the span, set up an ordinate €€ 4 ^ 

I cos 0 ^ 

= + and join C 4 to A 4 B 4 

then the shaded portion, A^J^XKiBjO^, is the unit normal 
thrust influence diagram for the section X. 
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To construct the unit radial shear and normal thrust diagrams 
for a section between B and G, use B as the origin and take x 
to the left as positive, and work as given in paragraphs 146 and 
147. Or, by similarity, the diagrams for a section distant 
X from B, will be the “ reflections ’’ of those for a section 
distant x from A. 

148. Suspension Bridges. A Hanginq Cable and Its 
Relation to the Linear Arch. If it is assumed that the 
cable has no resistance to bending, the form of the centre line 
of a hanging chain or cable carrying vertical loads is that of 



the funicular polygon for the loads and end-supporting forces, 
the horizontal pole distance from the load line in the vector 
polygon representing the horizontal tension in the cable. 
In all cases, each vertical load is balanced by the tensions in 
the two segments of the cable meeting in its line of action. 
The horizontal tension which evidently cannot vary through¬ 
out the cable, since no forces having horizontal components 
are applied except at the ends, fixes the precise outline of the 
cable centre line and supplies the remaining condition to fix 
the pole 0, The horizontal distance from the pole to the 
load line represents the horizontal component to scale of all 
the tensions in the various segments. Thus the hanging 
cable is the “ linear arch ’’ itself. 

An arch supports vertical loadvS by material exposed to 
thrust, and for an arch we have seen that the funicular polygon 
represents the line of thrust, or the linear arch. 

In the case of the three-hinged arch, the resultant moment 
is zero at the crown hinge. In this case, the linear arch may 
pass outside the axis of the arch ; while in the case of the 
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flexible cable, the axis of the cable and the line oi resistance 
must coincide. The cable is in stable equilibrium ; the arch 
is in unstable equilibrium. 

149. Let a chain be loaded as in Fig. 160, and let the 
supports be the same height. A and B are the support 
points at the same level. 

At the supports the reactions will be Ti and respectively, 
which can be divided into and F® vertically, H and Hi 
horizontally. 

As all the loading is vertical, then H = Hi and acts in 
opposite directions outwards. 

The horizontal component of the tension in each member 
AG, CD, etc., is also = H, 

Point (7 is in equilibrium under Wi, Ti, and T,, and these 
three forces form the sides of a triangle. 

Point Z) is in equilibrium under IF*, T^, and T^, and these 
forces form the sides of a triangle and similarly for the other 
points. 

The shape of the cable will, therefore, be the funicular poly¬ 
gon which is constructed from the vector diagram by the 
usual methods. 

Taking moments about B, 

F^Z= IFi(i-a) + lF2(Z-a-6) + ... . (22) 


F^ can be found and subsequently F^. 

Let the vertical component of the stress in the 
member from the origin A be T^. 

F,-1F,-TF2 . . . -IFn-i . . . (23) 

Horizontal component of will be H. 


H sec e. 

Let the slope of the member be tan 0, 
then tan 0 = 

rl 

and Tn = H sec 0 . . . 


(24) 

(26) 

(26) 


Let yc be the maximum depth of the cable below the sup¬ 
ports at any point C and at Xc from A then 

Hyc + Wi{x,~ a) + a-6) -f- . . . = (27) 

/ 27 moments of the external loads \ 

\ to the left of C about C ) 


or Hy, + 


V,x, 


(28) 
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150. CSonsider a TTanging Cable on which the Load Carried is 
a Ckmtinnoas One. 

Let this be w per unit length of horizontal span. 


Total load = 


/: 


V ). dx 


Let the slope of the cable at some section X distant x from 

dy 

the left-hand support be ^ 


thenf!- 

dx 




i: 


w 


, dx 


H 


tan 0 


(28a) 


Differentiating, 



dx^^ 


~ sec^ d. For — 
r r 


d^y ♦ 
dx^ 
sec® 0 


0 = angle tangent to the curve makes with the horizontal 
or X axis 

therefore, — sec® 6 = w, 
r 

and H == mr cos® 6 . . . (29) 

T = tor cos® 0 . . . (30) 

At the vertex of the curve where r = r^, 
w = and cos 0=1, 

T = H = . . . . (31) 

151. Hanging Cable and Uniformly-distributed Load. When 
the load is uniformly distributed over the span of the cable, 
as approximately in some suspension bridge cables, and in 
telegraph and trolley wires, which are tightly stretched and 
loaded by their own weight, the form of the curve in which 
the cable hangs is parabolic. 

If the uniform loads are applied at short intervals, then the 
funicular polygon will be circumscribed by the parabola 
corresponding to continuous loading; i.e. the points of 
application of the load will lie on a parabola, which the cable 
would follow under continuous loading. 


* Radius of curvature. See Mathematical textbooks. 
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If tc; is a constant, 
d^y 

we have H ^ from Equation (28a) 

wx^ wlx 

Integrating twice, 2/ = - ^ ^ • • (^2) 

which is the equation to a parabola having the left support as 
origin, and, therefore, the form of the cable will be a parabola. 
y will be positive downwards. 

Let the maximum depth of the cable having supports at 

I 

the same level be y^y and this will be at a; == — . 

= • • • • ( 33 ) 


Note — is the moment as for a simple beam, 

o 

4^0 

and y = (I - x)x . 


and is positive downwards for all values of x. 


The greatest tension in the cable will occur at the support 
points where the slope is a maximum. 



The load carried by a suspension bridge cable, including the 
stiffening truss (paragraph 153), is nearly uniform in intensity 
in reference to a horizontal line ; and so nearly so, that it is 
assumed to be exactly uniform. 

Length and dip of cable or chain having parabolic form.* 

4^0 

y — {I - x)x, where I = horizontal span. 

L = length of chain = Z ^1 -f + . . . ^ 

. ( 37 ) 


Working from the left support as origin. 
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For very flat curves, 

i =£1= i +-§-) . . . (38) 

Ve 

y generally between *2 and *05. 


The approximate greatest length of span* 




2 ^ 


1 + 




(39) 


where p = weight of 1 cu. in. of steel = *2836 lb. 
t = 60,000 Ib./sq. in. for steel wire. 

= 30,000 Ib./sq. in. for nickel steel eyebar cable. 

152. Anchorages. Loads in the anchorage cables and on 
the piers. Assume the side cables in a straight line from the 
tops of the supports to the anchorages. 

(1) Cable over a fixed pulley or roller on the top of the 
support, 

Ti= tension in the anchorage cable, making an angle p 
with the horizontal; 

T == tension in the hanging cable at the support and at 
an angle a to the horizontal. 

In this case, T = 

Horizontal pressure on the tower = Hi 

Hi= T cosa-T cos p . . (40) 

If a = /S, Hi = 0. 

The vertical load will be 

== T sin a + T sin jS . . (41) 

(2) To avoid horizontal pressures on the piers, movable 
saddles over which the cables pass are placed on the top, free 
to move over rollers. 

In this case. Hi = 0, neglecting friction, therefore 

T cos a = Pi cos p . . , (42) 

If a and p are known. Pi can be found. 

_ If g = i3, P = Pi . (43) 

* From Suapenaion Bridges, by Burr (Wiley). 
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Vertical pressure on the tower 

= P, = P sin a + Pj sin /5. , (44) 

lU/ustrcdive Problem 37. 

A cable of span 100 ft. and a maximum dip of 10 ft. carries a uniformly- 
distributed load of i ton per foot of span. Find the maximum and 
minimum tensions in the cable. 

The maximum tensions will be at the support points 
= Tmax \ lihe minimum tension will be the horizontal com¬ 
ponent of all the tensions = H. 


Now H = — (equation 34) 


•5 X 100 X 100 


8 X 10 


= 62*6 tons 


= y (62-5)* + ~ \ 

I\ax = 67-25 tons. ^ 

Find the alteration in these tensions due to a rise in temperature of 30*^ F ' 
if the coefficient of expansion is *000006. 

Now length of cable in a flat parabolic curve is 
8 

I = span : y, = dip ; 

L at normal temperature = 100 + ^ X 

«5 lUl/ 

= 102-7 ft. nearly ; 

L after rise of temperature of 30° F. 

= 102-7(1 + -000006 X 30) 

= 102-718 ft. 


L = l + 


• 3 100 




2-718 X 300 


= 10-1 ft. 


1 X 100* 

H becomes ^ ^ — = 61| tons 

= 66J tons. 
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Illustrative Problem 38. 

A chain having a span of 99 ft. carries a uniformly-distributed load of 

^ tons per foot of span. The left-hand and right-hand support are 4 ft. 
4*6 

and 16 ft. respectively above the lowest point of the centre line of the chain 
Find the tension at the supports and at the lowest point. 


Let the lowest point be a horizontal distance x from A and 
Xi from B. 



Then H 


wx^ 
Fx 4 



therefore 



wx^ 

2306 


= 33 ft. 


= 30-25 tons. 


Let = vertical reaction at A 

~ )) 9 > -S 

33 

F. = — tons = 7-33 tons 
4-5 

= V30-252-f 7-332 = 31-2 tons 
66 

V^ = — = 14-66 tons 
4-5 


= V30-252 -f 14-662 = 33-6 tons 

153. StifEened Suspension Bridges. To make suitable for 
heavy traffic, the suspension bridge requires stiflfening to 
resist changes of shape in the roadway. 

This is done by— 

(1) Carrying the roadway on a girder hinged at the two 
en(^ of the span. 

(2) Carrying the roadway on two girders, each taking 
half the span, hinged together and at the ends of the span. 

(3) Replacing the cable by two stiff suspension girders 
hinged together midway between the piers. These virtually 
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form a three-pinned arch, which is statically determinate. 
The determination of the reactions and stresses is exactly 
analogous to those for the three-hinged ribbed arch. 

154. !^ee-hinged Stiffening Truss.’'' Fig. 162(a). The function 
of the stiffening truss is to distribute to the cable, uniformly 
along a straight line, any load whatever applied to the structure, 
so that the parabolic form of the cable is preserved under all 
conditions of loading. 

Thus the chain keeps its parabolic form, assuming the live 
load is evenly distributed along the whole length of cable. 

Working from the left support of the chain as origin, the dip 
at any section distant x horizontal from the origin is 

y = • • • • (^®) 

General case. t»<, 

S 

S + Wo 

8 +Wo = H (Equation (34)) 

Forces on the stiffening truss ; its weight, the reactions due to 
the moving load, and the upward pulls of the hangers. 

The loads in the hangers produce moments in the 
trusses opposite to those in general caused by the vertical loads 
on the truss. 

Resultant moment at any section of the girder 

= . . . (46) 

Now the whole weight of the girder is taken by the cable, 
and therefore, neither moment nor shear in the girder is due to 
its own dead weight : thus Mg is simply due to the live load 
acting on a simple beam. will be the moment due to 

the evenly-distributed hanger load equivalent to the live load. 
Now let W = live load ; 

and Wg — uniformly-distributed load on the hangers 
due to the live load ; 

W 

.*. Wgl = W and = -j- 


= dead load weight i)er foot-run 
= live 

d^y ^ 

= - // ^2 from Equation (28a) 


lO—(T.5430) 


* Case (2), para. 153. 
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Now the reaction acting downwards at the end hinge of 
the stiffening truss assumed simple will be = ^ 


which is also the reaction acting upwards at the cable support 
due to the live load. 

For the stiffening truss, therefore, the moment at any 
section X distant x from the left-hand hinge is 




wj^x 

“T* 



(47) 


Mg = moment in truss as a simple beam due to live load. 
For the cable, section distant x from the support point 

- ^Wglx -f \WgX^ . - Hy = 0 . . . . (48) 

Neglecting the small hanger loads represented by \WgX^^ 
we get 

M = - M,+ (49) 

lx 

and = Hy ...... (50) 

M = - M,+ Hy .(51) 

For a three-hinged stiffening girder, the moment at the 
centre hinge must be zero : i.e. 

M.= Hy .(52) 

At C (Fig. 162, page 280), = 0. 

Mu = simple moment at C. Then 

M 

Hy, = Mu&ndi H = . . (53) 

He 

165. Single Concentrated Load on the Stiffening Girder. 

(Fig. 162.) Let IT be at a distance nl from E and between 
E and C. Then 



If W between C and F, 


W{l-n)l 
~ 2y, 


(64) 


( 66 ) 
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fl is a maximum when n = 
i.e. when JT is at C and 


H ^ 


Wl 

4.2/c * 


. ( 66 ) 


The shear at any section of the stiffening girders is 

Sa = Positive or negative shear at the section of the 
girder as for a simple beam (iS,*) plus the vertical 
component of the cable tension at the corre¬ 
sponding section of the cable. 

±8,^+ H . . (67) 


where 0* is the inclination of the axis of the cable at the 
section. 




± + 



( 68 ) 


y = ‘^{l-x)x .... (69) 


dx~ Z* 


(Z-2a;) 


(60) 


For any section when the load is between E and C, and at 

dy 

a distance nl from E, using Equation 60 for ^ 


= ± ^«x + 

== zb + 


%6 

2 Wn(l- 2x) 

I 


(61) 


When the load is between C and F, and at a distance i(l - w) 
from E, 


^« = dz 8gj^ + 
= zb 8gfg + 


2ir(l-»)(Z-2a;) 

I 




(62) 


156. Influence Lines of Moment and Shear for any Section 
of the S tiffening Girders. Let unit load cross the girders. 
Then the unit moment influence line for this case is exactly 
the same as for the three-hinged ribbed arch. 
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157. Unit Shear Influence Line (Fig. 162). It has been shown 
that at any section X distant x from E, the resultant shear 

-S’, = ± -S„ + 



The influence shear diagram for the section X will, therefore, 
be a combination of two diagrams— 

(1) The unit negative or positive influence diagram as for 
a simple beam. 
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dy 

(2) The unit positive diagram for if . ^ . 

For the unit load between E and C and distant nl from E, 


dy 2n(l-2x) 
^ 'dx'^ I 


dy . 


if. ^ is thus proportional to n as a; is a constant, being the 

distance of the section X from E. 

dy (I — 2a;) 

if T” is a maximum when the unit load is at (? = —^- 

dx I 


(when w = 0, if = 0.) 
Similarly for the load between C and F, 

dx L 


is proportional to n 


when w = 1, 
1 


i?^ = 0 

dx 


dy 

when n ~ if. is a maximum 
2 dx 


(f-2a;) 


(63) 




The unit positive diagram for will, therefore, be a triangle 

with the span as base and the maximum ordinate at the centre 

(l-2x) 


I 


tons 


To construct the complete unit influence shear line. {See 
Fig. 162(6).) 

First draw the unit shear influence line as for a 

simply-supported beam. 

E^J^ = - 1 ; F,G, = + 1 
Diagram E^O^F^ is positive. 

Diagram E^J^Fy^ is negative 
At the centre C set down 

I — 2x 
CC, = -- 


and join to and F^ : this triangle is of positive area. 

The difference of the two diagrams shown shaded gives the 
influence diagram required for the section X. 
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I 

Note. If X less than — F^Q comes above FiCi. (Fig. 162 (c).) 
I 

If a: = , F^Q and Ffi^ coincide, 

i.e. no shear at X when the load is between C and F. 

If X greater than ~ , F^Q below Ffi^. {See Fig. 162 (6).) 
and the shear wholly negative for load between X and F. 



Curves of maximum shear due to uniformly-distributed load, 
longer than the span, are given in Fig. 163. 

158. MftYimnm Shear. The maximum shear force curves for 
a single rolling load may be deduced from Fig. 162 (6) and (c). 

The maximum shearing force curves for a uniformly- 
distributed load may be easily found, also from the areas in 
the influence diagrams, the loaded lengths for the different 
maximum values being the projections of the areas of like 
sign in Fig. 162 (6). The positive and negative areas are equal 
for any value of a;,* and so the positive and negative curves 

are similar. When x = 0 ^a particular case of a; < in 
Fig. 162, the loaded lengths are ~ for maximum negative and 

o 

21 

~ for maximum positive shear at the origin and both shears 
_ 1 wl ^wl 

~ 2 ^ J “ ¥ 


* See Andrews, Problenu in Higher Stmciures, 
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The student is requested to prove the maximum shears 
given in Fig. 163. 


Illustrative Problem 39.* 

A suspension cable of 100 ft. span and 10 ft. dip is stiffened by a three- 
hinged girder. The dead load is 1 ton per foot run. Determine the maxi¬ 
mum tension in the cable and the maximum bending moment in the girder 
due to a concentrated load of 5 tons crossing the span, assuming that the 
whole of the dead load is carried by the cable without stressing the girder. 
Find the bending moment in the girder at ^ span from either pier when 
the concentrated load is 26 ft. from the left-hand pier. 

Tensions in the cable due to the dead load ; 


Horizontal tension = - 
4 


1002 

^ 8 X 10 


= 31-25 tons. 


The vertical reaction at the support is 


12-5 


tons = 


wl 

“2 


100 

4X2 


Due to the live load of 5 tons on the girder, H is a maximum 
when the load is at the centre of the hinged girder, i.e. at 
60 ft. from the support points. 

Hmaz due to the live load 


5 X 100 
4 X 10 


= 12-5 tons. 


Vertical reaction at the support due to the live load is 2-6 tons. 
Maximum tension in the cable 


= V(12-5)2 + (31-25)* + V(2-5)^ + 12-6* = 46-3 tons. 


Maximum Moment in the Girder Due to the Live Load. 
Draw the unit influence moment line for a section X distance 
X from the left-hand end of the girder. (Fig. 164.) 

y == dip of the cable at the section X 
yc = maximum dip = 10 ft. 

4:y 

y = x(l - x) (equation for the cable) 

( ly , xll-x)\ 

— reduces to —^ I 

I } 


Problem given for solution in Morley’s Theory of Structure*, 



284 


THEORY OF STRUCTURES 


To find the sections at which the largest negative and 
positive moments occur ; the maximum negative moment for 
any section occurs when the load is at X, i.e. nl = x \ and the 

I 

maximum positive moment when 711 = -^ 

Unit negative moment at X (Fig. 164). 

(== - + Hy) 

x(l-x) rx{l-x) 2x'\ (using equation (54) 

=" ~ir~ + [~ir- ^ Tj for H) 

- xl x^ 2xH 2x^ 

- jm* = 1 IT ~'W 

or - MJ,^ = ( - a;Z2 ^2^ _j_ 2xH - 2x^) . . . (64) 


>46 for a 
Simple Beam 





, . xd-x:) ^ 

Note - — reduces to -;— for 

Parytbohc Cable 

Fig. 164 


To find the section having the biggest negative moment 


dx 


= - = 0 


x=-U ± -289? 

= -21IZ or -TSQZ. 


Substituting in (64) the biggest negative moment = •096Zj, 
per unit load. 

The maximum positive moment for any section = Hy - Jl/, 
xil-x) X 2xl-2x^-xl 
_+jf,= — ——g— 

xl-2x^ 


21 


( 66 ) 
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To find the section having the largest positive moment 
d( + M^U) 


dx 


I - 4x = 0 
I 


X ■=■ — 

4 


and also for a; = — by similarity. 

Substituting in (65) the biggest positive moment per unit 
load = ^ 

m \ 



(oO single Load 


oomswi 


0 23 ^ ZS 





OOlBBSwl k- 




02341 


(b) Uniformly Distributed Load w 
Fio. 165 

Maximum negative moment due to the 5-tons load 
= -096 X 500 = - 48 tons-ft., 

for sections 21 •! and 78«9 ft. from the left-hand end of the girder. 
Maximum positive moment 

= = + 31-2 tons-ft., 

Id 

for sections 25 and 75 ft. from the left-hand end of the girder. 

The curves of maximum positive and negative moment for 
any section due to a load W are shown in Fig. 165 (a) and the 
curves for maximum positive and negative moments due to a 
uniformly-distributed load of w tons longer than the span, for 
any section, are given in Fig. 165 (&).♦ 

* These curves of maximum positive, and negative moment (Fig. 166 (a) 
and (6)) also apply to the parabolic three-hinged arch. 
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The student is requested to show that the biggest positive 
and negative moments for the girder which are of the same 
value '01883 wl^, are those for the sections *234/ and *766/ from 
the origin (the left-hand hinge). 

Second Part of the Problem. (Fig. 166.) 

Moment at 10-foot section when 5 tons at 25 ft. from 0 

/ 9 X 75 \ 

= I - ^ -f- 4*6 1 5 = - 15 tons-ft. 

Horixontat Thrust 



Moment at 90-foot section when 5 tons at 25 ft, from 0 
= ^ + 4-6 - ^ X 25^ 5 = + 10 tons-ft. 
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EXAMPLES 

1. A threo-hinged segmental arch of 100-ft. span, rise 30 ft., is loaded 
with a load of 30 tons at a point 20 ft. from the centre of the arch. Draw 
the bending moment diagram for the arch, and And— 

(1) The horizontal thrust in the arch ; 

(2) The resultant thrusts at the abutments ; 

(3) The maximum bending moment and the point at which it occurs. 

(U. of B.) 
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2. The axis of an arch rib is parabolic ; it has three hinges, the span is 
90 ft., and the rise at the centre 16 ft. There is a concentrated load of 
9 tons at a point 30 ft. from the crown of the arch, measured horizontally. 
Find— 

(а) The axial thrust, and the normal shear at the point of application 
of the load. 

(б) The maximum bending moments—positive and negative. (U. of L.) 

3. In a suspension bridge consisting of a cable supported on towers and 

stiffened by girders hinged at the centre, find an expression for the maximum 
bending moment due to a single concentrated load on the bridge at one- 
quarter the span. (l.C.E.) 

4. A three-pinned segmental arch has a span of 150 ft. and a rise of 
30 ft. A load of 10 tons rolls over the arch. Determine— 

(1) the maximum horizontal thrust in the arch ; 

(2) the maximum bending moment at a point 50 ft. from one abutment, 

and the resultant thrust and radial shear in the arch at the abutment when 
this maximum bending moment occurs. (U. of L.) 

5. Explain what you understand by link polygon and ** reciprocal 
figures.** Six equal weights of 1 ton, placed at equal horizontal distances 
of 6 ft. apart in one plane, are supported by a link polygon of seven bars. 
The end bars are inclined at 60® to the vertical. Find by a graphical con¬ 
struction the forces in the bars, and mark the magnitude of the stresses on 
the corresponding bars of your sketch. 

6. A footbridge, 8 ft. wide, has to be supported across a river 75 ft. wide 
by means of two cables of uniform cross-section. The dip of the cables at 
the centre is 9 ft., and the maximum load on the platform is to be taken as 
1401b. per square foot of platform area. The working stress in the cables 
is not to exceed 5 tons per square inch, and the steel from which the cables 
are made weighs 0*28 lb. per cubic inch. Determine a suitable cross- 
sectional area for these cables. 

7. Each chain of a suspension bridge of 120 ft. span has a dip of 12 ft. 

and carries a dead load of 6001b. per horizontal foot run. The chain is 
stiffened by a horizontal three-pinned girder. A uniform travelling load 
longer than the span traverses the girder and is 300 lb. per foot run per chain. 
Determine the maximum positive and negative bending moments in each 
half of the girder, and the positions of the load at which these occur. Find 
also the maximum pull in the chain. (U. of L.) 

8. Question 7 {cont.). Determine the maximum shear forces in each 
half of the girder and the positions of the load at which these occur. 

9. A three-pinned segmental arch has a span of 120 ft. and a rise of 

30 ft. The arch is loaded with 2 tons per horizontal foot run over the whole 
span, and with an additional load of 1 ton 
per foot run over half the span only from 
one abutment. Find the maximum bending 
moment in the arch rib and the horizontal 
thrust. (U. of L.) 

10. A three-pinned parabolic arch has a span 

of 120 ft. and a rise of 40 ft. The loads shown 
in the diagram (Fig. 167) rest on the arch with the load of 15 tons over the 
central pin. Draw the chagram of bending moment for the arch ; determine 
the horizontal thrust and the maximum bending moment. (U. of B.) 

11. Let the loads in Question 10 move over the span. Find— 

The maximum bending moment at a section distant 50 ft. from the 
left-hand support, and the resultant thrust at this section when the 
maximum moment occurs. 


i6" is"' if 

Fig. 167 
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12. A bridge has 6 segmental three-pinned arches 7 ft. apart, the span 
being 150 ft. and the rise 30 ft. The dead load is 200 lb. per square foot, 
and the live load equivalent to 4001b. per square foot. What is the hori¬ 
zontal thrust when the span is half covered by the live load. If the plate 
girder ribs are 4 ft. deep over angles, flange plates 18 in. x 1 in., angles 4 in. 
X i in., web plate J in., calculate approximately the maximum stress in the 
rib. {See Chapter VI for combination of bending and direct stresses.) (I.S.E.) 

13. Taking the same bridge as in Question 7, determine the maximum 
positive and negative bending moments in each half of the girder when two 
loads of 2 tons each, 6 ft. apart, cross the girder. Also find the maximum 
shear forces in each half of the girder. 

14. A suspension bridge has a span of 600 ft. and a dip of 50 ft., and 
carries by means of two cables a total load of 100 tons uniformly distributed 
along the length of the platform. Assuming the hanging rods to be very 
numerous, determine the tension in each cable at the lowest point and at 
the piers. The cables are attached to saddles resting upon rollers on the 
tops of the piers, and the anchor cables make an angle of 30** with the 
vertical. Determine the maximum stress in the anchor cables and the 
total vertical pressure on each of the piers. 

15. A three-hinged arched rib has hinges at the abutments A and B and at 
the crown (7. C and B are respectively 35 ft. and 60 ft. from the vertical 
through A, and respectively 11 ft. and 5 ft. higher than A. 

Construct the influence line for the horizontal thrust H for unit load crossing 
the span. Using this line, determine the magnitude of H produced by a uni¬ 
formly distributed load of 1000 lb. per ft. extending over the whole of the span. 

Note, The reactions at the hinges A and B will consist of the vertical 
reactions and as for a simply supported beam and a thrust Hi in the 
directions A to B and B to A. Show that the horizontal component H of 


Hi — R^ . y for the unit load between G and B where a = 35 ft. in the pro¬ 
blem and / = vertical rise from line AB to hinge C. Similarly H ~ R^ ,y for 
unit load between C and A. Continue problem as for case where abutment 


hinges at the same level. 
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159. Oblique Stresses. Referring to Fig. 168, let a small 
prism of cross-section a sq. in. be under an intensity of tensile 
stress p in the direction of its length. This is normal to the 
section A'B', It is required to find the stress intensity normal 
and tangential to AB, a section at an angle 6 to A'B\ 

Area AB == A'B' sec d = a sec 6. 

P = Total pull on the prism, normal to A 'B' 

Pn = Total pull on the section AB 

Pi = Total shear force on the section AB. 

Pn== P cos 6 


Pn 


Pn 

a sec d 


P cos 6 
a * sec 6 


— p cos^ 6 


( 1 ) 


Pt 


Pi 


P sin 0 


P sin 6 
a * sec 6 ^ 


sin 6 . cos 6 


( 2 ) 


Pt is SL maximum when sin 6 = cos 6, i.e. when d = 45°. 


Then pt = p cos^ d, 
P 


and p^ = pt= - 


(3) 


A A 



■fc-, -n 




6 &' 
Fig. 168 




When Pi is a maximum, 

6 is 45°; that is, the 
maximum shear stress 
occurs on planes inclined 
at an angle of 45° to the plane A'B', the plane for which p is 
a normal. 


Illustrative Problem 40. 

Construct the polar diagram for the stresses on a plane oblique to a direct 
stress p. {See paragraph 169.) 

6 = angle between direction of p and the normal to the 
plane ; 

or = angle between the plane of direct stress p and the other 
plane. 
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Tangential stress = |?< == jp sin 0 . cos 6 
Normal stress — Pn^ P cos^ 0 

As shown in Fig. 169, take the plane as vertical on which 
p is normal. From a centre O, draw radiating lines at angles 
of 15, 30, 45, 60, etc., to 180° tb this vertical; and along 
these hnes to scale mark off the corresponding values of p ^: 


Zero 


Normal Stress 



the vectors p^ are drawn normal to the radiating hnes; join 
up the ends of the vectors required by a smooth curve and the 
required diagrams are obtained, which are given in Fig. 169. 

160. Principal Stresses. If a body is under a complex 
system of stresses, these stresses may be resolved into three 
simple normal tensile or compressive stresses in planes at 
right angles to each other. These simple stresses are called 
Principal Stresses and the planes are called Principal Planes. 
The direction of the principal stresses are called the Axes of 
Stress. 

In many cases, one of the principal stresses is zero or 
negligibly small, and consequently there are only two principal 
stresses to be considered, and these will act in the same plane. 
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161. Example. (Figs. 170, a and b.) 

Let us consider principal planes and stresses when com¬ 
plementary shear stresses are accompanied by a normal stress 
on the plane of one shear stress. (For Complementary Shear 
Stresses, see para. 57, Chapter V.) 

Fig. 170 a shows the forces acting on a rectangular block 
ADEG of unit thickness perpendicular to the plane of the 
paper, and of indefinitely small dimensions parallel to the 



Fig. 170 a 


figure (unless the stresses are uniform). Let a be the inclina¬ 
tion of a principal plane BG to the plane AG which has a 
normal unit stress p and a unit shear stress of q acting on it, 
and let B be the unit stress wholly normal on BG, The face 
AD has only the unit stress q acting tangentially to it. 

Problem, 


To find the principal stresses and planes. 


Consider the equihbrium of the wedge ABG (Fig. 170b). 

Let p and q act on a plane, cutting the plane of the paper 
in AG, and let BG represent similarly one of the planes of 


principal stress. Let the intensity of 
this principal stress be R, 

Then if AB is at right angles to AG, 
we have acting along AB (since for 
every shear stress there is an equal and 
opposite shear stress at right angles) a 
shear stress of intensity q. 

Let the width of the wedge at right 



angles to the plane of the paper be 


unity. 


Fig. 170b 
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Resolving along AB and AC^ 

p . AC + q . AB = R . BC cos a . 

qAC = R . BC sin a . 


From (4), 


AC AB 
BC 


= R cos a 


p cos a + q sin a = jB cos a 
or p q tan a = R 


( 4 ) 

( 5 ) 


( 6 ) 


From (5), 


AC p . 
q . -j^ — R sm a 


q cos a — R sin a 
or g cot a = JB 


( 7 ) 


From (6) and (7), 

q tan a X q cot a = R(R -p) 
or R{R-p) = g* . 
jB* - pR - g2 = 0 
„_P , Vp^+ 4g!i 
^ 2 ^ 2 

=i(i±yi4-^) 

The negative sign of the root corresponds to the second 
principal stress and the plus sign to the maximum principal 
stress R. Bi is at right angles to R, and acts on a plane OH 
at right angles to the plane BC (see Fig. 170a). 

The direction of the plane on which the stress R acts is—• 
From (6), 

R cos a-p cos a = q sin a 

R sin a = g cos a 

^ cos a 

R = q - 

^ sm a 


(8) 


( 9 ) 


From (7). 
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(f - p cos a = g sm a 

^ sin a ^ ^ 


p cos a sin a 
cos^ a - sin^ a 


^ sin 2a 
^ * cos 2a 


Thus tan 2a = — . . . (10) 

P 

The planes of maximum shear are inclined at an angle of 
45° to the principal planes, and the intensity of the maximum 
shear stress is 


V 4 


For the shear stress on a plane at 45° to the principal plane 
of R will be 


l = f Equation (9) 

Similarly, the shear stress on a plane at 45° to the plane of Ri 


The shear stress due to is of the opposite sign of that 
due to ii, 

_ pf. . I\ , pf, L , 


therefore = l{'^ + J ^ - J 


l + % 

P^ 4 


1 + ^, 


Q.E,D. 


In the example taken, ^ is a tensile stress : the same result 
holds for ^ as a compressive stress. 

162. Two Perpendicular Stresses. Case I. Like Farces. 
Let a block of material ABCD (Fig. 171) of unit thickness be 
subjected to Two Pulls, P* and Py at right angles to one 
another, and let py be the stresses per unit area across 
sections normal to these forces. 

Let Pa, be > py. 

Note.— p^. and py are two principal stresses. 

Let EF be any section making an angle d with the direction 
of the force P^.. 



294 


THEORY OF STRUCTURES 


The normal component of P* across EF = P* . sin 6 

Px 

Normal stress on EF due to Pg, = . sin 0 

C F 

= • f'in 0 = 8in2 0 . . . 

Similarly the tangential stress on EF due to P^. 

Pa; cos d C^F 
= —= V. . cos 0 


= sin d . cos d 



Fig. 171 Fig. 172 


Normal component of stress on EF due to Py 
P A'F 

-^•COS0=p,--^ -0080 

= PyCos2 0 • . . . (14) 

Similarly the tangential stress on EF due to Py 

= - sin 6 . cos 0 . . . (15) 

It is negative, since this tangential force is of the opposite 
sign of that due to Pg.. 

The total normal component of the stress on EF 

= Pn == jP* sin^ 0 + Pv cos^ 0 . . . (16) 

The total tangential component of the stress on EF 

^Pt= {px-Pv) Bind .cos6 . . . (17) 

The resultant of these components is 

Pr= y/ Pn + Pt^ _ 

= V (p« sin* 0 + p, cos* 0)* + (Pj. - Pv)* sin* 0 . cos* 0 
= Vpe* sin* 0 + p,* cos* 0 .... (18) 
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If Pf makes an angle a with EF (Fig. 172), 


Vn 

then tan a = — 

Vt 

— ^ + Vv cos^ 0 Px tan^ 0 + Pv 

~~ (Px - Pv) sin 6 . cos 6 (pg. - py) tan 6 
If d is the angle p^ makes with then 
tan a = cot 6 
or cot a = tan d 

If /8 is the angle between p^ and then 


tan P = tan(a - 6) 


tan a - tan 0 
1 + tan a . tan 6 


(19) 


( 20 ) 


Substituting the value of tana from (19) and working out, 


tan/8==:—cot0 . . . (21) 

Px 

Pt = {Px - Pv) sin 0 . cos 0 

= . sin 20 . . . (22) 

and is a maximum when 26 = 90®, 

thus p,„xx = ^^^^ . . (23) 

and acts on the plane making an angle of 46° with pg., 

163. In the Case of Two Unlike Forces and Py, that is, 

say, Px tensile and py compressive, the above results hold 
good with a change in the sign of Py. 

In this case the maximum shear or value of p^ will be 


^ + Py 

Pt max o 


(24) 


If pg.= Py : the maximum p^ is on the plane at 45° to p^ 
and the corresponding Pn^ 0, , . . . (26) 

these results corresponding exactly with the case of pure shear. 

163a. (i) From equation (16), Py=^Px and of the same 
sign, then p„ = Px. 

And from equation (18), pr = Px Pr — Pn — Px- 

Also a == 90° and d = 0°. 

From equation (17), ifp^ = px, then p, = 0. 
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Therefore, if the two principal stresses at a point are of like 
sign and of equal magnitude, then the stress on a third plane 
through the point is of the same intensity and is normal to the 
plane. These stresses are called ‘‘fluid” stresses. If the third 
plane makes an angle 0 with the direction of then the 
normal and resultant stress on the third plane makes the 
angle.0 with the plane (principal) on which acts. If p^, 
is horizontal, then the angle 0 is made with reference to the 
vertical through the point considered. (See (A), Fig. 172a.) 

(ii) Also if py = p^ but of unlike sign. 

Then Pr = Px = Pv magnitude. 


From equation (19) 

jPa, tan^ 0 -px _ tan^ 0-1 

tan a — ^ 2 tan 0 

But tan a = cot <5 = - cot 20 


= - cot (20) 


/. 0 = (- 20) 

Therefore, Pf. will make an angle (~ 20) with the normal to 
its plane, which makes an angle 0 with the direction of px* 

The interpretation of the 
above is as follows— 

If a pair of principal stresses 
at a point be unlike (one ten¬ 
sion and one compression) 
and be of equal intensity, 
then the resultant on any 
plane through the point is of 
the same intensity, and is in¬ 
clined to the normal to the 
direction of Px at an angle 0, 


Pjc 





^ but on the opposite side to 

the resultant obtained in (i) 
I ^ when Px = Py of same sign. 

(See (B), Fig. 172a.) 


Fig. 172a 


164. Example. (Refer to para. 162.) 

Find the plane across which the resultant stress is most inclined to the 
normal, when p* > py but of the same sign. Here the angle a the resultant 
makes with the plane will be a minimum. 

^max = tf> = maximum inclination of the resultant stress 
to the normal. 
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From equation (19), page 295, tan d = cot a 

^ (Pa;-Pv)cose.sinfl 
Pg. sin^ 6 +py cos^ 6 ' ' 

when (5 is a maximum, then tan <5 is a maximum ; so that 
d(tan 5) 

—^— has to be equal to zero. 

Differentiating and simplifying 
(p^ sin^S + py 008 ^ 0 )cos 20 - {p^ - py)cos 0 . sin 0 . sin 20 = 0 
Then cos 29 sin 20 = 0 

j) 

therefore tan 20 = ^ = tan a = cot d^ax = cot cj) 

Now cot (f) == tan ^ ~ <f>^ 






(27) 


a relation between 0 and ^ when the maximum conditions hold. 
Substituting the value of 0 from (27) in (26), 

. ,_ jPx - Vv) cos <!> 

^ ^^(1 - sin <!>) + py{l + sin <^) 

which, on simplifying, gives 


_ 1 + sin ^ 
~ 1 - sin <f> 


(28) 


or sin 6 = .... (29) 

^ Px+ Pv 

From (29), ^ can be found: Substituting in (27), 0 can be 
found, thus giving the plane required. 

The results obtained are used in the theory of retaining walls. 
Equation (29) gives the maximum inclination to the normal, 
and Equation (27) gives the inclination of the plane to the 
direct stress p^. 

Let A = inclination of the normal to the direct stress p*. 
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^ IT 7T d> 

Then 

A = ^ + f . . . . (30) 

Equation (29) leads to a graphical method for finding the 
value of the resultant when sin <f> is known, and also for find¬ 
ing the principal stresses given the angles two resultant 
stresses make with their respective normals. {See Problem 41.) 

165. Ellipse of Stress, (l) Like Stresses. Draw two 
concentric circles as in Pig. 173, whoso radii are respec¬ 



tively equal to p* and p„, (p* and p„ are principal stresses) and 
P»>Pv 

OX = p. OY = p, 

and let EOF be the plane inclined at an angle 6 to OX ; and 
OAB, the normal inclined at (90 - 6) to OX. 

Draw BD and AO perpendicular to OX, AG perpendicular 
to BD, and join OC. 

It can be shown that 

OC = V OD^ -f AQ^ = \/p**sin®6 -f- p^®cos*6 = p, 
and that angle = DOC = /? 
and angle COF = a 
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It follows that (7 is on an ellipse whose major axis is and 
whose minor axis is 2py, because 

OD^ AG^ 

—a H-s- = sin^fl + oos^fl =. 1 

This eUipse is called the Ellipse of Stress. From it can be 
obtained the resultant stress on any plane, for by drawing 
OB at right angles to the given direction and BD parallel FF, 
to meet the ellipse in C, then OC is the resultant stress on 
the required plane in magnitude and direction, and the angle 
COF is the angle between this resultant stress and the given 
plane. 

(2) Unlike Stresses. Let be negative, py positive. 
The construction is similar as before to drawing OAB. From 
A, drop a perpendicular to cut the circle py on the opposite 
side in A\ Drop a perpendicular from JB, and draw A'C' 
perpendicular to it to meet in C\ Join 0C\ Then OC is 
the resultant stress on the plane OF, and O' lies on an ellipse 
which is the Ellipse of Stress, for here tan jS is negative. 

CmoLB OF Stress. {See (a), Fig. 173 a.) In the cases when 
the principal stress intensities and are of equal magnitude, 
the^ ellipse of stress becomes a circle. If they are of the same 
sign, the resultant stress OP on any and every oblique plane 
EF perpendicidar to the figure is normal to that plane and 
equal in magnitude and sign to the stresses px = Py {see 
para. 163a (i)). 

If the stress py is of opposite sign to Px, then the resultant 
stress (OPj) on any oblique plane EF perpendicular to the 
figure is of magnitude px = Py but makes the angle (- 26) with 
the normal to the plane and where 6 is the angle the plane 
makes with the direction of Px- 

The case of unequal principal stresses of the same sign may 
be treated by the circle of stress by writing (when px > Py) 

Px+Py , Px-Py 

Px— 2 ''' 2 

^ y« + Pv p»-Px 

'Py 2 2 


Every unit area of the plane EF is then subject to equal 
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/p JU tp 

like normal stresses _ and to equal and opposite stresses 

^ I 

but of opposite sign to - * ^ — I'®®® 

To find the resultant stress p, in the plane EF it is necessary 



(CL) 


ox = p, = or = p,. 

OP = Pj. making angle Q with 
OY and normal to EF when 

— py and of the same sign. OP^ 

— Pg in magnitude, but makes 
angle (- 26) with normal to plane 
EF when pg = -Pv 


S 



Let OP = — Case (o) 

A 

OPi = Case (6) 

where pg > Py but of the same sign. 
From P draw PP^' equal and paral¬ 
lel to OFj, then OP^' is the resultant 
stress Pr on EF in magnitude and 
direction. PP^ makes the angle 26 
with OF. Produce OP to Fj. 

The bisector of OPP/ is parallel 
to OF and the bisector of P^PP^ 
is parallel to OX 


Fio. 173a 


to find the resultant of the two stresses ^ — and 

which can be geometrically added together. 

Referring to (6), Fig. 173 a, 0P{ = in magnitude and 
direction. 
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If Pi'P is produced to out OF in iS and PPi produced to 
cut OX in Q, it can be shown that 

OP = SP = PQ = 

and therefore SQ is the diameter of a semicircle having P as 
centre. 

Also, SP^' = Pfc and P^Q = py. 

Now as the plane EOF moves through all angles, the point 



P will describe a circle with centre 0 and radius 


Px+Vv 

2 


and 


Pr 


will describe a circle about P with a radius 


Px-Vv 
2 ’ 


OP 


and PPj' keeping equally inclined to the vertical OY but on 
opposite sides of it. The locus of the point P^ is an ellipse 
wWch is the ellipse of stress for the point 0, within the body or 
material at the point 0. 

When 0 = 0°, Pr = Pv- when d = 90°, Pr = Px» 

The maximum value of <5 = the angle the resultant makes 
with the normal to the plane EOF, will be when p^ is tangential 
to the circle traced out by the point about P. {See Pig. 
173 b.) 


PPi' = 


Px-Pv, 


OP== 


Px+Py 


2 
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OPi — Pr making the angle d = (f> with the normal to the 
plane. OP^ is tangential to the circle of radius 
From the right-angled triangle OP^P, 

= sin . Equation (29) 

OP ^ Px+Pv 

Pa: 1 + sin <!> py 1 - sin 

or ; ’j~ or — "I j I j 

Py l-sin<f> Px 1 + sin 0 

Also 2 A = ^ + 0 

or A = ^ ^ . . . . Equation (30) 

also 26 = 7t -^ 

/. 0 = ^ ^ . . . Equation (27) 

Conjugate Stresses. {See Fig. 173c.) 

Take an elementary prism represented by the face ABGD, 
of unit thickness normal to the plane ABCD. Let this be acted 
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upon by the equal and opposite stresses p^ on the faces AB, 
CD and the equal and opposite stresses p^ on the faces AC, BD. 
The direction of pr is parallel to the faces AC^ BD and that of 
p/ parallel to the faces AB and CD. That is, the stresses p^ 
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and p/ all make the same angle, d with the normal to their 
planes. The prism will be in equilibrium under the system of 
forces, and the stresses Pr and p/ are known as conjugate 
stresses. Principal stresses as considered are a particular case 
of conjugate stresses. 

Problem. 

Let there be within a mass of material at a point O a pair of conjugate 
stresses and p/ acting on their respective planes. Let the angle 6 be their 
obliquity with respect to the normals to their planes. Find the ratio of 
and p/. Assume they are of the same sign. 

Refer to Pig. 173 d, draw any line ON ; draw OP^ making 
an angle 6 with ON ; make OP^ = Pr and OQ on OP^ = p^!. 



From M the middle point of QP^ erect the perpendicular 
MP to cut ON in P. Draw QP, PP^ and the semicircular arc 
HQP^N. 

OP represents and PP^, 

where p^ and py are the principal stresses of the system. 

It can be shown that 

Pr + Pr' _ Px +Pv 
2 cos d 2 


0P = 


and 


l(Pr+Pr'y 
\Px-\-Pv} {Pr+PrY 


(30a) 


OAfOPi = cos <5 and cos 2A = (2p^ cos <S -Px’“Pv)IPx ^Pv 
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When the resultant makes the maximum angle d = (f> with the 
normal 


^ 9 I'x-jt'v j 

then — = -z -:—r or-;— = sin <b 

Py 1 - sin Px+Pv 


(306) 


From equations (30a) and (306) it can be shown that 


Pr-Pr ^ , 
Pr+Pr' ^ 


J 


COS^i - cos^^ 
cos^^ 


Pr COS d ±: V cos2<5 - cos2<^ 
Xl6H ■' / . ■' ' — 

Pr COS <5 ^ V cos^i - cos*^ 
also OPi = OA sec d = Pr • 

An interpretation of this equation is 
the chapter on Retaining Walls. 


. (30c) 

. (30d) 
given in para. 172a in 


Illustrative Problem 41. 

At a point in a material subjected to two direct stresses on plemes at right 
angles, the resultant stress on a plane A is 4 tons per square inch, inclined 
at 30^ to the normal and on a plane B is 1 ton per square inch, inclined 
at 45^ to the normal. Find the principal stresses, and show the position of 
the two planes A and B relative to the two principal stresses. 

Let the stresses be of the same kind. Referring to Fig. 174. 
Draw AB = 1 ton/sq. in. at an angle of 45® to the line AD, 
Draw AC = 4 ton/sq. in. at an angle of 30® to the line AD, 

Construct a circle to pass through B and (7, and to have its 
centre 0 on the line AD, 


^ ^ sum of the principal stresses 

Then AO =- — ^ ^ - 


R 


max 


+ Pmin 
2 


, difference of the principal stresses 

and OB ^ OC ^ - - - 

^max ~~ ^min 
2 


Scaling off from the figure, 

P^max “f" Pm% n 


R. 


■ ^min 


= 2-72 


== 2-13 


from which R^ax = per sq. in. 

„ Rmin = *59 ton per sq. in. 
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Let AF be the tangent to the circle of radius 


Ffnax -^mtn 


Then AF is incUned to AO at an angle which is the plane 
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constructing the ellipse of stress. From the origin of the two 
axes, find where forces of 1 ton/sq. in. and 4 tons/sq. in. cut 
the elhpse; then the direction of the normal to the plane 
has been established, the plane being at right angles to the 
normal. {See Fig. 174.) Or the directions of the planes 
with reference to the principal maximum stress may be found 
by solving the necessary equations. 

Using the Equation (17), 

Pt = {Umax - Umin) sin 6 . COS 0 = p, sin <f> 

Pf and the principal stresses are known, as well as <f >; there¬ 
fore 0 can be found. 

From which the plane of the 

1 ton resultant is at 9*5° or (90- 9*5°) = 80-5° to the maximum 
principal plane 

and of the 4 ton resultant at 35° to the max. principal plane. 

From the graphical method (Fig. 174), 
the angles are 80*5 and 34° respectively. 
166. Example. 



On two mutually perpendicular planes, normal 
stresses—one of intensity p and one of intensity 
Pi—act, in addition to two equal shear stresses of 
intensity q. Find the direction of the principal 
planes and the intensity of the principal (normal) 
stresses upon them. 

As before, let AB and AC be the two 
planes at right angles. Let BC be a 
principal plane and R the maximum 
principal stress. Let the wedge ABC be 
of unit thickness. (See Fig. 175.) 

Let BC be at an angle a to AC, 

Let p and p^ be two compressive stresses and q the intensity 
of the shear stresses. 

Resolving along AB and AC, 


From 


From (B), 


p . AC + q . AB = R . BC cos a . 

Pi. AB + q . AC = R . BC sin a . 

AC ^ AB ^ 

(A), p.^ + q.-j^ = R aa&a 

cos a + y . sin a = /? cos a 
AB . ^ 

BC' 

Pi siu a + j cos a = i2 sin a . 


P 


’’■50 + 


R sin ( 


(A) 

(B) 


(31) 


( 32 ) 
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From (31), q sin a = (R-p) cos a 
q tan a = R-p . 

From (32), q cos a == (i?- 2 ?i)sina 
q cot a = R-pi . 

From (33) and (34), 

q tan a -\- p = q cot a pi 

q (tan a - cot a) = jPi - p^ 
or q (cot a - tan a) = 

2q 

2q 

tan 2a =- . 


P-Pi 

Solving Equation (35) for a will give the direction of the 
two principal planes, as 2a will have two values differing by 
180°, and which will consequently give the inclination to AC 
of the two principal planes which are mutually perpendicular. 
From (33) and (34), 

(R - p)(R -Pi) = ? tan a . q cot a 
{B-p){R-p^) = q^ .... (36) 

R^- R{p+Pi)- (q^- ppi) = 0 

r,P+Pi , Kp-Pif , 


Therefore R. 


P+Pi 




and it is of the same sign as p and p^. 

- 7 ^^ 247 * . . . ( 39 ) 

and is of the opposite sign to p and pi, if q^ > pp^. 

These results are used in the analysis of the stresses in a 
dam given in Chapter XIII. 

The planes of maximum shear stress are inclined at angles 

77 

of — to the principal planes found, and the maximum shear 
stress is 


9max 


^max “ 




{p-Pi? 


(40) 
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Note. If p is of the opposite to sign p^, the modifications 
necessary are easily made by a substitution of the necessary 
signs in the preceding formula. 

K Pt= 0, _ 

and g^ax =y 4 +9^ 


both of which agree with the results obtained in Equations 
(9) and (11). 

167. Having found the principal planes and stresses, and 
their directions, the ellipse of stress can be drawn, from which 
can be found the resultant stress on any 
plane. The maximum principal plane 
win be drawn at an angle a to the 
vertical; this fixes the axis YY of 
principal stress. The axis XX of 
principal stress for which = Rmax 
measured is at right angles YY ; thus 
the position of the eUipse of stress 
will be fixed in space. Obviously the 
minimum principal plane makes an 
angle of (90° + a) with the vertical. 

Illustrative Problem 42. 



At a point in a structural member there are two tensile stresses of 5 and 
3 tons per square inch on two planes at right angles to each other, accom> 
panied by a shecu* stress of 2 tons per square inch. Find the direction and 
magnitude of the principal stresses. (Fig. 176.) 


Let a = angle the maximum principal plane makes with the 
5-ton stress. 

2x2 

tan 2 a = —z—- == 2 (/See Equation (35)) 

0—0 

2a = 63° 26' or 180 + 63° 26' 
a = 31° . 43' and = (90° + 31° 43') = 121°43'. 

The maximum principal plane is at an angle of 31°43' with 
the 5-ton stress plane and the minimum principal plane is at 
an angle of (ax) 121 °43' with the 5-ton stress plane working 
from the vertical. 
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i? = J(5 + 3) + (2)* (/See Equation (37)) 

= 4 ± V5 

= 6*236 or 1*764 tons/sq. in. 

^max = 6*236 tons/sq. in. (tension). 

= 1-764 „ (tension). 
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EXAMPLES 

1. Define principal planes and principal axes. If a specimen (cross- 
sectioned area, A sq. in.) carries a tensile load of P tons, show that a maxi- 

p 

mum shear stress of ^ tons per square inch exists on a plane at 45^ in the 
direction of the load. (XJ. of B.) 

2. Define principal stresses and principal planes. At a point in a speci¬ 

men there is a normal tensile stress of 5 tons per square inch on a certain 
plane, accompanied by a shear stress of 2 tons per square inch. Find the 
maximum principal stress and the angle the direction of this makes with 
the direction of the 5-ton tensile stress, (U. of B.) 

3. In a bar subjected to pure tension, show graphically (e.g. “polar” 

diagrams) the magnitude of the normal and shear stresses on any plane 
inclined at an angle d to a cross-section at right angles to the axis of pull, 
when 6 varies from 0 to 2t:. A bar, 1 in. diameter, is loaded with 6 tons. 
Determine the normal and shear stress in a plane inclined at 60^ to the axis 
of the bar. (U. of B.) 

•'' 4. The normal tensile stresses on two planes at right angles in a solid are 
3 tons and 2 tons per square inch respectively, and the shear stress is 1 ton per 
square inch. Determine the principal stresses in direction and magnitude. 

(U. of B.) 

5. Show that the two principal stresses at a point in a member are equal 

to half the sum of the normal stresses on any two planes at right angles 
through the point plus or minus the maximum intensity of shearing stress 
at that point. (I.C.E.) 

6. A boiler is 6 ft. 6 in. diameter, } in. thick, and is subjected to an 

internal pressure of 1501b. per square inch, the ends being unstayed. Find 
the intensities of longitudinal and circumferential stress in the material, 
and of the normal and shearing stresses on a plane at 45* to the length of 
the cylinder. (I.C.E.) 

7. At a point in a piece of steel there is a shear stress of 1 ton per square 
inch, and tensile stresses of 3 tons per square inch and 2 tons per square 

zx—(T.S 430 ) 
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inch respectively acting on planes at right angles. Determine graphically, 
or otherwise, the maximum principal stress, its direction, and the maximum 
shear stress. Draw the ellipse of stress. (U. of B.) 

8. Prove that the sum of the normal components of the stresses at a 
point in a member on any two planes at right angles is a constant quantity 
for that point. 

9. A system of loads is applied to a body and produces principal stresses 

at a certain point as follows: Tensile stress of 4 tons per square inch, act¬ 
ing on a horizontal section ; compressive stress of 3 tons per square inch, 
actmg on a vertical section. The system of loads is removed, and a second 
system is applied which produces at the same point principal stresses as 
follows : Tensile stress of 3 tons per square inch, acting on a section at 30^ 
to the horizontal ; compressive stress of 4 tons per square inch, acting on a 
section at 120** to the horizontal. All these sections may be taken at 90** 
to the plane of the paper. Find the principal stresses and the sections on 
which they act (showing them clearly in a diagram) when both systems of 
loads are applied simultaneously. (U. of L.) 

10. At a point in a material under stress, the intensity of the resultant 
stress on a certain plane is 3 tons per square inch (tensile) inclined at an 
angle of 30^ to the normal. The stress on a plane at right angles to this 
has a normal tensile component of intensity of 2 tons per square inch. 
Find (a) the resultant stress on the second plane; (6) the principal planes 
and stresses. 



CHAPTER Xlll 


Retaining Walls and Gravity Dams 

168 . A Retaining Wall is one for sustaining the pressure of 
earth, or other filling or backing which possesses some fric¬ 
tional stability. The backing may be level with the top of the 
wall, or it may be sloped upwards from the wall when the 
backing is higher than the wall; in this case the wall is 
positively surcharged. 

If the earth surface slopes downwards from the top of the 
waU, then the surcharge is a negative one. The pressure of the 
supported material wiU depend upon the material, the method 
of placing, moisture content, and other factors. It will be 
assumed that the materials are semi-fiuids, possessing no 
cohesion, of indefinite extent, the particles being held in place 
by friction on each other. Loose earth will remain in equili¬ 
brium with its faces at slopes whose inclinations are less than 
an angle which is called the angle of repose, or more properly 
the angle of irUemal friction. The coefficient of friction will be 
p = tan <f>. Now, if a homogeneous, unlimited granular mass 
is in equilibrium, and if p^, and py are the two principal stresses 
at a point within the mass of the material, then the greatest 
angle which the resultant on a plane at the same point can 
make with the normal to the plane is (f), the angle of repose. 
The greatest ratio between p* and py will be 

Py 1 - sin <l> 
p* 1 + sin ^ 

To determine fully the pressure of the filling on a retaining 
wall it is necessary that the resultant pressure be known (a) 
in magnitude, (6) in line of action, and (c) in point of applica¬ 
tion. Theories for the design of retaining walls come into two 
classes— 

(1) The Theory of Conjugate Pressures, due to Rankine, and 
known as Rankine^s Theory ; and 

(2) The Theory of the Maximum Wedge, commonly known 
as Coulomb's Theory. 

Rankine’s theory completely determines the thrust in magni¬ 
tude, direction and point of application. In Coulomb’s theory, 

811 
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the magnitude of the thrust is ascertained, but the direction of 
it and its point of application must be assumed, thus leading 
to numerous solutions of more or less merit. Experimental 
work has been carried out within recent years, notably in 
Great Britain, by Professor Jenkin. The results of this work 
must be referred to in technical publications. The solution 
of the thrust of the filling for the simplest cases of retaining 
walls only are given in this chapter. For the graphical 
solutions using the ellipse of stress and the earth pressure 
triangle (wedge theory)^ reference should be made to more 
advanced works. (See list of references at the end of this 
chapter.) 

169. Ibeory of Rankine. In this theory the filling is assumed 
to consist of an incompressible, homogeneous, granular mass, 
not possessing the property of cohesion or resistance to shear, 
the particles being held in position by friction on each other. 
The mass is of indefinite extent, having a plane surface, resting 
on a homogeneous foundation and being subjected to its own 
weight. These assumptions lead to the ellipse of stress and the 
development and use of formulae already found in the previous 
chapter. If a wall is vertical, then the pressure or thrust of 
the earth on the wall will be parallel to the top surface. The 
pressure on other than vertical walls can be determined from 
the construction of the particular ellipse of stress, although this 
method gives indeterminate values for some walls when they 
lean towards the filling. The earth face (i.e. the face of the 
wall in contact with the filling) of the wall is looked upon as a 
plane passing through points within the filling itself. The work 
given will determine the pressure actively exerted by the filling 
upon the wall which is less than the passive resistance which 
may be developed by pushing the wall against the earth.* 

Conditions at the moment of failure when the retaining 
wall begins to slide. The space between the back of the wall 
and the earth filling as soon as the wall begins to slide is 
presumably filled up by a vertical fall of earth, which exerts 
a tangential effect /^P, where [x is the coefficient of friction 
for the earth and wall, and P is the earth pressure normal to 
the wall. In Bankine’s theory yP is not considered, and the 
retaining wall is made thus automatically a little more stable 
than is required. 


* See Ketohum, Walls, Bins and Chrain EUvators (MoGraw-Hill). 
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Surface of the Earth Backing Horizontal with the 
Top of the Wall, Back of Wall Vertical. In Fig. 177, 
take a column of earth height h and having unit area. Neglect¬ 
ing friction on the sides of the column, and assuming the filling 
is subjected to its own weight, the pressure per unit horizontal 
area at depth h will be wji where == weight of 1 cu. ft. of 
earth. This pressure will be the maximum principal pressure, 
and consequently on a vertical 
surface, which will be a principal 
plane, there will be a minimum 
principal horizontal pressure. The 
problem is to find the intensity of 
this horizontal stress. 

Consider any plane intermediate 
between the two principal planes, 
then the condition that sliding 
shall just not take place is that a 
resultant pressure 'p^ on this plane shall just not make an angle 
with the normal = ^ = angle of friction. 

Pv is the maximum principal stress or pressure on a small 
cube of earth; is then the minimum principal stress at right 
angles to p^. 

Now sliding will take place along some intermediate plane, 
on which the resulting stress is at an angle <f> (the angle of 
repose) with the normal to that plane. 

Equation (28), Chapter XII, shows that the relation between 
two principal stresses p^ and p* for this condition is 

1 -f- sin 6 , 

1 - sin ^ ^ 

Now Pv > Ph, so that changing over and substituting v for 
X and h for y, 

1 -j- sin 
1 - sin^ 

, , /1 - sin (i\ 

tndy,- . . . ( 1 ) 

or Pft = w^. tan* ^45“ - . . . (2) 

This is the horizontal intensity of pressure due to the earth 
on the back of the wall at a depth of h ft. 


Earth LeveJ 




-p^^weh 


I 
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The total horizontal force on a wall of height h per unit 
length or run of wall is because is proportional to the depth 
of a point, 



and it acts at a depth of f A from the top of the wall. 

170. Graphical Method of Finding (Fig. 178.) 0 is the 
centre of the semicircle GDBOC. Produce BOG to some point 



Ay from which the tangent AD to the semicircle makes an 
angle <f> with AGB. 

Now AB will represent p„ = wji and AG will represent 

- /I - sin ^\* , , ^ „ 

p„ = wji ( ^ _j_ j same scale p„ = AB. 


Proof. 


OD OD 

OA~ AB-OD~^^'^ 


then OD = AB sin ^ - OD sin ^ 
0D{1 + sin ^) == AB sin <f) 

sin <f) 


OD = AB. 


1 + sin ^ 


= AB- 


AG = AB- 20D 
2AB sin ^ .i e> / ^ ~ 

1 H- sin ^ ~ \ 1 + sin ^ / 


• OA = ; OD = 

AB = OA -f OD — 

AC = OA - OD = Pf^ 
See Chap. XU. 
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If AB represents wji, 

171. Sloping Back of Wall and Horizontal Earth Surface (Fig. 
179). Let Q be the slope of the back wall face with the vertical, 
the wall sloping away from the filling. Then 
the intensity of pressure across the face at a Earth Level 
depth h is given by | \ ^ 

p, = Vp,%iin^ + p„*cos^ I 

(Eqn. 18, C3iap. XII) h 

where p, > Pv I | \ 

Therefore, in this case of the retaining wall, j I \ !4 

, , (l-sin^) jLL_._\-t_ 

where wji . ^ ^ = p» = p, Fio. 178 


Fio. 178 


and Pa — wjh — p, 

p, = Vp,%in*fl -f Pj*co8®6 


= wJijJ bSd^B + cos*0 . tan*^46‘’ - . ( 

Total Pf per foot-run of wall 

= P^= \wji X ~~Q XjJsin^O + cos^e tan^^45® - ^ 


Pf toxi^d + tan^^45 - , (6) 

and it acts at a point on the back of the wall at a depth of 
two-thirds the height of the wall. 

The angle ^ at which it will act with the direction of the 
maximum principal stress is given by 

tan p = . cot 0 (Eqn. 21, Chap. XII) 

■^max 

where Rmin ^nd Rmax the two principal stresses equal to 
V ,and p. 
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172. Graphical Method of Finding Pr (of para. 171) (Pig. 180). 
Pa and will be found either by calculation or p* hy the 
graphical method given in paragraph 170. 

Now Pa and p^ are principal stresses 

Pv > Ph 

To find the resultant force p^ acting on a plane making an 
angle 6 with the direction of the maximum principal stress. 



Referring to Fig. 180, OY and OX are the directions of the 
maximum and minimum principal stresses respectively. Draw 

Pv “h Ph 

=--— scale and making an angle 0 with OXy i.e. 

Oa is normal to the plane. 

From a, draw ab == — — to scale and making an angle 20 

with Oa. 

Join b to 0, when Ob will represent p^. 


RETAINING WALLS AND GRAVITY DAMS 317 


Proof. (06)® = (Oa)® + (®6)® - 2 .Oa . ab . cos 26 

_ (Pv + PhY , (Pv-Ph? _ , , _L „ 9f) 

4 4 \\Pv ~f~ JPh)\Vv Ph) 20 


= (1 - cos 20) + ^ (1 + cos 20) 

cos 20 = 2 cos®0 -1 = 1-2 sm®0 


(06)® = 2 ),® sin® 0 + Ph^ cos* ® = Pr* 

If 0 = zero, 

„ _ + Ph \ f Pv - Ph \ _ „ 

P*- \ 2 / V 2 j 

If 0 could be equal to 90°, 

fPv + Ph\ , fP„ - Ph\ „ 

Pr= [—Y-) + [—^)=P^ 

172a. Vertical Earth Face. Retaining Wall with Positive 
Surcharge d. In Fig. 181a take a smaD parallelopipedon of 
earth at a point at a depth h below the surface. It is held in 
equilibrium by the forces, vertical, z normal, and p/ whose 
direction is not yet known. The stresses on every part or any 
imaginary plane in a granular mass will be parallel. The 
stresses on a vertical plane will be parallel to the plane of sur¬ 
charge where the surcharge is positive. The unit pressure 

Pr == — -i = wh cos (5 is uniform over the surface inclined at the 
sec 6 

positive angle d to the horizontal, and it is vertical in direction. 
Pr acts on a vertical plane, and will therefore have the direc¬ 
tion of the inclined plane on which pr acts. Therefore p^ and 
p/ are conjugate stresses. The resultant pressure P/ on the 
back of the wall per foot-run will therefore be parallel to the 
plane of surcharge. 

Note. The resultant pressure on a wall not vertical will 
not be parallel to the top surface. 

To find the intensity of p/. It was shown in para. 165, 
Chapter XII, that 

Pr _ cos (5 ± a/cos^S - COS^0 
Pr COS ^ VCOS^i - COB^<f> 

where, in this case, is the angle of repose of the filling. 
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Equation (8) represents both the active and passive thrust 
at the point, the two stresses being equal in amount but 
opposite in direction. 

Since is less than for active forces, equilibrium of the 
wall will tahe place with the upper signs. Reversing the frac¬ 
tions, solving for and putting 


we obtain 


p^ = wji cos d 


p/ == wji . cos . d . 


cos d - Vcos^d - 


(8a) 


cos d + VGos^d - cos^^ 

Therefore for a wall of height h, as p/ is proportional to the 



depth of a point, then per foot-run of wall, the resultant thrust 
will be 

o cos d- V cos^^ - COS^ci 

p ' = —. cos o .- --- - 

2 cos d + V cos2(5 - cos20 


If <5 = 0 




2 


p' _ 

“ 2 • 1 -f- sin <f> 


. COS (f> 

1 - sin ^ 


See para. 169. 


Inclined Retaining Wall. The earth face leans away from 
the filling which is positively surcharged to the angle d. 
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The ellipse of stress can be used to determine the resultant 
pressure on such an inclined retaining wall. This solution deter¬ 
mines the amount and direction of the resultant. For the 
method and proof, recourse should be made to more advanced 
works on retaining walls.* The same results may be obtained 
directly from the discussion of the pressure on vertical walls. 

AB represents the earth face of the wall inclined at an angle 
6 to the vertical. In Fig. 181 b, let P/ == pressure on a vertical 
wall BC per foot-run as given by equation (8a). P^! acts 



parallel to the top slope and at a point JS(7/3 above JB. Let 
W represent the weight of the triangle of earth ABC and of 
unit thickness which acts through the centroid of the triangle. 
It intersects P/ at the point D on the face of the wall AB. 
Then P, the resultant of P/ and W, will be the resultant pres¬ 
sure per foot-run of waU at D, The angle it makes with the 
normal to the wall, and with the horizontal, can easily be found 
from the force polygon constructed. The algebraic equation for 
P is complicated, but is given in textbooks on retaining walls. 

173. Wedge Theories. In these theories, it is assumed there 
is a wedge of the filling, having the earth face of the waU as 
one side, and a plane called the plane of rupture as the other 
side, which exerts a maximum thrust on the wall. The plane 
of rupture lies between the earth face of the wall and a line, 


e.g. Walls, Bins and Grain Elevators, Ketohum. 
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drawn from the bottom of the wall, making the angle of repose 
of the filling with the horizontal. The theories do not determine 
the direction of the thrust or its point of application. There 
are many assumptions as to the direction of the thrust, but 
its point of application is generally assumed to be one-third up 
from the base, when the filing starts from the top of the wall. 

In Fig. 181c, let AB be the back of the wall making an 
angle p with the horizontal: let the fiUing be positively sur¬ 
charged to the angle d, which cannot be greater than <f>, the 


I 



angle of repose of the filling. Let AF be a trace of the plane 
of rupture, which will lie between AB and the line of repose 
AO, of the earth drawn from the base of the wall. It is assumed 
that the triangular prism of earth above AF will produce the 
maximum pressure and that in turn the prism will be supported 
by the reaction of the waU and the earth. When the prism is 
just on the point of moving, P/f the thrust of the earth on 
the wall, will make an angle P with the normal to the earth 
face. It can be shown* that, per foot-run of wall, 

= -smMp-«- 


8in*p. sin (p -f- /S) 




sin(/S + <j >). sin(<^ ~ d) 
sin(p -f P ). sin(/o 


-8)J 


(9) 


* See Ketchum, WaUe, Bine and Grain EUvatora (McGraw-Hill). 
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where <f> = angle of repose of the earth and h = height of the 
wall. P/ is assumed to act at a height A/3 above the base of 
the wall. 

The value of Pr will therefore depend upon the angle /?, 
and various experimenters have given various values to this 
angle. One assumption is that p = <l>, another that p = ^/2, 
and that p is equal to the angle of friction of the filling on the 
back of the wall. 

Using equation (9), P/ can be calculated from the various 
values of A, />, <J, /S, and or the formula may be simplified 
for known conditions. 

e.g. if p = 90°, d = O, and = 0, 

th<,nP/_!^“tan>(45-|) 

_ ^ I-sin <f> 

” 2 • 1 + sin • • • ' ^ 

and acts normal to the wall. If p = 90°, d = 0, P = (f> 


then P/ = 


cos <l> 

2 (1 + ‘\/2 sin (f))^ 


. ( 11 ) 


and makes the angle <f> with the normal to the wall. 

If the wall is vertical and the surcharge and p are zero, it can be 

6 

shown that the plane of rupture makes the angle 45 - - with 


the vertical, i.e. it bisects the angle between the back of the 
wall and the line of repose. If the wall is vertical and the 
positive surcharge is 5 = <^, the plane of rupture coincides with 
the plane of repose. 

174. Resistanceof Masonry Retaining Walls.* Distribution 
OF Normal Stresses on a Horizontal Section. Take unit 
length of wall. (Fig. 182.) 

Let B = resultant of the earth pressure and the weight 
of the wall on the rectangular area AB x 1. 
Its point of action on AB is at D, which is distant x from C, 
the centre point of AB, It can be resolved into F, vertical, 
and H, horizontal. H will cause shear. 

V can be replaced by a couple Vx and a force V acting 
at the point C, The normal stresses at points on AB will there¬ 
fore be the algebraic sum of a bending stress and a direct stress. 


* Only masonry walls are considered in this book. The student is referred 
to textb^ks on Concrete for the design of reinforced concrete walls. 
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If x > -, becomes a tensile force. 

Mortar joints cannot resist a tensile stress, so the limit of 

AB 

the point of action (D) of the reaction is—g-. 

If jB falls within the middle third (i.e. when x < d/ 6 ), no 
tensile stresses are possible; but the wall is heavy in material. 
Let R fall outside the middle third at a distance from 
d 

A = y, such that y < 3 

then a tensile stress will be developed at jB ; as the mortar 
is assumed to take no tension, then a crack will be developed 
until the tensile stresses disappear. This will occur at some 
point JB', where 

AB' = di, ^ and AD = ^ 


The effective width of the base is now ; and for no stress 
at y must be equal to ~. 

o 

Thus from A to B', compressive stress ; and from JB' to 
By no stress. 


B*B = length of crack, 


The maximum stress at A^ will now be - 7 - : and if 

this compressive stress is within the safe limits of the 
material, the wall will be safe, unless water gets into the 
crack at JB, when it will exert an upward pressure on the wall, 
thus throwing R further towards Ay and increasing the com¬ 
pressive stress at A until such a time when the material fails. 

175. To Find the Line ot Thrust lor a Wall. Take a number of 
horizontal sections within the wall; to ascertain the point 
of action of the reaction, find the resultant of the weight of 
the material above the wall (acting through the centroid of 
this piece of the waU), and the total earth pressure above the 
section acting at a depth of two>thirds the height of the wall 
above the section. By the parallelogram of forces, the 
resultant can be obtained in magnitude and direction ; and 
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the point where its line of action cuts the section gives the 
point D required. Join up all the points D for different sections 
and the line of thrust is found. 

Note, In working out the loads, it will be found con¬ 
venient to work in cubic feet of wall, and equivalent cubic 
feet of wall for the earth per unit length of wall. The total 
earth pressure divided by the weight of a cubic foot of wall 
will give the equivalent cubic feet of wall. To 
convert into force units of lbs. or tons, multiply 
the force in cubic feet of wall by the weight of 
1 cu. ft. of wall. 

For the method of working, see the example 
for a dam given in paragraph 185, and Figs. 184 
and 185. 

I 176. Foundations. (Fig. 183). When the 

^ ground is sufl&ciently firm to support a structure 

Fio. 183 without any reinforcing, such as piles, the 

average safe or normal bearing pressure 
total weight borne 
area of the foundation 

^ ^ _ _ total weight borne 

or area of foundation = —=- g - - - 

safe unit-bearing pressure 


rj! 

tii« 


it 


At the front edge of a foundation, let the normal bearing 
pressure be p, assumed uniform. In order to resist any squeezing 
out of the earth, there must be a horizontal pressure pi to 
resist this. This in its turn is supported by a virtual pressure 
Po at the outside of the base, and po must be equal to wji^ 
where is the depth of the footing. 



If p = average unit-bearing pressure, 

W f l - sin^ V 

^ w^A \1 + sin^p/ 


( 16 ) 



RETAINING WALLS AND GRAVITY DAMS 325 


Let ha 


Illustrative Problem 43. 

A concrete foundation for a wall haa to carry 6 tons per linear foot at 
1*5 tons per square foot bearing pressure. Estimate the necessary depth 
of the foundations if the angle of repose of the earth is 36*’, and its weight 
1101b. per cubic foot. 

p = l«5 tons/square foot. 

The pressure at right angles to p is 
/I - sin 35®\ 

1-5 I 7- 7 ^ Q^o ) = 1-5 X -27 
^ \1 + sm 35 / 

= *405 ton/square foot. 

depth of foundation in feet, 

then wji^ = 110 Arf = *405 X *27 X 2240 

therefore, — 2*24 ft. 

If the weight of the concrete foundation is not included in 
the weight of the wall, it must be allowed for in designing the 
depth of the foundation. The depth of concrete will be h^ ft.* 

177. Dams. Dams, which are walls of masonry or concrete, 
are used for impounding or holding up large depths of water; 
they can be put into two main classes—gravity, and arched 
dams. This section will only deal with gravity dams. 

178. Notes on Gravity D ams , (l) The resultant thrust, 
whether the reservoir be full or empty, must be within the 
base, or the dam will overturn; and no normal tensile stresses 
are developed if the resultant thrust fall within the middle 
third. (The water face of a dam must be nearly vertical.) 

(2) The maximum compressive stress on any section must 
not be greater than a safe working stress. 

(3) The resistance to sliding on any horizontal plane must 
be greater than the horizontal pressure H, i.e. fjiW > H, 
where // is a coefficient of friction and W the weight of the 
dam above the plane. The base of the dam is not generally 
the critical plane as regards slipping. 

(4) The shear stress must not exceed a specified amount. 

(5) The maximum principal stress developed must not 
exceed the safe compressive working stress. 

(6) On the water face there shall be no tensile principal 
stress. 


* If the foundation pressure varies uniformly from a maximum Pi to a 
minimum then 


Pi . 
Pz ' 
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179. The Analysis of a Gravity Dam. Assume the form, 
then find the stresses. For loads, work in cubic feet of water 
and consider unit length of dam. The equivalent water load 
on a cross-section due to the dam above it is equal to the area of 
the cross-section of the dam above it (X unit length) multi¬ 
plied by the density of the masonry = p 

weight of 1 cu. foot of masonry 
^ ~~ weight of 1 cu. foot of water 



180. First Case. Consider the stability of the dam with no 
water in the reservoir. {See Fig. 184 and Plate I.) The force on 
any horizontal cross-section AB — weight of masonry above it, 
acting through the centroid of the mass of masonry. 

Find its point of application on the cross-section. Take similar planes at 
distances, say, 10 to 20 ft. apart, and find corresponding points Of application. 

Connect all these points, and the line of thrust is obtained 
equal to the locus of the points of action of the thrusts on 
the horizontal planes. 
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For no tensile stresses on any plane or section, the resultant 
load W on such a plane AB must be within the middle third. 
Thus the line of thrust has to be within the middle third, and 
as near as possible to the water face boundary line of the 
middle thirds of all sections. 



Fia. 186 


181. Second Case. Consider the Dam when the Water 
IN the Reservoir is at Its Maximum Depth at the Dam. 
{See Fig. 186 and Plate II, page 334.) The total water load 
on the dam above the section taken {AB, say) will be equal 

to X A = wh^ per unit length, and where h = height 

of water above the section; will act normal to the water 
h 

face at a height - above AB {w weight of 1 cu. foot of 
water = 62*4 lb.) 
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The resultant force acting on the section will be found by 
compounding the water load, and the load due to the masonry 
above the section. This will throw the point of action of the 
resultant away from the water face towards the downstream 
face; and, for no tensile stress in the dam, the point 
of action of the resultant must fall within the middle 
third. For no stress at the water face, the point will be the 
further middle third point from the water face. Therefore, 
the line of thrust with the reservoir full will be towards the 
middle third boundary line farthest from the water face. 



If the water face is battered, then the water load normal 
to the face will tend to make the resultant force steeper, and, 
therefore, its points of action on the horizontal planes will lie 
nearer the centre and tend towards increased stability. 

The normal stresses on horizontal planes can be found as 
for retaining walls ; the maximum compressive stresses must 
be within the safe limits of the masonry. 

182. (jeneral Case of Analysis of a Dam. Shear Stresses 
ON Horizontal Planes. (Figs. 186 and 187.) 

AB = any horizontal plane at depth h 
= normal stress at B 
Pl= .. ^ 

At B take a small length along AB = Aa? = Bg, 

At g erect a vertical to cut the face of the dam in k ; let 
gk = aA. kB is very small. 

Let the mean intensity of water pressure on kB be == wh. 
Angle kBg = /?'. 

Consider the equilibrium of the triangle gkB. 

The total upward load on grj? = . Aa: 
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The vertical component of 8in(90 -/?') 

= cos /?' 

Total load on Bk = wh . Bk 
whose vertical component = wh . Bk cos 

= wK.Bk.f^ 

= wh , AX 

Neglecting the weight of masonry gkB, the shear force on 
gk = p^ AX -wh , Ax, 

C 

+ A £ 

^hen P3 yivK, 


Cf^^p^COt^ > 



Horizontal Shear Stress Diagram. 
Fio. 187 


Shear stress on gk = p^ , - wh , 

= Pb cot P' ~ wh cot 


The intensity of the complementary horizontal shear stress on 
gB = AX is equal to the intensity of the vertical shear stress 
at B ; 

then ^B = cot /S' 

If p' == 90°, ^B = 1C- there is no horizontal shear stress 

at B, 

IfpB > wh, then the vertical shear stress on gk acts down¬ 
wards, and the complementary shear stress on ax acts from 
right to left; that is, it acts in conjunction with the hori¬ 
zontal water pressure. 

Note. A A is to the left of B. 

Similarly at A, the vertical shear stress on a vertical sec¬ 
tion to the right of A will be 


Vk cot p 


and it will act downwards. 
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The complementary shear stress on a small length t^x at A 
will be cot jS, and will act from left to right, resisting the 
horizontal water pressure and the tendency to slide. 

If Pb > wh, Jb is positive, is negative. 

Or if Pb Pk s-re of the same sign, then always is of the 
opposite sign from q^. 

This curve of horizontal shear is a parabola.* 

To construct the curve. 

^B and can be found. Erect perpendiculars Bfi and A 
to scale = q^ and at and A^ (Fig. 187). 

Now the total shear force along AB is equal to the total 

horizontal water load on the dam 
above the section AB ; this is easily 
ascertained. Let it be H. 

The total shear force on .4jB=area 
of shear stress diagram AJOFCB^ 
where DFC is a parabola. Excep¬ 
tion see paragraph 186. Join C to 
D to out AyBi in E, Find the area of AiDECBi and to scale 
= total shear load = 8. 

Making allowances for the different kinds of shear stress 
(positive or negative), H - S ox 8 - H will be nearly equal to 
the area DECF to scale, and will be so when q^ = 0 ox is of the 
same sign as q^. Measure DC and at the centre point F of DC 
erect a perpendicular X in the necessary direction, such that 

CD X to scale = H-S ot S-H. 

If ^B of the opposite sign from then re-check, to ascertain 
if AiDFCBi = H. If not, by further trial the correct curve can 
be ascertained. 

As ^B niust be small, must not be much less than 90®. 
If p is small, ctb, Fig. 188, becomes subjected to a bending 
moment which may be fairly big. Concrete is weak in tension, 
and it is supposed with concrete dams that small cracks occur at 
points b which upset the values of the stresses found 
theoretically. 

183. Normal Stresses on Vertical Planes. (See Fig. 189.) 
Assume that the horizontal shear stresses on two planes 
A'S' and AB, aA apart, are known. 

* See paper, Proceedings Institution of Civil Engineers^ Vol. clxxii, p. 89; 
“ Stresses in Masonry Dams.** by E. P. Hill. 


O/ 



Fig. 188 
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Shear stresses opposing the water pressure are negative. 

The dijfference in shear force between the planes acts as a 
normal force on ab. 

Let X = area of shear stress diagram for A'B* to the left of ab 

and r = „ „ „ AB „ 

Then Y - X = on ab = total normal force on a 6 , 

Y — X 

then the normal stress 

At the point is cot p ; 
and at B it is equal to the / 

mean intensity of water pres- / 

sure on due to the height 
oi water above the mean point / 

of AA, less or plus cot /S'. / 

A A is very small, therefore •/ a. ^ t 

atB ^ 

= =f cot /S' ' / ^ 

The curve of is a cubic i / 

parabola, which is nearly a V Y b ^ 

straight line; thus set down ^ 

an ordinate at J5 == 

T 9 b cot B' and join to ^ T 

A 1 A 2 where A^A^ = cot p, ihf<i^cot 

and the diagram for the normal 

vertical pressures is found. \ ® ^ ^ 

184. Theory of Stress. The 
stresses acting on a small 
element at a section of the 
dam are shown in Fig. 190. 

p and Pn = normal stresses on the horizontal and vertical 
planes respectively. 

It has been shown that the stresses can be compounded so 
that on two planes the stresses are normal. These stresses 
are the principal stresses Rma» and 

The connecting formula is 

(R -Pn){R - p) = 9 *. (See Eqn. 36, Chap. XII) 

The maximum principal plane is inclined at an angle a to the 
vertical, 

2q 

where tan 2a — - (See Eqn. 35, Chap. XII) 


whfq-^cot^ 


Normal Stresses (fonAB) 
on Vertical Planes. 

Fig. 189 


where tan 2a — 


(See Eqn. 35, Chap. XII) 
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For any section, the normal, horizontal, and shear stresses are 
known ; by the use of the formula, the two principal stresses 
and the direction of the principal plane can be found. Thus 
the ellipse of stress can be drawn. {See Plate II.) 

Both principal stresses must be positive, i.e. both com¬ 
pressive. 

If the water face of the dam is vertical and there are no 
tensile stresses, then no tensile forces at all will occur. It is, 
therefore, important that neither of the principal stresses is 
tensile. 



Consider the Water Face. It is essential no tensile 
stresses should occur on any plane normal to the water face. 

Referring to Fig. 191, 

One principal stress = Rj = 

(7 b = {Tb - cot /?' 

and {C) 

Pn, p, and are known and also i?i. 

Solving Equation (C), two values of R are found, one of 
which is jBj = wh. The other is on a plane at right angles 
to the water face, and can be found from (C), It must be positive, 
i.e. compressive. 

An analysis of a dam is given in Plates I and II. 

185. Notes on Plates I and n. Take unit foot-run of the 
dam. Work in weight units of 62-5 lb. (the weight of 1 cu. ft. 
of water) ; then the density of the masonry will be 
weight of 1 cu. ft. of masonry in lb. 

^ 62-5 lb. 



RETAINING WALLS AND GRAVITY DAMS 333 


Divide the dam section by horizontal planes equidistant apart 
(if possible), such as aa, bb, cc, . . . IL Find the weight in 
the required units of each section of masonry, aabb . . . 
jjkk, llmniy which will be equal to the area in square feet 
X p. These weights will act through the centroids of their 
sections. By known means, find the centroids and join 
together by a curve to obtain the centroid locus. 

(7* is the centroid for block jjkk 

Cl is that for kkjj. 

From Cl drop a perpendicular to cut ll inV \ from (7* drop a 
perpendicular to cut kk in k\ Similarly for the other sections. 



Construct the polar diagram for the masonry loads, and 
from this the link or funicular polygon for these loads. With 
the reservoir empty, the total load acting on the base ll is 
the total masonry load per foot-run. To find its point of 
application on the base ll, produce the outer lines of the 
masonry link polygon to meet in a point L, Draw a vertical 
through L, This vertical gives the position of the resultant 
total load with respect to V on ll. The resultant acts at the 
distance IH^ from V on the base. Similarly for the other 
planes; join up the points of application and the line of 
thrust, dam empty is found. 

Reservoir Full. Calculate the water pressure acting at 
each section point a, 6, c, . . I per foot-run of dam. 

{p = wh: w = unit weight of 62-5 lbs. p = A). 

Set out to scale these pressures at right angles to the water 
face at their section points, and join up the ordinates to obtain 
a water pressure line al^. To find the water loads acting on 
each section of masonry, such as ab, be, etc., find the areas 
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of each section of water pressure diagram to scale, such as 
khJLl^y and these give in water units the water loads on the 
similar faces kl ; these act through the centroids of their 
particular sections and at right angles to the wall. These loads 
are represented by Pj,, . . . Pj. The total water load 
is the sum of these. On the area oacc, the water load will 
be Pj + Pc, and similarly for the other sections. Construct 
the water load polar diagram, attaching it to the masonry 
load polar diagram. 



Construct the funicular or link polygon for the water loads 
from the polar diagram, and from this link polygon can be 
found the direction of application of the resultants of the 
loads required. The resultant water load above the section 
cc is P^ + Pe = Sind acting as shown. 

Produce to meet the resultant weight of the masonry 
aacc in Cg. From the joined polar diagrams, the resultants 
of the corresponding total water and masonry loads are found 
in magnitude and direction ; these are Rj,. Rc. Ra • • * • 
Through draw a line parallel to Rc to cut the base cc, 
and the cutting point is the point at which Rc acts. Simi¬ 
larly for the other section lines ; join up the points of applica¬ 
tion and the line of thrust, reservoir full is obtained. 

By the methods indicated, the direct normal horizontal 
and vertical, also shear stresses, are found for the different 
sections and the stress distribution diagrams drawn. 
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In Plate II are given the distribution of stress diagrams, 
and the ellipses of stress for various horizontal sections and 
points in these sections. 

TABLE FOR PLATE II 
Unit stress == 62*6 lb./square foot. 


Bale. 

Wet Face Stress Units. 

Dry Face Stress Units. 

Horizontal. 

Vertical. 

Shear. 



Shear. 

CC 

150 

21*02 

-145 

3-34 

41-5 

12-32 

FF 

37-47 

1-14 

-996 

26-44 


52-78 

II 

59-98 

14-12 

2-84 


119-1 

104-4 

LL 

82-46 

61-4 

2-32 

220-0 

87-3 

138-5 


Ellipse. 

Principal Stresses. 

Minor. 

Major. 

A 

15-02 

21-02 

B 

5-98 

34-75 

C 

-35 

37-6 

D 

9-7 

74-3 

E 

11*95 

60-16 

F 

25-0 

137-6 

0 

33-8 

84-5 

H 

61-14 

84-9 

I 

65-85 

118-95 

J 

61-7 

164-3 

K 

40-35 

226-45 


186. Notes on Question 4 in Examples (page 337, Chap. XIII). 
(Fig. 192, page 334). 

h = height of dam 
d = required width of the base 
to = weight of 1 cu. ft. of water 
pw = weight of 1 cu. ft. of masonry 


d 

Total water load _ resultant to hit middle third point 
Total masonry load n_ 


h 1 , ^ ^ ji 

X = ^.^dhwp 


3 2 


32 


d = 


h 

Vp 
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Max. stress — p = ^ (^hwp) = hwp and is a 

function of h 

Triangles DEg and CAB are the normal horizontal stress 
distribution diagrams. 

Shear stress in a*' dam for the conditions given. 

Take two section depths h and Aj, and dh apart. 

Max. stress on base depth h = hwp 

,, 5 , hi= h^wp 


Slope of horizontal normal stress diagrams, 

wph^ 




tan = 


di 


/S = /3i 


h hi 
d di 

Shear on e/ section = p - p -f weight of efgk 
= weight of efgk 
= wp . X . dh 
wp . X . dh 


Shear stress on ef = 


dh 


WpX 


Shear stress diagram is a straight line when there are just no 
tensile stresses on the base. 

From the general case considered in paragraph 182 

Pi = Wp . 

— wp . hi cot a 

di 

cot a = T~ 

K 

and qj^= wp .d 

.'. shear stress is a function of the length of the base. 
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EXAMPLES 

1. A wall of rectangular section 14 ft. high is to retain an embankment 
of dry earth having an angle of repose which is SO**. Find the necessary 
thickness of the wall, and the maximum vertical stress on the base if the 
earth is horizontal and level with the top of the wall. 

^ Weight of earth, 1001b. per cubic foot. 

Weight of wall, 1501b. per cubic foot. (U. of B.) 

2. A retaining wall is 10 ft. high and 5 ft. wide at its base, and 2 ft. wdde 

at its top, which is level with the ground surface. The back of the wall is 
vertical. It carries a super-load equal to 10 cwt. per square foot at 3 ft. 
below the groimd level. Determine the position of the resultant pressure at 
the base, using Rankine’s formula for the lateral pressure of the earth, if 
the specific gravity of the masonry is 2^ and that of the earth 1}, and the 
angle of friction of the earth 46®. (I.C.E.) 

3. A piece of level groimd is to have a portion of the surface excavated 
to a depth of 14 ft., and it is necessary to support the earth at the boundaries 
of this excavation by concrete retaining w^ls. The earth face is vertical 
and the width at the top of the wall is 3 ft. * Determine a suitable trapezoidal 
cross-section for the retaining walls, if the earth weighs 1251b. per cubic 
foot and has a natural slope of 2 to 1. The concrete may be assumed to 
weigh 1401b. per cubic foot. Discuss the validity of any formula used in 
connection with the calculation. 

4. A masonry dam 60 ft. high has a vertical water face. Assuming the 

dam has a triangular section, determine the width of the base so that there 
shall just be no tensile stresses on the base. Show that the shear stress 
diagram on the base is a triangle. Construct the ellipses of stress for various 
points on the base, w for masonry = 144 Ib./cu. ft. (U. of B.) 

6. A wall 15 ft. high of rectangular section has to retain earth, the sur¬ 
face of which is horizontal. The angle of repose of the earth is 30®. 
Determine the dimensions of the wall so that the line of thrust shall be in the 
middle third of the base. Weight of earth, 100 lb. per cubic foot; weight of 
wall, 150 lb. per cubic foot. (U. of B.) 

6. A masonry dam of trapezoidal section 100 ft. high has a base 60 ft. 

wide. The water face is vertical and the width at the top is 10 ft. Find 
the normal stress diagram for the base, and deduce approximately the shear- 
stress diagram. Weight of masonry, 140 lb, per cubic foot. (U. of B.) 

7. A trapezoidal masonry dam has a height of 42 ft. and the water face 
is vertical. The base is 25 ft. and the thickness at the top 8 ft. Weight of 
a cubic foot of masonry, 1601b. Determine— 

(1) The resultant thrust on the base per foot length of dam ; 

(2) The distribution of normal stress on the base. (U. of B.) 

8. A concrete retaining wall with a vertical face is 12 ft. high and 5 ft. 
wide at the base, and 2 ft. 6 in. wide at the top. If the concrete weighs 
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' 140 lb. per cubic foot, find the horizontal force per foot run of the wall 
necessary to overturn the wall, the force being applied on the vertical face 
4 ft. from the base. 

9. Prove the Rule of the Middle Third, as stated for solid masonry 
structures with rectangular bases, subjected to overturning forces. A 
parallel brick chimney of hollow square section is 2 ft. by 2 ft. inside, and 
the thickness is also 2 ft. The chimney is 40 ft. high. Find the greatest 
allowable intensity of wind pressure perpendicular to one face, so as not 
to cause tension at one edge. The brickwork weighs 1201b. per cubic foot. 

(U. of B.) 

10. Determine the width and depth of a concrete foundation which sup¬ 

ports a wall having a load on the base of 6 tons per foot run, if the earth 
has a bearing pressure of 1} tons per square foot and an angle of repose of 
30**. The weights of concrete and earth are 140 and 1001b. per cubic foot 
respectively. (U. of L.) 

11. Prove that the intensity of the horizontal pressure per unit area on 
the vertical back of a retaining wall at a depth h is 


p = wji 


(1 ~ ein<^) 
(1 + sin^) 


and hence deduce a formula for the safe depth of a foundation on which 
the maximum pressure is 2 tons per square foot. (U. of B.) 

12. The earth face of a retaining wall 20 ft. high is vertical. The angle 
of friction both for earth on earth and for earth on masonry is 40* ; the earth 
weighs 1101b. per cubic foot. Take account of friction between the earth 
and wall, and ^d the resultant earth pressure on the wall. Also find the 
pressure by Rankine’s theory. The earth surface is horizontal. 

13. Taking the dam in Question 7, determine also (a) the distribution of 
shear stress on the base; (6) the normal stresses on vertical planes at the 
base. Construct the ellipses of stress for sections on the base distant 0, 5, 
12*5, 20, and 25 ft. from the water face. 

14. The base of a retaining wall is 9 ft. wide; the vertical component of 
the resultant thrust is 12 tons, and it acts (a) at the centre, (6) at 6 ft. from 
the earth face ; (c) at 7 ft. from the earth face. For each case, draw the 
normal stress diagram for the base. Assuming a mortar joint along the base 
which cannot resist tension, for case (c) what is the maximum compressive 
stress on the base ? and draw the diagram of normal stress distribution. 

15. Work Questions 1, 3, and 5 by both the Rankine and Wedge theories; 
the coefiicient of friction of earth on wall being the same as for earth and 
earth ; i.6. = tan (angle of repose of the earth). 
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Reinforced Beams 

187. Flitch Beams. A flitch beam is one consisting of timber 
to which are bolted steel plates. The aim is to obtain a beam 
which is stronger than the timber, yet economical in cost. 
The reinforcing material must therefore have an elastic modu¬ 
lus {E) greater than that of the reinforced material. In some 
flitch beams the plates are bolted to the outsides of the timber; 
in others, a single plate runs down the centre of the timber 
beam. The plates may or may not be of the same depth as 
the timber beam. 

The beam will be built up symmetrically with respect to 
the neutral axis, as shown in Fig. 193. 

188. Consider the Case where there is a Centre Plate, whose 
depth is less than that of the timber; the following theory 
will apply also to two or more plates, as all the plates can 
be put together to make an equivalent single plate. 

= Young’s modulus for the steel plates. 

= „ „ „ timber, 

d, = depth of the timber, 
d, = „ plates = or < dj 

6, = total breadth of the timber. 

6, = „ „ steel plates. 

li = moment of inertia for the timber portion only. 

„ steel plates only. 

/i = effective moment of inertia of the whole beam, work- 
say, on a timber basis. 

/, = skin stress in the plates. 
ft — „ „ timber, 

d, E. 

T- = i; = m = modular ratio. 

(if iidf 

For any beam, the external moment at a section = internal 
moment of resistance at that section. 

External moment = moment of resistance. 

330 
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= + "'■ % 


( 1 ) 


k^>jfes!^3H 


NeutralX 


Wm 


M 2/. _ A %-ll 

d,~ R’ dt~ R 

The radius of curvature being the 
same, 

2/. 2/, 


Fig. 193 


d^, dfEt 

t - t ±‘ 

Et 


E. 

Then M = 2*^ (m . /, + /,). 


2f, 

dt 


(/e) . 


where /j. = m/, + /< 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


= effective moment of inertia of the beam 
on a timber basis . . . (6) 

Let 7^^ = moment of inertia of a whole rectangular cross- 
section of the beam, given that it is only made of timber 

_ (fct + 

12 


Then the ratio of the loads which can be carried for the given 
beams to develop the same working stress in the timber is 
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Illustrative Problem 44. 

A timber beam, 4 in. X 2 in. cross-section, 100 in. long, is simply supported. 
Find the size of two steel plates 4 in. deep to be fixed to the timber beam, 
so that it may carry a central load of 2500 lb. with a maximum stress in 
the timber of 20001b./sq. inch. 


EtimUT= 1*5 X 10«lb./sq. in.; E.,„, 


m 


^9teel 

^timber 


20 


30 X 10® Ib./sq. in. 


Then the maximum external moment on the compound beam 
has to be equal to the internal moment of resistance. 


2500 X 100 
4 


= 2000 X 


2 X 43 
12 

— - -1- 20 X 2000 X 


b 


43 


^ 12 


2 


where 6 in inches is the total width of the plates required. 

64 64 

62,500 = 1000 X -g + 20,000 X 6 X 

. 30 


Two plates are required, to be fastened one on each side of 
the beam and to be of cross-section 4 in. x J in. 

189. Reinforced Concrete Beams.* Concrete is a heterogeneous 
material (consisting of cement, sand, and stone) having a fairly 
good compressive strength, but a very low tensile strength, 
which is usually assumed negligible. It is cheap, economical, 
and easy to make, and can be adapted to many purposes. For 
use in beams and structures where tensile stresses may be 
developed, some material is required in the concrete to take 
the tensile stresses. Mild steel in round and other shaped 
rods is used, and the two materials together give a reinforced 
concrete beam, column, and other structures. This section 
will only deal with steel rods placed in the tension side of 
a beam; in many cases, steel rods are also placed on the 
compression side to assist the concrete in taking the com¬ 
pressive strains. 

In designing beams of this reinforced character, and know¬ 
ing the safe load to be carried, first find the position of the 
neutral axis of the cross-section, and then— 


For a further development in the design and fabrication of reinforced 
concrete refer to Chapter XVII, which deals in an elementary way with 
'‘Pre-stressed Concrete.” 

M—(T.5430) 
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External moment at a section = internal moment of 
resistance, which is a couple ; that is, the total tensile force 
on one side of the neutral axis == total compressive force 
on the other. 

For steel only on the tension side, it is assumed that the con¬ 
crete will only take compressive forces, leaving the steel to 
take the tensile forces ; then the total internal compressive 
force in the concrete equals the total tensile force in the steel. 

If steel rods are also put in on the compression side, then 
the total internal compressive force in the concrete plus the 
compressive force in the steel on the compression side is equal 
to the total tensile force in the steel on the tension side. 

The notation given is that stated in the L.C.C. regulations 
for reinforced concrete work. 

190. Notation for Beams and Slabs. 

A == area of tensile reinforcement in sq. in. 

Ac = „ compressive „ „ 

a = arm of internal moment of resistance in inches. 

B = bending moment due to external loads or forces. 
b = breadth of a rectangular beam in inches or the breadth 
of the flange of a Tee beam. 

♦c = permissible compressive working stress in Ib./sq. in. 

of the extreme edge of the concrete in compression. 
It depends upon the mix and grade used: varying, 
for instance, from 750 Ib./sq. in. for a 1 : 2 : 4 mix to 
975 Ib./sq. in. for a 1 : 1 : 2 mix, both of ordinary 
grade concrete. These values are increased to 950 
and 1,250 for high grade mixed concrete. 
d, = total depth of slab or beam in inches. 
d = effective depth of beam in inches; i.e., the distance from 
the compression edge of the concrete to the centre 
of gravity of the steel reinforcement in tension. 
dc = depth of the centre of gravity of the compression 
reinforcement (when used) from the compression 
edge of the concrete. 

♦ See Table 4, Code of Practice, C,P, 114 (1948). The stresses given above 
are now increased— 

for a 1 : 1 : 2 mix, compression due to bending, 1500 Ib./sq. in. 
for a 1 : 2 : 4 mix, compression due to bending, 1000 Ib./sq. in. 
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Ec = modulus of elasticity of concrete in compression in lb./ 
sq. in. 

2?, = modulus of elasticity of steel in tension, Ib./sq. in. 

I = length of efiEective span of a beam in inches. 

= ^ = modular ratio. A suggested value is where 

3c = minimum cube strength at 28 days (works 
tests). 

n = distance of the neutral axis from the compression edge 
of the concrete in inches. 


Wj = = neutral axis ratio, so that n = n^d, 

® A 

= percentage of tensile reinforcement = lOOr where r = 

Rq = internal moment of resistance in terms of the com¬ 
pressive force. 

i?, = internal moment of resistance in terms of the tensile 
force. 


r 



and 




if 

bd 


5i = 


slab or beam depth ratio = 


d 


i = tensile working stress in the steel in Ib./sq. in. (18,000 
to 20,000 Ib./sq. in. suggested values for mild steel.) 
== ratio of the tensile stress in the steel to the skin com¬ 
pressive stress in the concrete. 

W = working load in lb. 

191. Assumptions Involved in the Theory of Reinforced 
Concrete Beams. 

(1) A plane section before bending remains plane after 
bending. 

(2) Tension in the concrete is neglected. 

(3) The stress in the concrete is proportional to the strain. 
(See note in assumption 4.) 

(4) The modulus of elasticity for the concrete is assumed 
to be constant. The stress-strain diagram for most concrete in 


• The Code of Practice G,P, 1J4 (1948) now says that “the Modular Ratio 
is equal to 16.” The student is, however, advised after reading the theory 
developed later to give himself problems for solution in which m has values 
other than 15. 
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compression is a smooth curve right from the start; there¬ 
fore, the slope of this curve varies for all stresses, and, conse¬ 
quently, which is the slope of the stress-strain curve. 
If working the concrete at, say, 600 Ib./sq. in., then for the 
particular kind of concrete, corresponding to this stress, 
should be used.* 

(5) Adhesion between the steel and the concrete is perfect 
within the limit of proportionality of the steel. 

192. Rectangular Beam. Analysis when the Limiting 
Stresses are Known. Reinforced on the tension side only. 
Assume one row of rods area A. (Fig. 194.) The beam will 



bend about the neutral axis (N.A.), which is at a depth n from 
the compression skin. Here 6, d, m, t and c are known. 

The problems are to find (a) the position of the neutral axis, 
(6) the maximum permissible bending moment for the beam 
with given limiting stresses, and (c) the steel area A. 

. . stress 

.Now strain c = — 

Maximum strain in the steel d-n 
Maximum strain in the concrete n 


tIEg d-n 
cjE^^ n 


t Egfd-n\ [d-n\ 


(7) 


♦ See Modulus oj Elasticity of Concrete, by Professor Lea, Institution of 
Concrete. 
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n = njd 
t m{d - Uid) 

’* c n^d 

m{l - fii) 

As t, c, and m are known, can be found and therefore n. 
Assuming working stresses of t= 16,000 lb./sq. in. 

c = 600 „ 

and m = 15 

16,000 


( 8 ) 


=K^’) 


600 

rij = *36 
or n = *36^ 


( 9 ) 


The total tensile force in the steel = the compressive force in 

the concrete. 
bnc 

T 

( 0 + c \ 

—~— = the average compressive stress in the concrete, j 


Then tA = = 


The internal moment of resistance is R. 


R. 


(.-!)=,.(.-D-ij. . 


( 10 ) 


Now a = d- 




i.e. when t= 16,000 Ib./sq. in., c= 600 Ib./sq. in., m= 15, 

= •SO, a = ‘SSfi . . (11) 


^ bnc 
Rc= X a 


(From (10)) 

b X -SGd X 600 X -SSd 
- -- y5 uu^ 


therefore the external moment = B = 95 bd^ 


( 12 ) 
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In general R . bd^ where = 

also R^ = R . bd^ where i? = ^. r . ^ 1 ~ 

The quantity R is called the coefficient of resistance. 
Relation between A and bd, 

A = rbd (by definition) 
bnc , t n 


then trbd = 


and 


therefore tt-, = 
2rd 


n m(d-n) 


n 


c 2rd 

from Equation (8) 


and = 2mrd{d - n) 

Solving n = I - mr ± V m+ 2mr | d 
n cannot be minus. 


/, n = n^d = (VmV + 2mr-mr)d . . (13) 

or = VmV2+ 2mr-mr. . . (14) 

If Ui = '36 and m = 15 (for the conditions taken), 

•36 = V225r2 + 30r - 15r . . (15) 

Solving Equation (15), 

r = -0068 . . . (16) 

and A = -00685^ . . . (17) 

Equations which give the relation between the area of the 
steel and the effective area of the beam when 

t = 16,000 Ib./sq. in., c = 600 Ib./sq. in., and m = 15 
(The economical percentage of steel = = 100 r = *68.) 

Rework examples given, taking c = 800 lb. per sq. in. 

„ . . 40,000 

t = 18,000 lb. per sq. m., and m = ^ 


16, say. 

From Equation (7) == ~ * 


Also tA = 


bnc 


Ct — tjm is the stress at the depth d of the section assuming a straight 
line distribution of stress on the concrete basis. See page 347. 
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d-n ^ bnc 

... 


n 

/. {mA){d-n) = bn x . 
and C|. (mA) = 


(18) 

(19) 


Analysis when the Steel Area A is Known. 

Interpretation of Equations (18) and (19). is the equiva¬ 
lent tensile stress in an equivalent concrete area (mA) on the 
tension side. The equivalent elastic modidus of the equivalent 
concrete area (mA) or transformed concrete area is E^* That is, 



I 

I 


d 

] 

I 

I 

L 



Fig. 194a 


the reinforced section has been transformed into an equivalent 
concrete section having a transformed concrete area on the 
tension side equal to mA, (See Fig. 194a.) 

The transformed concrete area is distributed parallel to the 
neutral axis and its axis is parallel to the neutral axis. The 
area is concentrated along the axis. From equation (18), to 
find the neutral axis of the transformed section, take the 
moment of the transformed section about the neutral axis and 
equate it to the moment of the compression area about the 
neutral axis. 

bn^ 

We have + mAn = mAd from equation (18). 

„ 2mA 2mAd 
y .n = - 


„ 2mA 


n + 






6 * “ 6 » 


b 
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mA . 2mAd 

± V 

Thus, in any given beam when 6 , d, A and m are known, the 
neutral axis has a fixed position (through the centroid of the 
transformed section) and therefore the ratio of c and t is con¬ 
stant. Also from equation (18), it can be seen that any 
increase in A for a given m will increase the value of n, because 
(d - n) decreases; in other words, the neutral axis is lowered. 
For a given A^ a lower value of m raises the neutral axis, that 
is, decreases the value of n, A higher value of m lowers the 
neutral axis for a given value of A, i.e. the value of n is 
increased. 

Example. 

A rectangular reinforced concrete beam has 6 = 10 in., d = 20 in., A 
«* 2 sq. in., m = 16. The beam carries a bending moment of 480,000 in.-lb. 
Calculate c and t. 

To find the neutral axis position. 

mA[d - It) = — 

30(20 -n) = 6 »*. 

/. On = 120 . 

+ 6 w + 9 = 129. 

n = 11-36-3 = 8-4 in. 

d -1 = 20 - 2-8 = 17-2 in. 

bnc _ ^ _Bending Moment 480,000 

••“2 ( , n\ ^17^' 

480,000 1 

® ^ 17.2 X ^ = 666 lb. per sq. in. 

480,000 

t = ij :2 ^ 2 lb. per sq. m. 

What is the maximum moment which the beam of the foregoing problem 
can carry, assuming that the limiting stresses for c and t are 750 lb. per 
sq. in. and 18,0001b. per sq. in. respectively? 

If m = 16, n = 8*4 in. again, and the arm of the resisting 
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couple is therefore 17'2 in. If c has its maximum value of 
750 lb. per sq. in., then the corresponding resisting couple is 

10 X - 5 - X 8-4 X 17-2 = 541,800 Ib.-in. 


If t has its maximum value of 18,0001b. per sq. in., then the 
corresponding resisting couple is 

2 X 18,000 X 17-2 = 619,200 Ib.-in. 

The maximum bending moment which can be carried is 
541,800 in.-lb. when c = 7501b. per sq. in. and t = 15,267 lb. 
per sq. in. Thus the limiting steel stress is not realized. 

192a. Design a Rectangular Beam with Tension Reinforce¬ 
ment to Carry a Given Bending Moment at Given Stresses. The 
most economical beam results when both materials are stressed 
to the limit and the problem is to determine 6, d, and A for 
a given value of m, such that the permissible stresses will be 
realized simultaneously when the internal moment of resist¬ 
ance is equal to the stated bending moment. If A is the steel 
area and t the given tensile stress, then mA will be the trans¬ 
formed concrete area, and the equivalent tensile stress in it 
equal to tim. If c is the limiting compression stress, then n is 
found from the equation 

c t t d-n _ 

- = --- or — =-from equation (7) 

n m{d -n) m. c n ^ ' ' 



B = R.bd^ where i? = |. 1 

We have, therefore, a single equation containing the two 
unknowns b and d. It is thus necessary to make an 
assumption regarding b in relation to d, i.e. b = xd. For 
small rectangular beams x = \ to ^ and for large beams x 
— \to 

Now d can be calculated. In practice b and d would com¬ 
monly be made an integral number of inches, and if d as 
calculated consisted of a whole number and a fraction of 
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inches, then it would be necessary to re-design the beam to 
meet the condition that d would be an integral number of 
inches. Knowing B, b, d, t, C, and n, A can be found. 

Reference should be made to advanced works on design for 
the principles underlying the method of changing from the 
theoretical dimensions to an exact integer. 

Therefore, to find n or Ui, when the fibre or skin stresses are 
known, the formulae 



193. Tee-Beams. In practice tee-beams usually form part 
of a fioor system and act integrally with the slab on either side, 
which forms a fiange giving added strength in the compressive 
part. If the beams are widely spaced, the compressive stresses 
are not distributed uniformly across the whole width of the 
slab. In order to investigate or design the usual tee-beam, it 
is necessary to make some assumption regarding the width of 
the slab which will be considered to act reasonably with the 
stem or rib and be uniformly stressed over the whole width. 
In British practice, for the breadth of the fiange, the least of 
the following is taken— 

(а) one-fourth of the effective span of the tee-beam, 

(б) the distance between the centres of the ribs of the 
tee-beams, or 

(c) twelve times the thickness of the slabs. 

The minimum breadth of the rib should not be less than one- 
third of the depth of the rib below the slab. There are, how¬ 
ever, two methods of designing a tee-beam with the fiange 
provided by a fioor slab. The first method assumes that the 
full breadth of fiange is available for use. The compressive 
stress in the fiange is usually found to be low by this method. 
The other method assumes that the limiting stresses are 
realized, and that the breadth of slab called into play is only 
that necessary. This breadth is usually less than the limit set 
by the various codes. The position of the neutral axis, and the 
arm of the resisting couple, will have different values by 
these two methods. Both assumptions are no more than 
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conveniences which give satisfactory results. The design of 
tee-beams consists in proportioning the stem or rib, and 
determining the tension steel area. Proportioning the stem 
requires a consideration of the shearing stresses. 

Steel Rods m the Tension Side Only. (1 ) When the 
neutral axis falls within the slab, the analysis is siii^ar to that 
of the rectangular beam with reinforcement in the tension 
side only, remembering that b applies to the slab breadth and 
not the rib breadth. 

(2) When the neutral axis falls below the slab. (Fig. 195.) 
The compressive stress in the small portion of the rib will be 



Fig. 195 


neglected. Assume that the breadth b is such that the limiting 
stress of c is realized in the slab, and t in the steel. 

6 , d, t, c and n are known c 

Maximum strain in the concrete Ec 
Maximum strain in the steel t 

K 

Eg ^ n 
i ' Ec^ d-n 

~t "" m(d-n) ' • • 

knowing c and t, n can be found. 

The compressive stress in the concrete at the base of the 
slab 

= c X - — (di= depth of slab) (21) 
n 

The total compressive force in the concrete will act at a 
depth y from the maximum compression edge. 
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(From Fig. 195.) 

* ^0 OCD/CO , , \ 

Area ABCD X y — AOB x -g-^ + ACj 

from the stress diagram. 

Now n = rijd and d, = 3jd 

___ 5td(3Wi “ 2S|) 

Then y = -f'. 

' 3 ( 2 %- Si) 

= . . . 

Total tensile force = total compressive force 
/2»-d,\ 

* • * ' 

where ^ = average stress in the slab 

JiTl 

From the equation, the steel area A can be calculated. 
Substituting for n and as before, it can be shown 

2rm + 8^^ 

~ 2rm + 2^1 * 

^ , (^ 1 ^ + ^rnrs^ - 12mr5i + 12mr) 

And consequently a = d J- 6>^(2- s,) -j 

d. 

Approximately, a = d-jr , 

At 

The internal moment of resistance = = tA .a 

» 7 /2n - d,\ 

= i?.= cbd.[-^y 


( 22 ) 

(23) 

(24) 


(26) 

(26) 

(27) 

(28) 
(29) 


Substituting the value for a, the moment of resistance in 
terms of c or f can be found. The problem can again be easily 
solved by the transformed area method. 

194. The Investigation of the Maximum Stresses at a Given 
Section of a Tee-beam for a Stated Moment, and of the Maxi¬ 
mum Permissible Moment for a given Tee-beam with Certain 
Limiting Stresses Given. Here 6 , d, d„ A and m will be known. 
The analysis follows the same lines as for the similar case of 
the rectangular beam. It will be best considered from the 
transformed area method, and the compression in the stem 
will again be neglected. The compression area will therefore 
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be considered as acting at a depth of d,/2 from the compression 
skin. A will again be transformed to mA, and from the equation 

— niA . (d-n) 

the value of n and hence the position of the neutral axis is 
found. 

Draw the equivalent stress diagram, where the maximum 
compressive stress is c, the stress at the under-edge of the slab 
c 

is equal to -{n - d,), and the tensile stress in the transformed 
steel area is tim. 

If the moment B is given, it is a simple matter to compute 
the total compressive stress C in terms of c and hence the lever 
arm a. 

Ga = an equation from which C and hence c can be found. 
t 

Also (7 = — . mA = tA from which t is calculated. 
m 

If the limiting stresses and A are given but not b the breadth 
of the flange, the investigation may be concerned with the 
maximum moment that can be carried by the beam and also 
the breadth of the flange. As in the preceding discussion, locate 
the position of the neutral axis from the stress diagram drawn 
with the extreme stresses taken as equal to the limiting stresses, 
and calculate the lever arm a. As in the case of the rectangular 
beam, calculate the moment assuming the limiting stress of ^ is 
realized. B = tAa, 

The total compressive stress will be (7 = T. Calculate the 

Q 

average Ca per unit breadth of the flange: then 6 = ^. Compare 

this calculated b with the value of b allowed from one of the 
limiting formulae. 

Q 

6 = ^ will in general be less than the maximum allowable 
value of 6. 

Illustrative Problem 46. 

A reinforced concrete beam is 3*5 in. wide and 4-26 in. deep to the centre 
of the tensile steel reinforcement. The working stresses are 600 and 16,000 
lb. per square inch for the concrete and steel respectively, 
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Find the depth of the neutral axis from the compression flange, the area of 
the steel in tension, the percentage reinforcement, and the moment of 
resistance. 


From paragraph 192. 

16,000 __ 
600 “ 

Solving n = 1*53 in. 
Total force in the steel 


- 


600 X 3-5 X 1-53 


1606 lb. 


Area of steel = ~ 


Percentage reinforcement 


•1 X 100 

--jr-- ^ == *617 per cent 

4*26 X 3-6 ^ 


Moment of resistance — 1605 x 




= 6000 lb.-in. 

195. Distribution of Shear Stress in a Reinforced Concrete 
Beam of Rectangular Gross-section and with Only Reinforce¬ 
ments on the Tension Side. (Fig. 196.) Consider the forces 
acting on a length of beam dx between two vertical planes 
AD and BC. The concrete again carries no load in tension. 

Let the compressive stress in the outside fibre at A be c 
and at R, c -{- dc. 

Let q be the shear stress on a horizontal plane of area b . dx 
situated at a height y above the neutral axis; then q .b . dx 

1 (<^ + ^ + - y)b 

. 


This is zero when y = n, and a maximum when y = 0 

the neutral axis = . . . (31) 

= 9 mat <»^ the vertical plane through a point on the neutral axis. 
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The curve of vertical shear distribution in the compression 
side of the beam is a parabola, being zero at the skin and a 
maximum at the neutral axis. 

Below the neutral axis, assuming the tensile forces in the 
concrete negligible, the shear stress must be constant between 
the neutral plane and the plane of the tensile reinforcement, 
where the whole of it is balanced by the difference in the 
tensile forces in the steel at K and L. 



Let M be the bending moment at AD and M + dM at BC. 
Let a be the arm of the internal moment of resistance. 

The internal moment of resistance at AD is Ca = P^a = M 


where C = total compressive force in the concrete 
and Pt = „ tensile „ steel. 

M + dM 


AT ^ 

Now- 

a 


-C + (C + dC) 
+ dC 


(32) 


Now 6(7 = (c + dc) ~ 





dM S. dx 
a ~ a 


(33) 


where S is the total shearing force at the section. 

But \ .dc .vb = . b . dx (From (31)) 

where is the shear stress at the N.A. 

•*. 9max = j^ == vertical shear at the N.A. . (34) 

For rectangular beams and for tee-beams where 6 is replaced 
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by 6^ the breadth of the stem, an average value of a is usually 

n 

taken as Actually d- 

196. Diagonal Tension in Reinforced Concrete Beams. In 

the chapter on principal stresses, it was shown that a tensile 
force could be compounded with complementary shear forces 
acting at the same point within the material to produce prin¬ 
cipal stresses 



where + p is the tensile stress and q the shear stresses. If it 
is assumed that the concrete cannot carry tensile forces then 

-R = ± ? 

that is, there will be two principal stresses, one a tensile stress 
equal to + g, and the other a compressive stress equal to - g. 
These planes wiU be at angles of 46° and 135° to the plane of 
the initial tensile stress. The tensile stress i? = + ? acting at 
an angle of 45° to the plane of the initial tensile stress is 
known as the diagonal tension stress. The concrete in a rein¬ 
forced beam is no stronger in itself than when unreinforced, 
and it cracks in any loaded beam when the tensile stress limit 
is exceeded. In all loaded reinforced beams, therefore, on the 
assumption that the concrete cannot take tensile load below 
the N.A., lines of cracking (cracks inclined at 45° to the line of 
the beam) will develop in the beam when the tensile limit stress 
of the concrete is exceeded. The direction of the cracks will 
be away from the supports. Now if reinforcement known as 
diagonal tension or web (or more incorrectly, shear) reinforce- 
ment is placed in the beam, either vertically to the line of the 
tensionreinforcement or normal to the probable line of diagonal 
tension crack, then this web reinforcement will function to keep 
any one crack from opening up widely and compel the formation 
of many minute cracks in place of the single large one which 
would cause failure. In order to proportion the web reinforce¬ 
ment, knowledge must be had of the diagonal tension. 

The web reinforcement in practice consists of stirrups, 
generahy vertical, looped about the main steel, and of main 
longitudinal rods bent up at an angle across the region of 
diagonal tension stress in those portions of the beam where 
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they are no longer needed to resist the normal tension. Tests 
indicate that the concrete is effective in resisting small amounts 
of diagonal tension, and may be counted upon with safety to 
perform this duty when the shearing stress is less than about 
40 lb. per sq. in. for most ordinary mixes. When q exceeds 
this limit, the concrete is ordinarily still counted upon as 
carrying a portion of the diagonal tension. The principal com¬ 
pressive stress = - g can, of course, be carried eflFectively by 
the concrete itself. The working maximum allowable value of 
q is usually 120 lb. per sq. in., but the suggested code recom¬ 
mends values dependent upon the proportion and grade of 
concrete to be used.* 

Stresses in Diagonal Tension Reinforcement. The 
methods given are purely approximate, producing empirical 
rules that have been found to give safe and economical results. 



h 


(\ / 

T 

cL 

1 


jL 


(a) Vertical Stirrups. The centre stirrup of the three shown 
in Fig. 197a is assumed to carry all or part of the vertical 
component of the diagonal tension acting over the distance y 
along the 45 degree line of potential cracking. The horizontal 
opening of the crack is prevented by the longitudinal steel, 
which may be considered to carry the horizontal component of 
the diagonal tension. The concrete, too, is credited with carrying 
a certain portion of the vertical component of the diagonal 
tension. The total amount of the diagonal tension within the 
distance y is q .b .y and the vertical component is g . 6. 5 . 

The stress (T,) in the stirrup then is q^ps where is the 
amount of shear denoting the share of diagonal tension carried 
by the stirrup, g^ is often assumed to be f g or equal to (g - 40) 
lb. per sq. in. 

Note. The vertical component of diagonal tension in any 


* Suggested Code of Practice, see References at end of chapter. 
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distance along a R.C. beam is taken as equal to the total hori¬ 
zontal shear in that distance. 

If tg lb. per sq. in. is the tensile stress in the vertical stirrup 
and Agis the total cross-sectional area of the legs of the stirrup 

S S s 

then tgAg = q^.b.s = T^.b.8 = — . . . . (36) 

OCt CL 

where is the proportion of the average shear force over the 
distance s and a is the lever arm of the internal moment of 
resistance. 

(b) Inclined Rods. Assuming that the vertical component of 



Fig. 197b 

diagonal tension in a horizontal spacing of s is the vertical 
component of the tensile stress in the 45° inclined rod, then 

= qiby 
= q^s sin a 

== O^lOlq^bs = O-lOlS^s/a . (36) 

Comparing the spacing of the vertical and inclined rods, if 
tgf Ag qi and b are the same for both cases, then s for the ver¬ 
tical stirrups is equal to 0*707 of the spacing ( 5 ) for the inclined 
rods. Therefore inclined rods are more effective than vertical 
stirrups for taking up the diagonal tension. The limiting spacing 
for vertical stirrups is one-half the depth to the main steel centre, 
and for inclined rods, three-quarters the depth. Of course, the 
vertical stirrups can act in conjunction with inclined rods. 

Spacing of the Diagonal Tension Reinfobcement. 
Analytical Method. Let the distance between two sections A 
and jB of a reinforced concrete beam be ( aZ) equal to s. Let the 
moments at A and B be and respectively (say > Mg). 
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Then the average rate of change of moment over the 
length (a^) 

M^-M, 

or 8^ ( aZ) = - M^. 

Therefore equations (35) and (36) can read 

t,.A,.a = k{M^ - M^) or 0-10U{M^ - MA 

If Ag IS assumed and constant, then A^, a, will be constant 

for a beam of uniform cross-section, if a is assumed constant. 

Then is a constant, for k and 0-707i are constant. 

__ __ tfA/i tAfl' . . 

jf. - Jlf. = ^ or = = constant. 

To find ; assume a value of A ^; a and k will be 

known, and the change of moment can be found. 

Construct the moment diagram for the beam on the length 
of beam as base : on a vertical axis and from the horizontal 
axis mark off intervals corresponding to Draw lines 

parallel to the base of the moment diagram from these interval 
points, to cut the moment diagram (generally) in two points. 
From these points of intersection drop perpendiculars on to 
the base (length of beam to scale) of the moment diagram. 
Where these perpendiculars touch, the base will give the position 
of the stirrups at the tensile reinforcement.* 

If .4, is not assumed, the first stirrup is usually placed at a 

distance not less than— from the support. or other distance 

will correspond to aZ.^ The change of moment over this dis¬ 
tance can be measured from the moment diagram, or it can be 
calculated. Ag can then be found using the required equations 
(35-36). The spacing can be found as before. It will be 
found that for more or less uniform loading the stirrups are 
spaced closer together near the supports than at the centre 
of the beam. 

If stirrups are too far apart there will be opportunity for 
inclined cracks to open between them, and the limiting spacing 


For practical rules of spacing. Me Problem 466, page 360. 
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is often taken as d/2 for vertical stirrups, and as 3d/4 for 
inclined rods. A further point to be watched is the anchorage 
at the ends of the stirrups and bars. They may be very highly 
stressed at the neutral axis and, therefore, the question of the 
“bond” between the bars and the concrete is called into play. 
If the ends are anchored by a hook, a satisfactory anchorage is 
obtained. The discussion of bond and anchorages must be 
left to books on reinforced concrete design. 

Illustrative Problem 46a. 

A rectangular reinforced concrete cantilever beam 12 ft. long carries an 
end load of 20,000 lb. The beam section is 6 = 10 in. d — 20 in. If one 
vertical stirrup can carry a load of 4500 lb., how many stirrups will be required ? 
Assume the concrete can carry one-third of the diagonal tension. 


We have } - = 10 20 ““I' 

Load to be carried by vertical stirrups 


= y.l.blh. 

2 20,000 
~ 3 10 X I X 20 
= 109,500 lb. 


X 12 X 12 X 101b. 


109,500 

No. of stirrups = - - = 24. 

144 

Spacing of the stirrups == = 6 in. 


Illustrative Problem 456. 

A simple reinforced rectangular concrete beam is 24 in. deep to steel centre 
and 12 in. wide. It supports a total uniformly-distributed load of 3000 lb. 
per ft. run on a clear span of 20 ft. Use single loop stirrups of } in. round 
material, which can be assumed to be stressed to a maximum of 18,0001b. 
per sq. in. Design the diagonal tension reinforcement, using vertical stirrups, 
and assume no stirrups are required where the maximum shear stress is less 
than 40 lb. per sq. in. 

The total end shear is 30,0001b. decreasing uniformly to 
zero at the middle of the beam. The intensity of maximum 
shear stress at the end of the beam is 
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Let y in. be the distance from the middle of the beam along 
which no stirrups are required. 

m,. 120 40 

Then == — y z= 40 in. 

120 y ^ 

The vertical stirrups will be required over 80 in. at each 
end. 

A single loop stirrup of f in. round material can carry 
2 X 0*11 X 18,0001b. = 39601b. 


Assuming that the concrete can carry diagonal tension repre¬ 
sented by O' = 40 lb. per sq. in., then the total diagonal ten- 
, sion load to be carried by the stirrups in 80 in. length from the 
support is 

J(120-40) X 12 X 80 = 38,4001b. 


The number of stirrups required is 


38,400 

3960 


10 . 


The average spacing will be 


80 

j5 = 8m. 


Note that as the spacing varies inversely as the shear, then 
the end spacing will be 


K120-40) 

80 


8 = 4 in. 


whilst at a distance of 80 in. from the support it will be 


i(120-40) 

0 

24 


X 8 = infinity 


which is greater than — the maximum spacing allowable. 


In choosing stirrups for a beam, a convenient practice is to 
calculate the number required in each end and space them 
approximately, the spacing being given in multiples of 2 or 3 in. 
Some designers prefer to calculate the spacing at several points, 
and place the stirrups accordingly; others prefer to employ 
more stirrups than required, in order to keep down the spacing 
to the maximum allowable. 
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For the stirrups required in the present problem, a suggested 
spacing is 

2-4-6-6-6-9-9-9-12-12-12 

the first dimension being from the support. In practice the 
stirruping would be carried through the whole length of beam, 
a number of stirrups at about maximum spacing being placed 
across the central portion of the beam where q is less than 40 lb. 
per sq. in. 


Illustrative Problem 45c. 

Two i in. steel bars are bent up at an angle of 45°, 15 in. from the support 
of a reinforced concrete beam of effective depth 20 in. and breadth 10 in. 
The average shear over the 15 in. is 1101b. per sq. in. Are vertical stirrups * 
required to assist the bent-up bars in taking diagonal tension? Assume 
limiting stress in bent-up bars to be 18,000 lb. per sq. in. 


Assume concrete can take diagonal tension to the amount 
represented by 40 lb. per sq. in. 

Then using equation 


49 


tf^g = O^lOlq^bs 
where Ag = 2 X 0*785 x ^ = 1*2 sq. in. 

q^ = (120 - 40) = 80 lb. per sq. in 
6 = 10 in. 5 = 15 in. 

0*707 X 80 X 10 X 15 


then tg = 


1*2 


7070 lb. per sq. in. 


which is less than 18,000 allowable. 

Therefore vertical stirrups are not required. As the shear, 
say, at the point of bend is 100 lb. per sq. in., vertical stirrups 
will be required in the length of beam from this point to 
the point where g = 40 lb. per sq. in. 

196a. Bond Stress and Anchorage or Embedment. The ques¬ 
tion of proper length of embedment of steel in concrete arises 
whenever there is stressed steel in concrete. Whether the stress 
is tension or compression, a rod must extend beyond any point 
of stress a distance sufficient to develop in bond the total stress 
there existing. For instance, suppose a number of tension bars 
of a cantilever beam to be anchored in a supporting mass 
of concrete. What is the length the bars must extend into 
the mass concrete, such that the resistance to pulling out 
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developed with the allowable bond stress is equal to, or greater 
than, the total stress in the bars at the face of the mass concrete ? 

Let u be the allowable bond stress between the steel and the 
concrete in the mass concrete. Let Eo represent the total 
perimeters of the bais, I the length of embedment or anchorage, 
fg the stress in the bars at the face of the mass concrete, and 
EAg the total sectional area of the bars. There results as a 
general expression 

u .1, Eo fgEA, 

For a single square bar of side D and for a single round bar 
of diameter D it can be shown that 


There are other ways to secure the necessary anchorage such 
as hooks and mechanical devices. Specifications lay down 
acceptance rules and dimensions for such devices. 

Bond also plays its part when considering the rate at which 
stress passes from the concrete to the rod, in the case of rein¬ 
forcement for tension or compression in beams. 

Consider the rate of transfer of stress from concrete to the 
tension steel in beams. Referring to para. 195, it will be seen 
that the bond stress, the tendency of the rods to slip, equals 
the horizontal shear; and therefore if we consider unit length 
of beam of breadth 6 and a horizontal plane below the neutral 
axis, and if q be the average horizontal shear stress over the 
plane, and u the average bond stress between the steel and the 
concrete, then 

. Zb . 1 = g . 6 . 1 

where Eo is the sum of the perimeters of the rods. 

q . b 

Then u = 

Eo 

u in general is kept below 100 lb. per sq. in.: this value is, 
however, sometimes exceeded where effective end anchorage 
is provided.* 

However, tests show that this theoretical relation between 
u and q does not quite cover all the facts. Nevertheless, it 
forms a useful basis for comparison in beams in which the 
dimensions and general make up are similar. 


* See also suggested values for u in the recommended Code of Practice. 
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If S is the shear force at a section 
qb 8 .b 


Then u 


Eo b ,a , Eo a , Eo 
where a is the arm of the resisting moment. 

d(3 - n^) 


Now a == 


3 

Z8 


“ ^ (3 ~ n^dEo 

Comparing the values of u and q for the same steel area, 

8 ^ 8 
u = —^ and q = —r 
aEo ^ a ,b 


If Eo < b, then u> q. 

Therefore to make u == or < q, for the same steel area, it is 
only necessary to increase the number of bars, and at the same 
time decrease the diameter, so that Eo = or > 6. 

7Z 

E.g. assume one bar, d = 1, perimeter = tt, area = 

71 

Assume d = J, number of bars required for area ^ is 4, giving 
a perimeter of 2 :t. 

4 bars of dia. = \ have twice the perimeter of 1 bar of 
dia. = 1. 


Illustrative Problem 45d. 

The overall dimensions of a rectemgular reinforced concrete beam are 
26 in. by 12 m. The centre of the steel area of 3 sq. in. for 3-1 in. square 
bars is 2 in. from the nearer edge. The shear load at a section is 24,000 lb. 
Calculate the intensity of the bond and shear at this section. 

Assuming o = |d, then for the section given 
a — 1(26 - 2) = 21 in. 

mu ^ 24,000 

Then ^ 1 2 x 2T "" 

S 24,000 

“ = rYo = wYu = “• 



REINFORCED BEAMS 


365 


n 


Assuming m = 16, to find a = d - 

bn^ 

We have mA,{d -n) = 

12 

16 X 3 (24 - ») = Y X 

180- 7-671 = «* 


71 * + 7-571 


= 180 


7-6* 


7-5* 


77 * + 7-577 + -^ = 180 + ^ 

77 + ^ = ± A/m 


77= 13-9-3-75 = 10-15 in. 


77 

g = 3-38 m. 

o = (24 - 3-38) = 20-62 in. 
cf. o = I X 24 = 21 in. 

Assuming there are 3 — 1 in. round bars instead of 3 — 1 in. 
square bars, and o = 21 in. 

24,000 

? = . 7-^ = 96 lb. per sq. m. 


u = 


12 X 21 
24,000 
21 X 3 X ;z: 


= 121 lb. per sq. in. 


197. Reinforced Concrete Columns with Axial Loads. The 

usual type of reinforced concrete compression member has a 
circular, octagonal, or rectangular concrete section with a 
series of rods, parallel to the longitudinal axis of the member, 
set about 2 in. back from the surface all around the perimeter. 
The steel reinforcement is from 0*8 to 8*0 per cent of the cross- 
sectional area of the concrete. The main reinforcing bars are 
held in place either by being wired to an encircling series of 
hoops or ties, or to a closely spaced steel wire spiral. The ver¬ 
tical or longitudinal reinforcement deforms the same as the 
surrounding concrete, as the column shortens under load. The 
action of the ties is to bind the rods together and into the 
mass of concrete in such a way that they themselves will not 
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buckle and cause failure. As heavy initial stresses are induced 
in the longitudinal reinforcement during the shrinkage of the 
concrete whilst hardening, the function of the ties is impor¬ 
tant. The task is more efficiently performed by the spiral 
reinforcement, as it serves to restrain lateral movement of the 
concrete during shortening. As the spiral only comes into 
play after the column passes its elastic limit, certain authorities 
consider that no allowance should be made for the increased 
strength which it affords, whilst others make this allowance. 
Reference should be made to the work of Consid^re in this 
respect. Most reinforced columns are so short that their ultimate 
strength is not limited by any tendency towards buckling or 
bending; their length is ordinarily less than 15 to 18 times their 
least dimension. For slenderer columns, the working stresses 
must be reduced below those allowable on short columns of 
the same section. In columns exposed to fire, the steel must be 
adequately protected by a covering of concrete at least 2 in. 
thick. Sometimes this additional concrete is credited with 
being part of the column; in other cases it is only the concrete 
within the spiral or longitudinal bars which is effective in carry¬ 
ing load, i.e. the core is the effective concrete. The value of m 
is taken the same for columns as for beams. 


(1) Short Columns, (a) With lateral ties or Iwops, 

Let Ac = area of concrete only, in sq. ins.; not including any 
finishing material applied after column is cast. 

„ Ac == area of steel only, in sq. ins. 

„ A == total area = Ac + A, 

„ W = axial load in lb. 

,, Cc == compressive stress in concrete lb. per sq. in. 

>> ~ >> >> steel ,, ,, ,, ,, 

„ ^ - Ec 

Then W = CcAc + *.(37) 

Now, as the strain in the concrete and the steel is the same. 


* The code states that TF shall not be greater than given by this equation: 
therefore c, and shall not exceed their maximum permissible values. 
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From (37) W = + mCcA, 

— Cf{Ae + mA,) .... (38) 

= Cf (efiEective area on a concrete basis) 

= Cg{A]if) ..... (39) 

A^= A-A, 

then W — + A^(m-l^ . . . (40) 

(6) With spiral reinforcement. The Code of Practice for rein¬ 
forced concrete suggests the following. Where spiral reinforce¬ 
ment is used, the axial load W on the column shall not exceed 
the value given by equations (40), or (41), below, whichever is 
the greater. 

W = + 2*0 hA, . (41) 

where Aj^ = cross-sectional area of concrete in the core. 

tj, = permissible stress in tension in spiral reinforce¬ 
ment. 

and Ai, = equivalent area of spiral reinforcement (volume of 
spiral per unit length of the column). 

In no case shall the sum of the loads contributed by the 
concrete in the core, and by the spiral, exceed 0-50fcAc where 
fc is the crushing strength of the concrete required from the 
works tests, and .4 c is gross sectional area of the concrete# 

The value of is dependent on the kind of concrete used, 
and varies from 600 to 1250 lb. per sq. in., whilst the maximum 
Cg and tj, depend on the kind of mild steel used, but vary 
from 13,600 to 16,000 lb. per sq. in. 

(2) Long Columns. The Code suggests the following. The 
permissible working loads of axially-loaded long columns shaU 
not exceed the values given by the equations for short columns 
multiplied by a buckling coeflScient which depends upon the 
ratio of effective length to least lateral dimension of the 
column, or ratio of effective length to least radius of gyration. 
For further information reference should be made to the Code. 

Illustrative Problem 46. 

A reinforced concrete column is 14 in. square. It is reinforced longi¬ 
tudinally with 4 2-in. diameter steel rods placed near the comers ; it car¬ 
ries 60 tons. Find the load carried by the concrete and steel respectively. 
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Eg (steel) = 29 X 10® Ib./sq. in. 

Eg (concrete) = 3 X 10® 

_ Eg _9f 
Eg ^ I 

Total area of steel = 477 sq. in. 

Area of concrete = 196 - 477 == 183*44 sq. in 
Wg = load taken by concrete. 

Wg = „ steel. 

60 tons — Wg-\- Wg 

Cg = stress in steel. Cg = stress in concrete 
.*. c, = 9*66Ce 

Eg Eg 

60 tons = 183*44Cc + (9*66Cc X 477) 

Cg = *197 tons/sq. in. = 440 lb. per sq. in. 

Load taken by the concrete = 183*44 x *197 = 36*7 tons 
„ „ steel = 60 - 36*7 = 23*3 „ 

23*3 

= 1*90 tons/sq. in. 
or Cg — *197 X 9| = 1*90 tons/sq. in. = 4,2601b. per sq. in. 


Stress in the steel = 


Illustrative Problem 47. 

Design a column to carry an axial load of 100,000 lb. Take Og 600 lb. 
per sq. in. and m = 18. 


(a) Cg will be equal to 18 X 600 = 10,800 lb. per sq. in. 
Total area of concrete required for the transformed section is 


100,000 

600 


167 sq. in. 


A 12 X 12 section furnishes 144 sq. in., leaving 23 as the 
transformed concrete area of the steel. 


/. (18-1)^,= 23 
23 

and A, == — = 1*35 sq. in. 

1*35 

X 100 = 0*94 per cent. 


If the cross-section and steel first chosen are unsatisfactory 
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for any reason, further trials must be made. The design is 
facilitated by the use of tables and diagrams. 

In the above example stress has controlled the design. 

( 6 ) If the eflFective length of the column is, say, 18 ft., then 
the dimension of a square section would be 
18 

jg — 1*2 ft. — say 15 in. 

The total load on the column is 100,000 lb. 

mu 100,000 

Then c. — ^ 

The steel area should be between 0*8 and 8 per cent of the 
section, or between l* 8 sq. in. and 18 sq. in. As stiffness is 
controlling the design of the section, the steel area need not 
be too high—say four, 1 in. round bars (area 3*14 sq. in.). 

„ 100,000 

Then c, - ^25 ^ (17 3 . 14 ) 

100,000 

"" 278-r “ 

= 360 X 18 =i:i= 6500 lb. per sq. in. 

Therefore, as diminishes, and c, will both increase. 

Also as the column dimensions decrease, and Cg will increase.* 
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Reinforced Concrete Design, Sutherland and Clilford. (J. Wiley & Son.) 
British Standard Code of Practice G,P, 114 (1948). The structural use of normal 
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EXAMPLES 

1. Design the central section of a reinforced concrete beam of 20 ft. span 

to carry a load of 600 lb. per foot run. Tensile stress allowable in the steel, 
16,0001b. per square inch. Compressive stress in the concrete, 6001b. per 
square inch. Ratio of modulus of elasticity of steel to that of concrete, 12. 
Ratio of breadth to depth, 1 to 3. Show how you would make provision 
for resisting the shear stress in the beam. (U. of L.) 

2. Define resilience. A concrete pillar is 12 in. square in section and has 
four 1 in. diameter rods as vertical reinforcement. A load of 20 tons is 
placed on the column. Find— 

(а) The shortening of the column ; 

(б) Resilience of the column. 

30 X lO^lb./sq. in. E — 2 X 10*lb./sq. in. 

(U. of B.) 

3. A load of 2 tons has to be supported midway between two walls 10 ft. 

apart. Design a suitable reinforced concrete beam for the purpose. The 
outside dimensions are to be 18 in. deep and 10 in. wide. (U. of B.) 

4. The vertical sides of a circular reinforced concrete tank, 60 ft. in 

diameter, are reinforced with circular steel rods embedded in the concrete. 
If the tensile stress in the steel is limited to 5 tons per square inch, calculate 
the area of steel required per foot in depth between 8 ft. and 9 ft. depth of 
water, and between 9 ft. and 10 ft. depth of water. (I.C.E.) 
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5. The reinforced concrete beam shown in Fig. 198 carries two equal con* 
centrated loads S 5 mametrically placed on the span and 6 ft. apart. If the 
modular ratio is 12, and c and t are not to exceed 6001b. per square inch 
and 16,0001b. per square inch respectively, find the maximum values of the 
loads, taking into account the weight of the beam itself. If vertical stirrups 
made from l-in. round steel take the whole shear, find the necessary spacing. 

(U. of L.) 

6. A reinforced concrete slab, 7} in. thick, has an effective span of 10 ft. 
The reinforcement consists of j in. diameter bars at 6-in. centres placed 
Ij^in. above the bottom of the slab. Determine what imiform loc^ per 
square foot the slab will carry in addition to its own weight, if the allowable 
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maximum stresses are 18»000 lb. per square inch for steel and 650 lb. per 
square inch for concrete^ and if the ratio of the modulus of elasticity of steel 
to that of concrete is 12. Weight of slab, 150 lb. per cubic foot. (U. of L.) 

7. Write down the expressions for, and expleun what you understand by 

(a) the equivalent area of a reinforced concrete column ; (b) the equivalent 
moment of inertia of a reinforced concrete beam 12 in. deep, 6 in. wide, 
reinforced with two steel bars i in. diameter at 1 in. from the underside of 
the beam. (U. of B.) 

8. A reinforced concrete beam 6 ft. long, 5 in. wide, and 7 in. effective depth, 

carries a load of 2 tons applied at two points symmetrically placed relative 
to the centre of the beam. The area of the reinforcement is 0*6 sq. in. 
The distance between the supports is 5 ft., and the distance between the 
points of application of the load is 3 ft. Find the maximum stress in the 
concrete and in the steel, m = 15. (U. of B.) 

9. A ditched timber beam consists of two timber joists, each 4 in. wide 
by 12 in. deep, with a steel plate | in. thick and 8 in. deep, placed sym¬ 
metrically between them and firmly fixed in place. If the span is 20 ft. 
and the ends are simply supported, calculate the maximum uniformly- 
distributed load the beam can carry if the stress intensity in the timber is 
not to exceed 10001b. per square inch. What will then be the maximum 
stress in the steel 7 

E for steel = 30,000,000 lb. per square inch. 

E for timber = 1,500,0001b. „ (U. of L.) 

10. What do you understand by the “ equivalent area *’ and “ equivalent 
moment of inertia ** of a reinforced concrete column 7 State what assump¬ 
tions are made in deducing mathematical expressions for these. 

A concrete column is 15 in. x 15 m. square in section ; it is reinforced with 
four 2 in. diameter mild steel bars. If the maximum stresses allowable are 
6001b. square inch in the concrete and 16,0001b. square inch in the steel, 
what load can the column safely carry 7 Take the modular ratio as 15. 

(U. of B.) 

11. What is meant by the “economical percentage of steel ’* in a rein¬ 

forced concrete becun with tension reinforcement only 7 Deduce expres¬ 
sions for the depth of the neutral axis, the percentage remforcement, and the 
moment of resistance of an “ economical beam,“ assuming maximum stresses 
of 600 Ib./sq. in. (compression) in concrete, and 16,000 Ib./sq. in. (tension) in 
steel. (Take m = 16.) (U. of B.) 

12. If is the depth of the neutral axis of a rectangular concrete beam 
reinforced on the tension side only, p the steel ratio, and m the modular ratio, 
prove that 

k = yj{^2pm + p*m*) — pm 

A rectangular reinforced concrete beam is 15 in. wide and 30 in. deep to the 
centre of the steel bars, which have an area of 4 sq. in. If w = 15 and the 
limiting stresses /, and are respectively 18,000 and 800 lb. per sq. in., 
determine (a) the position of the neutral axis, and (5) the maximum moment 
which can be carried. (U. of B.) 

13. A rectangular concrete beam reinforced in the tension side only is to 

be designed to resist a moment of 600,000 inch-pounds. Design the economical 
section for an ordinary grade concrete having a minimum 28 days crushing 
strength based on works tests of 2250 lb. per sq. in. and a mild steel having 
an ultimate strength of 30 tons per sq. in. Take m === 18. (U. of B.) 
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14. What are the functions of bent-up bars and vertical stirrups in 
reinforced concrete beams ? 

The maximum compressive stress in a reinforced concrete beam is 800 Im 
per sq. in. and the stress in the steel is 18,0001b. per sq. in. The effective 
depth of the beam is 25 in. and m is 15. Calculate the stress in | in. U vertical 
stirrups at 4 in. spacing where the shearing force is 8 tons. Assume that the 
concrete can carry one-third of the diagonal tension. (U. of B.) 

15. A double reinforced rectangular concrete beam is 15 in. wide and 30 in. 

deep from the compression edge to the centre of the tension steel. The areas 
of the compression and tension steel are both 4 sq. in., and the centre of the 
compression steel is one-third of the neutral axis depth from the compression 
edge. If m is 15 and the bending moment at the section is 120,000 pound-feet, 
calculate the maximum stress in the concrete and the stresses in both the 
compression and tension steel. (U. of B.) 

16. A reinforced concrete pit prop is 6 ft. long and 6 in. square in 

section. The hooped longitudinal reinforcement consists of four J in. square 
mild steel bars. If m is 15 and /<. is 500 lb. per sq. in., calculate the work¬ 
ing load of the prop. (U. of B.) 

17. Design a square reinforced concrete column, 14 ft. high, reinforced 

with 1 per cent longitudinal bars and ordinary hoops to carry an axial load 
of 100 tons. The permissible stress in the concrete is 500 lb. per sq. in. and 
m = 12. (U. of B.) 

18. The section abed of a short reinforced concrete column is 15 in. by 15 in. 

The reinforcement consists of four 1 in, square bars whose centres are IJ in. 
from the edges of the column. A load of 70,000 lb. is applied on one of the 
axes of symmetry and at a distance of 2 in. from the centre of the section. 
Calculate the maximum and minimum stresses developed in the steel and in 
the concrete. 7n = 12. (U. of B.) 

{Note, Transform the whole section and solve as for a homogeneous short 
column.) 

19. Discuss the design of short reinforced concrete compression members. 

(U. of B.) 

20. Deduce an expression showing the relation between the bond and 
shearing stresses in a reinforced concrete beam. 

Loads of 12 tons are applied at points 6 ft. and 12 ft. from one end of a 
simply supported reinforced concrete beam 18 ft. long. The tensile reinforce¬ 
ment consists of eight 1-in. roimd bars with their centre of gravity 18 in. from 
the outside compressive fibre of the beam. Calculate the maximum bond stress 
developed, if the maximum compressive stress in the concrete is 750 lb. per 
sq. in., the tensile stress in the steel is 18,000 lb. per sq. in., and m is 18. 

How far into the supports of a cantilever beam should a 1-in. round bar be 
carried to develop its full working tensile strength, assuming a safe bond stress 
of 110 lb. per sq. in. ? (U. of B.) 

21. The fiange of a Tee beam is 60 in. by 3^ in., and the stem is 10 in. wide. 
The area of the tension reinforcement is 2 sq, in,, and its centre of gravity is 
20 in, from the upper face of the fiange. Determine the moment of resistance 
of the beam and the steel stress developed, if /« = 220 lb. per sq. in. Take 
m = 15. 

Over a length of this beam the shearing force is constant and equal to 
14,000 lb. The spacing of }’in. vertical U stirrups is 6 in* Assuming that the 
concrete carries diagonal tension represented by a shear stress of 40 lb. per 
sq. in., calculate the load carried by a stirrup. (U. of B.) 
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22. A simply supported reinforced concrete beam has a breadth of 9 in. 
and an effective depth of 18 in. If the limiting stresses, = 750 lb. per sq. in. 
and 18,000 lb. per sq. in. are realized, calculate the moment of resistance 
and the area of the tensile steel. Assume m ~ 12. 

If the moment of resistance is increased by 30 per cent, find the tensile 
and compressive steel arecks required, assuming that the centre of the com¬ 
pressive steel is 2 in. below the compression skin, and that the limiting 
stresses are agcun realized. (U. of B.) 


Notb on Question 7 (b )— Examples XIV 
Rejer to Fig, 194 

Moment of inertia of the concrete above the N.A. and about the N.A. 

= 5!i! 

“ 3 

Moment of inertia of the steel about the N.A. on a concrete basis 

= mA (d - n)* 

The equivalent moment of inertia of the beam on a concrete basis about 
the N.A. 

/,0 (i-n)* 


Now tA = 


and t » 
A = 


Then Ibc = + 

_ 

== T 


me (d - n) 
n 

bn* 

2m (d - n) 

6n* bn* (d - n)* 


2 (d - n) 


Equivalent compression modulus == == ~ 

bnc / , n\ 

TV-J) 


Moment of Resistance = 


(equation 7) 


X3r-a.5430) 



CHAPTER XV 


The Slope - Deflection and Moment - Distribution 
Methods of the Solution of Rigid or Continuous 
Framed Structures, where Bending Moments are 
the Determining Factor in Design 

The discussion of the methods will be based upon the assump¬ 
tion that the moment of inertia remains constant throughout 
the length of each member in the structures: i.e. members are 
prismatic members. 

198. I^eliminary Discussion and Sign Convention. A frame 
with rigid joints is a structure in which the member inter¬ 
sections are so constructed that the original angle between the 
members is maintained under any loading. For a steel frame 
joint with heavy gusset plates and ample riveting, and for 
welded connections, it is assumed that complete rigidity is 
justifiable. For monolithic reinforced concrete construction the 
assumption is made without question. By far the most impor¬ 
tant case of the rigid joint frame is to be found in the column 
and girder combination in building construction. However, 
there are other examples of rigid frame construction, e.g. 
culverts, trapezoidal frames, roofs with sloping members, the 
framed bridge span or open webbed girder (Vierendeel Frame). 
In the past, it was the custom to analyse a building frame as 
independent beams and columns without due regard to its 
essentially monolithic character. It is now recognized that such 
a method is inadequate, and that such a structure can be 
economically designed only by treating it as a multiple rigid 
frame. The present chapter will be devoted to two modern 
methods for the analysis of the rigid frame and to the study of 
a number of simple numerical problems. Special problems of a 
more complex character and of more complex structures can be 
found in the references given at the end of the chapter. 

In a rigid frame all the members meet at joints, and because 
of the interaction of members and the applied loads, the joints 
will rotate. The amount of rotation will depend upon the 
restraint offered by the connecting members. Any or all of the 
members of the frame may be loaded transversely, and any 
joint may be defiected relative to its original position. Building 

374 
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frames, bents, culverts, lurch sideways or “sway” under the 
action of lateral forces or of unsymmetrically placed vertical 
loads. In general, when loads are applied to a rigid frame which 
is unsymmetrical in outline, in the cross-sectional dimensions of 
its members, the end or support conditions, or in the nature and 
position of the loads, or in any combination of these, there is a 
tendency for the joints to be displaced or translated, resulting 
in a lateral sway of the frame. (Obviously with a framed bridged 
span there will be a translation of the joints under the vertical 
applied loads.) 

This effect causes joints to be translated as well as rotated 
under the action of the applied loads. However, in a great 
many cases, the relative linear displacements of the joints are 
negligible. Therefore a general form of equation giving the end 
moments in a member, must include terms stating the effect of 
joint restraint, the effect of applied loads, and the effect of 
joint movements. 

Let a member AB tie into joints at A and B, Let it be sub¬ 
jected to transverse loads, so that there is rotation of the joints 
A and B. Let us consider the internal moments of resistance 
induced at the ends A and B of the member. If we cut the 
member at these ends then we must place at the cuts, (a) a pair 
of equal and opposite couples (moments of resistance), one 
acting on the joint and one on the end of the member, (6) an 
equal and opposite shearing force pair, and (c) an equal and 
opposite normal force pair. In general, the effects of the 
shearing and normal force strains on the moment distribution 
will be neglected. That is, the moment distribution is due to 
flexure only. 

The end moment in a member will be designated as M with 
a subscript. The first letter of the subscript indicates the end 
of the member at which the moment exists: e.g. ab is 
moment at A in member AB, and JIba is the moment at B in 
the same member. If the ends of the members are fixed in 
direction (built-in or restrained against rotation), then the end 
moments will be designated as, e.g. iff fab the 

member AB, The determination of the magnitudes of these 
fixing moments is given in Chapter IV. 

199. Sign Convention. Note carefully the convention for the 
algebraic sign of end moments, which will be used in considering 
statically indeterminate structures by the slope-deflection 
method and later by the moment-distribution method, the two 
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methods which are considered in this chapter. The student 
will find this convention different from that given in the previous 
work on simple, built-in, and continuous beams. While in 
general it is not desirable to use two such conventions, the 
advantages which result would seem to make the two conven¬ 
tions desirable. The student should thoroughly familiarize 
himself with these conventions and learn to recognize at a 
glance whether a moment is positive or negative. 

The convention now given is as follows— 

A moment which tends to rotate the end of a member in a 
‘counter-clockwise* direction is ‘positive (+)’ the moment 
which tends to rotate the end of a member in a ‘clockwise* 
direction is ‘negative (—).* (Conversely, moments acting on a 
joint in a ‘clockwise* direction are ‘positive,* and those in a 
‘counter-clockwise* direction are ‘negative.*) 

The rotation of the tangent at the end of a member (or the 
rotation of a joint), is measured from the original direction of 
the axis of the member. A ‘counter-clockwise* rotation of the 
tangent at the end of a member is ‘positive* and a ‘clockwise* 
direction is ‘negative.* These rotations are denoted by the 
sign 6: e.g. ®ba> ^ radian measure. If 

the ends A and 5 of a member AB are direction-fixed (or 
built-in), then = ®ba = 

The defiection or displacement (A) of one end of a member 
relative to the other end is measured perpendicular to the 
original direction of the axis of the member and it is termed 
‘positive* when the movement of the deflected end is ‘clock¬ 
wise * with respect to the other end. The opposite movement of 
the deflected end is ‘negative.* 

If I is the length of the member, then the angle (f> (in radian 
measure = A/i) through which the axis of the member rotates, 
is ‘positive* if it is in a ‘clockwise* direction, and ‘negative* if 
it is in a ‘coxmter-clockwise* direction. 

200 . Examples of the Sign Conventions are given in Figs. 
199a to 205b. In these figures, pi stands for point of inflection, 
TT indicates tension on the top side of the beam and TB on 
the bottom side of the beam. These are given, as the bending- 
moment diagrams. (Figs. 199b to 205b) are drawn on the 
tension sides of the beams. 

Fig. 199a denotes the conditions for a built-in or direction- 
fibced ended beam subjected to transverse loading. In Figs. 200a 
to 206b, the beam AB is not subjected to transverse loading. 
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In Figs. 200a and 201a the end A is caused to rotate by 
means of an external couple through an angle of ± radians, 
whilst the end B remains fixed in direction, i.e. 6 ba = 0- 
Moments J^ab ^'^e induced in the member at the end A, and 
note that moments J^ba ^'^e induced in the beam at the end B : 
in the moment-distribution method of analysis, this moment 



Fio. 199 a 



Fig. 199b 



Fig. 201b 






»''*AB 


Fig. 202a 


' I 



Fig. 202b 



Fig. 203a 



Fig. 203b 



Fig. 204b 

Notb: a miuuB sign before a moment indicates that it is a negative moment, 
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is called a ‘carry-over’ moment. In Figs. 202a and 203a, 
the end B is rotated through an angle of ± 0 ba> whilst the end 
A remains direction-fixed. 

In Fig. 204a the end B is displaced or translated by means of 
an external lateral force relative to ^ in a positive direction 
through a distance + A, both the ends A and B remaining 
direction-fixed (i.e. 0^^ = ®ba remaining = 0). The student 
can deduce for himself the conditions for AB when B is displaced 
through a distance equal to — A. In Fig. 205a the end A is 



Fig. 205b 


translated relative to B through a distance = — A, = 6 ba 
remaining = 0. 

The bending moment diagrams corresponding to the loading 
conditions given in Figs. 199a to 205a are given in Figs. 199b 
to 205b. In the Figs. 200b and 201b, it is indicated that the 
induced moments in the beam at B are ± for 

the member AB when it is of constant cross-section. When the 
end B is rotated, the moment in the beam at the end A is 
= ± -^ba/ 2 for a beam of uniform cross-section. The 
proof of this is given in a subsequent paragraph. For beams of 
non-uniform section, reference must be made to other works 
(referencesjo which are given at the end of the chapter) for the 
value of the carry-over moments. In the diagrams, Figs. 204b 
and 205b, it will be noted that the moments induced in the 
beam at the ends A and B due to the relative displacement of 
these ends are equal in magnitude; their values are determined 
in another paragraph. 

In Fig. 206 there is indicated the signs of the induced 
moments in a length of a continuous beam. 
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Fig. 207 (a) shows the displaoement of an unsymmetrioal 
portal, direction-fixed at the bases A and B, due to a transverse 
load acting from left to right on the column AB : the moment 



diagram is given in Fig. 207 (6). TL indicates tension on^feh®-; 
left side of a column, and TR tension in the right side of a 
column. In the diagram 207 (a), the joints B and C ^havtf^' 



rotated as well as being translated. Figs. 208 (a) and (6) are 
for an unsymmetrical portal, when the ends A and B are Ifinged. 

Fig. 209 (a) is of an unsymmetrical portal ABOD with the 
column bases A and D direction-fixed so that = 0. 
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The frame has been displaced from left to right without any 
rotation of the joints B and C, so that 0 ba = ®cd = 

AB = A, and DC = then = -f A/A, and ^og 



= + A/Ai- The lateral displacements of B and G are 
equal to + A, and the sway angles <f> are both positive; 

also* ^ = X* moment diagram is given in Fig. 209 (6), 
v 'fe. 9c ^ 

anSTnote that J/ba = ^ab ^cd — ^bc that they 
are* all positive. These cases of sway correspond to that of the 
beam in Fig. 204a. If the portal sways from right to left, 



Fra. 209 


i.e. A is negative, the joints are translated from right to left 
and the angles and negative. This case corresponds 

to that of the beam in Fig. 205a. 

The cases for the beam where one end is rotated and the other 
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end is a hinge are given in Fig* 210. The member is, of course, 
free to rotate at the hinge. Fig. 211 indicates the displacement 



of and the moment diagram for an unsymmetrical portal with 
the column bases hinged. The sway is from right to left. 

Let the beams in the previous discussions be prismatic 
beams: i.e. the cross-section and therefore the cross-sectional 
area A and the moment of inertia I are constant. Consider the 
beam system given in Fig. 200a and the moment diagram for 
which is given in Fig. 200b to show that ifsA = -^ab/2. 
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The support B will be below the tangent at A by the amount 
where I is the length of the member. By the moment-area 
method, and taking moments of the moment diagram about 
the vertical through B, and letting be the moment of 
inertia, 

then = -^AB 2 • “3 “ -^ba 2 • 3 




The change of slope of the tangents from ^ to JS is 0 ^b 


then 


^/ab 




AB • 2 ”” ^BA 


1 

2 


(area of the moment diagram between A and B). 
From these two equations, it can be shown 


that 


^BA 

-^AB 


1 

2 


( 1 ) 


In the case considered both -S/ba ^ab positive. 
Similarly, considering the beam in Fig, 202a it can be shown 

that — -^AB ~ — -^ba/2 • • • (2) 

Solving too for ilf ab (case given in Fig. 200), it will be found 

that ^AB ~ ^ • ^AB • * • (^) 


In the moment-distribution method, the ratio of 1/2 given in 
equations (1) and (2) is known as the carry-over factor. 

A rule is, therefore, that if a prismatic beam or member is 
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locked at both ends, and if one end is released and rotated 
through an angle 0 radians by a moment or couple , a moment 
M is induced in the beam at the rotated end and a moment if/2 
is induced in the member at the other end which has been kept 
locked in position. The sign of the two moments is the same: 
i.e. if the moment at the rotated end is +if, then the induced 
couple at the locked end is +M{2 : if the moment at the rotated 
end is —if, then the induced couple at the locked end is—if/2. 

(Note—^F or non-prismatic beams the carry-over factor is 
not 1/2 and reference must be made to other works.) 


201. Consideration of Equation (3). 

Let ~ ^ • ®AB ^ (-^«)ab* 


4/ 

As ©ab is in radians, then E . —^ is the moment required to 

rotate the end A through unit angle, the end B remaining fixed. 
If A is kept fixed, and B is rotated through an angle + 0^^ 

4/ 

radians, then = E. . Aba = (-^»)ba' 


Imagine a number of prismatic members keying into a ringed 
joint {A) and with their other ends locked in position. Let 
the joint rotate (without translation) through an angle of + 0 
radians. The ends of the members at the joint will all rotate 
through this angle. The moments induced in the ends of the 
members at the joint will be 


+-^ab — • ^-^ab/^ab)®? 

+ ^AC = • ^Acl^AoW* 

“f"-^AD “ • ^ad/^ad)®> ftnd so on. 


Assuming that E is the same for all the members, 
then 


"f”-^AB • : +Jf^D = ^^abI^ab • ^IaoI^ac • ^-^ad/^ad 

=-^ab/^ab • IaoI^ac • ^ad/^ad 

= A^AB • -^AC • -^AD 

One-half of the moments + ifAB> + -^ac» + -^ad> + . . . 
would be carried-over to their respective locked ends and they 
will be of the same sign as the moments at the joint ends. 

i.e. ^BA ^ 4“ -^ab/2 > ^ca ~ ^Acl^i 
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If the joint rotation had been negative, then 

• ^AC • -^AD - • • • 

= “I^Ab/^AB • —‘^‘^Ac/^AC • ^^AdI^AD • • • • 
and -^ba ~ -®^ab/ 2 > -^oa ~ -^ac/^j 
i.e. = — ^^abI^ab 9 -^CA “ — ^^Acl^ACt 

In general M = ^16jl and this product is called the 
Moment Stiffness Factor (Jf,).” 

Consider the case of the prismatic beam or member AB, 
where A is fixed and B is hinged, Fig. 210 (a). Let the fixed 
end A be rotated (and without translation) by an external couple 
through an angle of + 0 ^b radians. (There will be an induced 
rotation of the end B (— 0ba radians). The induced moment 
in the beam at -4 is + M ^^; then considering Fig. 210 (a), 

or + -M^ab = {M ,)j^B • (^) 

No moment is carried over to the hinged end. In general 

JIf = 3-S .y . 0 and it is the “moment-stiffness factor 

for a beam fixed at one end and hinged at the other. 

If A is hinged and B is rotated without translation through 
+ ®BA radians, then 

+ -®^BA = • ®BA = (-^5)ba • • (^) 

Suppose two prismatic members AB and AC key into a 
joint A. The end B is direction-fixed and the end C is hinged. 
Keeping B locked in position, and rotating A (without transla¬ 
tion) through an angle of + 6 radians, then the induced 
moments in the members at A will be—(both members have 
the same E) 

+ Jf^B == . 4^ • 0; ifAc = 3^ . 4^ . 0 

^AB ^AC 

2EI 

At B the induced moment wiU be + = --y— -- . 6 

t'AB 

TViftn ^AB _ ^Ab/^AB _ ^AbI^AB _ ^AB 

+ HaoI^ao ^•’^^-^ac/^ao ^ao 


. ( 6 ) 
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where K in general = Ijl for a member fixed at both ends and 
K = 3//4Z for a member fixed at one end and hinged at the 
other. 

Therefore, if one end of each of several members is rotated 
through an angle 6 while the other end is held fixed, the required 
moment in each member will be proportional to a constant 
K = //Z, if the cross-section is uniform, and in any case to 
some constant K, If one end of each of several members is 
rotated through an angle 0, while the other end is fixed for part 
of the members and hinged for the rest, the required moment 
in those members which are fixed at the far end will be pro¬ 
portional to K = I II, and for the others to K = 3//4Z, if the 
cross sections are uniform and E is the same for all the members. 

Suppose, for example, that four prismatic members key into 
a rigid joint: two of them AB and AC are fixed and locked at 
B and G, and two of them AD and AE are hinged at D and E, 
Let joint A be translated through an angle of -f- 0 radians 
(without translation) by a couple M. Then the induced 
moments in the members at A will be— 


M 

= M. 


— M 

■^AB 

-^“AB - 

-^AB + -^AC + 

^AD 

+ ^ae“ • 


where 

^AB — IabI^AB y 

^AC 

11 

> 

Q 

> 

Q 



^AD = 3/adM^Ad5 

^AB — ^-^AdM^AD 



= M 

. ]if — 

• 2^1 ’ — 

M. 

T[f _ 

M 

• 'LK 


( 7 ) 


and both ^ab ^re of the same sign; 

Mq^ == JfAc/2 and both ilfcA and M^q are of the same sign; 
Jfj)A = 0; -JfijA “ 


Note— -In the slope-deflection method it is assumed that all 
the members in the rigid frames are fixed at both ends. In the 
developed equations K will be equal to Ijl for all the members, 
and for those ends which are hinged the moment here is equal 
to zero. In the moment-distribution method, for a one- 
hinged end member the other end being fixed, K is in general 
taken as it actually is, and the value of K for this member is 
then 3//4Z. 

202. Consider, now, the direction-fixed ended beam AB 
given in Fig. 204a and the bending-moment diagram in 
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Fig. 204b. Here the end B is displaced or translated relative 
to A by means of a lateral force through a distance of + A. 
There is no rotation of the ends A and B (i.e. = ®ba = 

after displacement). 

There being no change in the slope of the tangents between 
A and B, then EI^j^ .0 = 0. 


.-. M 


I 




AB 


4® _ If — 0 

2 -“^BA* 2 “ 


•. if AB = if P 



( 8 ) 


and they are both of the same sign, positive in this case. 


Also, El . A = Jf 


AB 


AB 


^ ^ • ^AB — if BA 


^AB ^AB 


= M 




AB 


AB 


if aB — ifBA — ^E 


^ AB 
2 

AB 


. A = (Jf%) 


(9) 


If A is negative, then if ab both negative. 

The product 6J& . ^ . A is known as the “sway-moment stiffness 
factor (ifs*).” 

The end shearing forces S due to the translation of B relative 
to A are as in the previous problem (refer to Fig. 212). Con¬ 
sidering the equilibrium of the prismatic beam AB between 
the end cuts, we have 'LM = 0. 

.’. >SZab (^) ”1” if AB (0) +BA (O) = o 

8 = 2^ = 12^ . ^ . A == {8,) . 

^AB ^ AB 


• ( 10 ) 
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In this case, the shearing force 5 at ^ will act vertically upwards 
and at B vertically downwards. 

If A is negative, then the two equal end moments are 
negative, and S will act vertically downwards at A and 
vertically upwards at B, 

The product 12i^. ^. A is known as the ‘‘shear-stiffness 
factor (/S,).’’ 

Consider the case of a vertical member such as the column 
of a portal. Referring to Fig. 213, both ends of the prismatic 



Fig. 213 


vertical member AB are direction-fixed, and B is translated 
relative to A through the distance + A but without any 
rotation of B, The shearing force S will act from left to right 
horizontally at the top of the member and from right to left 
at the bottom. The induced moments at A and B will both be 
equal and of the same sign, positive. If A is negative, i.e. B 
displaced relative to A from right to left, then the two equal 
end moments would be negative, and S would act from right 
to left at the top of the member and from left to right at the 
bottom. If h is the length of the member, then for the case 
given in Fig. 213, 

Sh = 2M . , . (11) 

Also, when 8 = 12E . ~ A . . (12) 

and = ^BA == ^ = (J^t*) and is positive, (13) 

If 8 is known in magnitude and direction, then the sign of 
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the two equal end couples will depend upon the direction of 8 : 
8 acting at the top of the member from left to right, the equal 
end couples are positive; S acting at the top of the column 
from right to left, the equal end couples are negative. 

Consider the portal as displaced in Fig. 209, and considering 
the two vertical members AB and CD, whose lengths are h 
and respectively. Let E be the same for both members and 
and /cB the respective moments of inertia. The upper 
ends B and G are displaced to the right by an amount + A, 
but without any rotation of B and C. 

Then JlfBA = 6E.^ .A, and Mcu = OE ^ 

. _ -^AB _ 6-^Ab/^^ 

" Mcjy Jlfoc “ 6 /cd/V • • • • 

Also /Sab = 12^ • ^ = 12E . A 

. ^AB _ I^-^AbA^ 

•• iScD 12 /cd/V.^ ^ 


Referring now to Fig. 211, in which the vertical members 
of the portal are hinged at A and i), and the joints B and C 
are displaced to the left by an amount of—A, but without any 
rotation of the joints. The members will rotate at the hinges. 
The lengths of AB and CD are respectively h and and 
/cD ^re the respective moments of inertia. E is the 

h 2 

same for both members. In general, El A = ikf . ^ ^ A where 
M is the induced moment at the fixed end. 


-^BA — — ’ 


AB 

A2 


A and M 


CD 




and, in this case, they are both negative. 

• _ — 3/^b/^^ 

JfcD — 


(16) 


The end shearing forces 8 will, in general, be equal to 
3-B . ^ . A for JIf = 8h. 


. ^AB _ ^-^ab/^^ 
^CD 3-^cd/^i* 
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Here, the shearing forces will act from left to right at the tops 
of the columns. The “Sway-Moment Stiffness Factor 

is here equal to 3JS?. ^. A, and the shear stiffness factor {Sg) 
is equal to 3J& . p . A 


Thus for a beam AB direction-fixed at B and hinged at A, 


^AB 

. (18) 

and -Sba = 3^ . . A . 

^AB 

• (19) 


If AB and CD are the vertical members of a portal which is 
fixed at A and hinged at D, and B and C are translated but 
without rotation a distance of + A, and letting AB — h 
and CD = 


Then 


-^AB _ -^BA _ . A _ ab/^^ 

-^CD -^CD . A 3-^cd/^i^ 

0’5l ^ CD 


( 20 ) 


where, in general, K' = Ijh^ for a member fixed at both ends 
and iC' = 0*5 Ijh^ for a member fixed at one end and hinged 
at the other. 

The ratio of the end shearing forces in the members is 
^ _ nEI^^|hK^ ^ ^ K\^ 

Sci > 0-25/cb/V ^"cd ‘ ^ ^ 

where, in general, K" = Ijh^ for a member fixed at both ends 
and K" = 0*25 Ijh^ for a member fixed at one end and hinged 
at the other. 

Note. —If the ends of several members having the same E 
are moved laterally with respect to each other through the 
same distance A, whilst the fixed ends are restrained against 
rotations, the induced equal end moments at the fixed ends 
will be proportional to a parameter K' = Ijl^ for members fixed 
at both ends and to K' = 1121^ for members fixed at one end 
and hinged at the other. 

Again if the ends of several members having the same E 
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are moved laterally with respect to each other through the 
same distance A, whilst the fixed ends are restrained against 
rotation, the required lateral or shearing force for each member 
will be proportional to a parameter Z" = IjP for members 
fixed at both ends and to K" = //4Z® for members fixed at one 
end and hinged at the other. 

203. The student should carefully note the rotation and 
deflection conditions which have been discussed, and thoroughly 
familiarize himself with the necessary relations between the 
moments and forces and the rotations and deflections. 


Summary: 


Moment-stiffness factor {M,) 

K 

Carry-over factor (prismatic members) 
Sway-moment stiffness factor (M,*) 

K' 

Shear stiffness factor (S,) . 

K'' 


Beam, with two 
ends fixed 

Beam with one 
end fixed and 
the other hinged 

iEie/i 

SEIOjl 

III 

3114:1 

1/2 

0 



Ijl‘ 

1/21^ 

12ElAjl‘ 

3EI^Il^ 

IjP 

1/41^ 


204. The Slope-Deflection Method. A method which can be 
used in the analysis of any continuous frame subjected to 
bending moments is commonly referred to as the Slope- 
Deflection method. It was developed by Otto Mohr in Germany 
(1892), and also by G. A. Maney, TJniversity of Minnesota 
(1915). It is an algebraic method, generally requiring the 
solution of two or more simultaneous equations. 

One advantage of the method results from the selection of 
deflections (or translations) and rotation of joints as the 
redundants or unknowns, rather than unknown moments and 
shears, which can readily be expressed in terms of the deflections, 
hence the name slope-deflection. 

Consider the case of prismatic members. Let such a member 
be AB, Fig. 214 (a), of length moment of inertia 
E = modulus of elasticity. Let be the couple at the 

end A of the member, and that at the end B. Let the 

end A rotate through a -|- angle 6 ^b the end B rotate 
through a + angle 6 ba* Let the end B be displaced relative 
to A by an amount -f A so that the sway angle 6 = A/Z^b is 
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positive. The alternative moment diagrams are given in Figs. 
214 (b) and (c). 



Fio. 214 


Now we have: letting = I and /^b = 

EI(ld^^ + A) = il/^B ^ • 1^- I . ll 

and ^/(Wba + A) = ilf^B ^ ^ba| • | 

/ A\ 2 1 

^/(flAB + j) = ^AB.6^-i*^BA6 

El(^2e^^ +2j'j = ^ 

/. EI^2d^^ + 0^B + 3 "^^ == 

2-E^^20b^ + 6ab + 3y^ = -3fBA 


or 
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or 4“ ®ab H“ ^4) ~ -^^ba • • (22) 

where K = Ijl 

Similarly, 2£?iSr(20^B + + 3^) = • • (23) 

These are the fundamental slope-deflection equations. 

Thus we see that JI/ab consists of three moments— 

(а) 4JSK6j^^ = (-lfa)AB—the moment induced in the beam at 
the end A by rotating this end through an angle of 0 ab radians, 
whilst keeping the end B fixed or locked. 

(б) 2EK0^^ = — —^the moment induced in the beam 

at the end A whilst fixed or locked and the end B is rotated 
through an angle Aba- 

(Note again, 2EKd^^ is one half of which is the 

moment induced in the beam at the end B when rotated through 
an angle 0 ba> A being fixed. The sign of 2EK0^j^ is 

the same as that of 4^JE’0ba-) 

(c) 6EK<I> = 6EKAII = (itf/)—^the moment induced at the 
ends of the beam when one end is displaced relative to the other 
through an amount A, whilst the ends are not allowed to rotate. 

A 

The amount of sway 0 is equal to -y. Similarly for the moment 

^BA- 

If loads are apphed to the member, the total end moment 
will be equal to the moment for no end distortions (direction- 
fixed, or fixed beam moment), plus the moment caused by the 
end distortions: i.e. the beam is first restrained against end 
rotations and translation, when the end moments will be those 
for built-in beams, and afterwards allowed to be rotated and 
translated. Then the total moment at the end A of any member 
AB of constant cross section is, 

^ab == ^fab + 2jEfZ(20AB + 0BA + 3^) . (24) 

and at the end B of the same member it is 

•ATba ^ -^fba 4" 2j5iL(0AB 20BA “1" 3^) . (26) 

where the first term represents the proper fixed beam moment, 
and the second term the moment added or released by the 
joint deformations. When using these general slope-deflection 
equations, it must be kept in mind that moments acting on 
the ends of the beam are positive if they are anti-clockwise 
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and negative if they are clockwise. For the usual cases if fab 
will be positive and ifFBA negative (see Fig. 215). 

For a beam fixed or jointed at A and hinged at JS, the moment 
at B will be zero. Then writing down the two slope-defiection 
equations— 

^AB = 2EK{2dj^^ + 00^ + 3(^) + (ib)ifFAB 
ifflA = + ^^BA + + (ih)ifFBA = ^ 

2ifAB = 2EK{4:d^^ + 26b^ + 6(f>) + (ib)2ifFAB 



Fio. 215 


Subtracting the expression for from that for 2if^B 

2if^B = 2EK{3d^ji S<f>) “h (db)2ifFAB— (i)ifFBA 

M 

or if^B ^ ^P^P^^AB -|- (i)ifFAB— (i) 2 * 

the correct signs being given to the direction fixed moments. 
Assuming that the beam is not loaded, and 

(а) that there is no sway, then 

if AB = ^EK^ab —see equation (5) 

(б) that A is direction fixed and that there is sway, then, 

ifAB = ^EK<f) —see equation (18) 

Consider equation (25). It will be seen that the moment at 
the fixed end A is made up of— 

(а) the direction-fixed moment at A (if any), 

(б) the moment due to the rotation of the end A through an 
angle 0 ^b, the end B being locked, 

(c) the carry-over moment from the end B, assuming that 
A is fixed when the end B is rotated: this carry-over moment 
is equal to one-half the moment at B due to rotation here for a 
beam of uniform section and is of the same sign as that at JS, and 
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(d) the moment due to the displacement of B relative to A 
corresponding to the sway angle <j> = A/Z, the ends A and B 
remaining locked. 

These modifications of the direction-fixed moment due to 
the distortion of the member have been shown separately in 
the previous discussions. 

The slope-defiection equations are perfectly general and apply 
equally to an isolated beam and to any member of a framework 
acting as a beam. Since they state the final value of the end 
moments in any given case in terms of the known fixed-beam 



moments and the changes in slope and the relative displace¬ 
ments of the points of supports, the equations are commonly 
known as the slope-deflection equations. 

By far the most important application of the slope-defiection 
method is in the analysis of stresses in multiple statically 
indeterminate structures under any given load conditions where 
the slopes and defiections or displacements are taken as the 
unknowns for which a solution is sought. 

205. Joint Equations. Consider a continuous beam with rigid 
supports and a portal having two vertical members of different 
length and a horizontal beam, with no sway (see Fig. 216 (a) 
and (6). The length and moment of inertia symbols are given 
in the figures. 

Let the ends A and D of the beam be direction-fixed and also 
the column bases A and D of the portal, direction-fixed. 

Let the members of the frame be loaded in any manner and 
let there be no displacement of the supports at B and C ; and 
let the rotation of the beam at B and C be 6^ and Oq respectively. 
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and 0J 50 be equal to zero; also let ©ba == ®bo = ®b> 
and they wifi be of the same sign. 

Similarly, Ocb = ^cd = So- 

Let the members of the portal be so loaded that there is only 
rotation of the joints B and C (i.e. there is no translation of the 
joints or sway of the members AB and CD). Also there will be 
no rotation of the axis of BC (neglecting the effect of axial 
strains in the column). 

When the bars are sufficiently rigid so that the compressive 
axial forces are small in comparison with Euler’s critical load, 
the influence of axial forces on bending can be neglected. The 
corresponding small shortening of the bars can be neglected 
and it can be assumed as a first approximation that the rigid 
joints only rotate by a certain angle due to bending of the bars. 
Any corrections necessary due to axial strains are usually small 
and can be disregarded in most practical calculations. 

== = 0; 0ba = ®Bc = ®B fbe same sign; 

0CB == 0CD ~ ®c- 

Now write down the slope-deflection equations for all the 
members giving the correct sign to the direction-fixing couples. 

Remember that 6^ = = 0. 

LetZi = /A; = 

-^AB = 2^-^i(0b) + (ib ^fab) 

-^BA = 2EKi{2d^) -f- {± Myba) 

^Bc = 2EK^{2d^ -f* Oq) + (i -Jf^Bo) 

JfcB “ ^EK^{Q^ -f- 26 q) -^fcb) 

-^CD — ^EK 2 ( 26 q) + (i M^Qjy) 

-^Dc ~ ^EK2{6q) -f- (ib M^Qjy) 

Now the end couples are a function of two unknowns 0 b 
6c and of the known direction-fixing couples. We desire, there¬ 
fore, only two simultaneous equations in 0 b and 6c in order to 
find these values from which to calculate the six unknown Af’s. 
These can be obtained by considering the equilibrium of the 
joints after rotation. These joints will be in equilibrium. 

There are also shearing forces transmitted to the joints. The 
forces will be in equilibrium with the axial forces of the members 
and will not enter into the equations for calculating the angles 0. 
The moments acting on the joints are evidently equal and 
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opposite to the corresponding end moments of the bent members 
of the structure. 

The sum of the moments acting on the joints is zero. Thus 
we can write down for 

joint B — + M-qq = 0, and for 

joint C— ifcB + ^CD = 0 

These equations are known as the joint equations. 

Similarly, if there are a number of members meeting in a 
rigid joint, then Silf„ = 0, where n stands for near moment, 
i.e. moment in a member at the joint end. 

If the joint equations for B and G above are solved for 6^ 
and do> fben all the end-fixing couples are known. In the 




-V-fe- 


U0C-O 


Fia. 217 


examples given we have only two unknowns, and therefore only 
two equations are required. Similarly if there were p joints, 
then only p equations would be required for solution. 

In the particular example given, solving by the Theorem of 
Three Moments, there would be 4 unknowns—; Mq; 
Mj )—^to be found and this would require 4 simultaneous 
equations for solution. 

If, however, the ends A and D were hinged, then by the 
Theorem of Three Moments, there are only two unknowns 
Jf B and Mq, and by the slope-deflection method four unknowns, 
0A> ® D- However, we can, by the equations developed 

previously, eliminate 0^ and and solve for 6^ and Oq from 
the two joint equations for joints B and (7. 

206. Example. Consider the continuous beam, direction- 
flxed at the ends, given in Fig. 217. The support at B is non¬ 
elastic or rigid and therefore no A occurs at B. 

0^=0; A = 0; 0^ = 0; — ^2 ~'^ 2 /^ 2 * 

AB, BO are loaded in any manner; then generally, 

^BA = + -3/pBA 

•^BC ~ 2^2^2(^®b) “1" -^FBC> 

the correct signs being given to and 
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Joint equation for B, Slf = 0. 

^EiK-^f^2S-Q) -f- ^E^K^i^Qs) “H -^fba ~I“ -^fbc ~ ® 

. « J^^FBA "H -^PBC 

• • 

_ _ X 

4FIjKi + iE^K^ 

. nr 4EiXi ^ I 

Divide top and bottom of first factor by 

= “ rri^2 ^ ~ l+^n.m + 

+ E^K, 

1 . ^2 ^ ^2 
where n = -^ and m = 

Similarly for JfBo* 

.'. In solving this type of problem, we may deal with relative 
values of E and K : i.e. the ratios n and m will not alter, so 
that ikf ba will always have the same value. If the actual values 
are not used, but any relative values of E and JT, then 0 b 
obtained will not be the true 0 b but a relative 0 b, which, when 
substituted in the M equation, will give the correct value 
of the M. In other words, 0 is a function of the K’s and E's 
used. 

Similarly, if there are a large number of K's and j&’s, then in 
this type of problem stated we can deal with the relative values 
of E and K. 

(See further notes in the “Mechanical Solution of Statically 
Indeterminate Structures.’’) 

207. In other types of problems, such as those of finding 
moments due to temperature changes, and those of finding 
moments due to a known displacement of a support or supports 
in continuous beams, and known displacements (linear and 
angular) of the members of a portal, the actual values for E 
and /, and therefore K, must be inserted in the slope-defiection 
equations. These are cases of non-elastic deformation. 

Let a portal consist of two vertical steel columns AB and 
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DC of lengths 100 in. and 160 in. respectively, and let their /’s 
be 200in.-units and 260in.-units respectively. Let the steel 
beam BC have a length of 120 in. and an I of 180 in.-units. 



Column AB 

Beam BO 

Column CD 

Length (in.) 

100 

120 

150 

/(in.*) . 

200 

180 

250 

III 

2 

1-6 

5/3 

Relative K 

1 

0-76 

0-83 

Relative E* 

1 

1 

1 


Therefore, we could use in the slope-deflection equations for 
this portal either. 



Column AB 

Beam BC 

Column CD 

EK . , , 

20 

1*5 

1-66 

or EK . 

1-0 

0*76 

0-83 


or other corresponding relative quantities. 

If, say, the beam of the portal was displaced left to right by 
a known amount A = 0-10 in., then = 0-10/100, and 
(f)^jy == 0-10/150. Then, as these are correctly known, we should 
have to use for EK the actual values for the members. 

Let -2? = 30 X 10- lb./in.2 



1 Column AB 

1 

Beam BC 

Column CD 

EK (Ib.-in. units) 

30 X 10« X 2 

30 X 10* X 1-5 

30 X 10* X 1-66 

= 60 X 10« 

= 46 X 10* 

== 50 X 10« 


208. The Previous Problem when Sway is Considered. (See 
Figs. 218 (a) and (6). With regard to the continuous beam, let 
the support B sink to B' below A by an amount of A; let the 
support C fall to C" by the same amount A so that BC remains 
horizontal. Let the support D fall to D', 2A below .4, or A 
below C\ so that <f>Qjy = and is positive. 
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Now 

Therefore = <^ 0^2 = ^a^i /^2 

With regard to the portal, let the joint B, as well as rotating, 
be translated to B\ where BB* = A, and let the joint (7, as 



Fig. 218 


well as rotating, be translated to (7', where, if axial strain is 
neglected, J5JS' = GO* = A. 

A A 

0AB = ^ = 0A = ^ = 

and both, for the case given, are positive (see Fig. 218 for the 
symbols). 

Let the rotating at B be designated 0^ and at (7, 0^- 
The slope-deflection equations are— 

-J^ab = 2EKi{6^ + 3^a) “i" (db -^fab) 

JfBA = 2EKi{26jq + 3^a) 4“ (i -®fpBA) 

-^Bo = 2EKj,{2d^ + Oq) + (i JfFBc) 

-^CB ~ -f- 20c) + (i -Mpcs) 

-^CD ~ 2EK2(*^Bq 3 ^ 0 ) -j- (i itfpcp) 

JfpQ = 2^JSLg(0Q 4- 3^p) 4“ (4: -^Fpc) 
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In the above equations we have 4 unknown deformations, 
®c» <f>Q, but is known in terms of so that we 

have to find 6^, Oq and We have only two joint equations, 
one for joint B and one for joint C. We therefore require a 
third equation so that we can solve for the three unknowns 
Ab, @0 and 

We can therefore consider the equilibrium of the columns of 
the portal, or the 2 end spans 
of the continuous beam. As a / 
result we develop an equation j 

known as a “bent” equation if 
it is in terms of the end moments 
of the columns, or a “shear” p 
equation if we consider the | ^ 
shearing forces at the tops of a 
the columns, or at the ends of I ^ ^ 
the beam spans. With reference — 
to Fig. 218 (a) and (6), and Figs. •^ab 
219 (a) and (6). Fig. 219 

Let the column AB of the 

portal be acted upon by a horizontal force P acting left to right 
and at a distance from A equal to a. There are no horizontal 
forces acting on CD. At the column bases there will be a 
horizontal force acting at A in the right-to-left direction 
and at £>, a horizontal force also acting from right to 
left, such that + Hjy == P. 

Let the moment couples at A and B be if ab ^ba 

portal, both positive. 

Let the moment couples at C and 2) be ifoD M bo in the 

portal, both positive. 

Both columns after distortion are in equilibrium. Then for 
column AB summing moments about top of column, i.e. 
about 5 = 0, 

AB + (~ + if ba + P{h ~ a) = 0 . (27) 

clockwise anti-clockwise 

.*. P acting from left to right will be taken as acting in the 
positive direction. 

Considering column DC, and taking moments about C, 

^oo “1“ (— “t" -^OD — 0 • • (28) 

clockwise 
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Eqn. (27) xA 2 = Phji 2 —Pah 2 

= 0.(29) 

Eqn. (28) = (Mdq -j" — Hj)h ^2 

= 0.(30) 

adding (29) and (30) 

(-^AB 4“ -^Ba)^ 2 “J” (-^DC "t“ -^Cd)^1 ^1^2(-®^A "I" -^^d) 

+ — PaAg = 0 

But — P 

(-®^AB “H -^Ba)^ 2 "t" (-^DC Cd)^ 1 P^^^Ag 

and, dividing by Ag, 

(-^ ab + -^ ba) + DC + -^ cd) = • (^1) 

This is the “bent” equation for the given portal. Pa is called 
an overturning moment. Pa is positive on the right-hand side of 
the equation for P acting in the left-to-right Erection. Pa is 
negative on the right-hand side of the equation if P acts in 
the right-to-left direction. 


Dividing (31) by A^, 

(-^ AB _+ -^Ba) DO + ^CJ>) __ p ^ 

Ag Aj^ 


. (32) 


U/ 

This is the “shear” equation for the given portal. P^ is of the 
same sign as P. ^ 


Now 


the equal and opposite 
Jf ab + ^ shearing forces acting at 

- say ab - the ends ^ and 5 of the 
column AB^ 


and 


M, 


CD 


An 


the equal and opposite 
__ TJ ^ shearing forces acting at 
- say CD - the ends (7 and D of the 
column CD. 


If the fixing couples are positive, then acts in the direction 
left-to-right at B (top) and from right-to-left at A (bottom) of 
the column AB ; and vice-versa if If ab Jf ba negative. 

(Remember that A and B are the cut ends of the column.) 

An example of moment and shear signs, and the bent and 
shear equations are given in Fig. 220. 
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In problems where the members concerned are of the same 
length it will generally be more convenient to use the bent 
equation, but, where they are of different lengths, the shear 
equation. 

Again note: that if the shearing forces represented by H act 
in the direction left-to-right at the top cut end of the column 



or member, then the corresponding end moments acting in the 
member (e.g. ATab or -^ba) ^re positive. If H acts from right- 
to-left at the top cut end of the column or member, then the 
corresponding end moments are negative. 

Referring to Fig. 221, a portal consists of a number of bays, 
and the columns are all of the same length. 

The bent equation is 

S column end moments = SPa 

On the right-hand side of this equation P is positive, acting 
from left to right, and negative acting from right to left: and 



404 


THEORY OF STRUCTURES 


Pa is positive acting in a clockwise direction and negative when 
acting in a counter-clockwise direction. 

If a portal consists of a number of bays and the columns are 
of different lengths, 


then 


'^column end moments 
X ^ column lengths 
_ V (itfAB + ^Ba) 




‘'AB 



• (33) 




P is positive in this expression on right-hand side of the 
equation when acting left to right, and negative when acting 
right to left. This is the shear equation. Thus for a portal of 
the type given in Fig. 222, 

hi hg hg 




(34) 


Where M^, M^, Me, Mo, M^ and M^ are the end-column 
moments at A, B, C, D, E, and F respectively. 
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/ 

In the right-hand side of the equation (34) 

P and Pajh are positive acting left to right- > 

P and Pajh are negative acting right to left < - 

The bent equation is 

{Mj, + M^) + D + Me) + + Jfp) 

..Pa + Pfih + pJ^ 

or {M^ + + {Me + Me) + {M^ + mJ^^ 

= Pa^ + Pi6 + . . . (36) 



Similarly for the portal loaded as in Fig. 223, shear equation— 

, -^D+-^C I -^F + _ D I / T> \ 

*3 -^1+i ■^'21 

= Pl-P3 .... (36) 

and bent equation— 

M^ +Me + ^{Me + Me) + ^{M^ + M^) 

= Ai(P I — P 2 ) -^2^1 ~ 1 — ^ 2 ) 

or {M^ + mJ^ + {Me + + {Mj, + M, 

= A,(Pi-P3) . 


14 —(T, 543 o) 


. (37) 
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Note —The same equations hold good even if there are hinges 
at the bases of the columns, there being, of course, no moments 
at the hinges. 

Worked examples introducing all these equations and their 
method of use are given at the end of this chapter. 

209. Interpretation of Equation (33), page 404. 

S end couples/length = 



The right-hand side of the equation is equal in magnitude to 
the shearing forces at the top cut of the members, treating the 
members as simply supported, but its sign is opposite to that 
of the simple beam shears. 

Therefore, the sum of the top shearing forces due to the end 
couples are equal to the sum of the simply-supported beam 
shears in magnitude but of the opposite sense of action: 
i.e. they act in the same direction as the sum or resultant of the 
external transverse horizontal forces: i.e. 

S end couples/length = — S simply-supported beam shearing 

forces at the top of the members = -f 



If a vertical member of length h is loaded with a uniformly 
distributed load w per unit length over its whole length, then 


+ 


a 


would be replaced by + ^ if the load acted from left 


to right and equal to — 


wh 

T 


if the load acted from right to left. 


(See the illustrated problems, pages 473-6, for the case of a 
uniformly varying load on a loaded member.) 

Again if a = A, 6 = A, etc., then S end couples/length = SP, 
i.e. the sum of the top shearing forces due to the end couples in 
the case of vertical members is equal to the sum of the transverse 
forces acting in the frame at the joints into which the members 
tie and they are of the same sense of action. If the frame is a 
multi-stories frame, then SP includes all transverse loads 
acting at and above the joints into which the members tie. 

If a vertical member AB is transversely loaded by a load P 
at a distance a from the bottom (A) of the member and where 
a is < A, and if there are other loads P^, Pg, etc., acting at the 
top joints and at other points above the joint at the top of the 
member, then the top shearing force at B due to the end couples 
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in the member must be that due to together with Pg, 
etc. Or, for a number of vertical members, 

S end couples/length = ^ + P^ + Pg, etc. 

(see equations (38) and (39), pages 408, 409). 

For the horizontal members which sway in a horizontal framed 
girder see illustrative problem. 

Note —^The total shear at the ends of a member is finally 



Displacement Diag 
indicating 

Moment and Shear Uirecfiont 


Fig. 224 

equal to the sum of the simply-supported beam shear having 
its correct sense of action plus that due to the end couples. 

210. The Analysis of the Frame given in Fig. 2S4 by the 
Slope-Deflection Method. The frame will sway from right to 
left so that — ^ab — ^dc Also, gh > 

^AB = -^Dc = ^ tor similar members and 

they will be both displaced similarly. 

Let 0 ba ~ ®BC “ ®B> = 6q; also, flg = Oq 

Now ilfsA = ~ -^Bc == 2P^(20 b + ®c) 

= EK^(W^ - 3 ^) = 2EK^{3e^) 

Joint equation— J!fB^-|-ilfBo = 0 

3Edji{Ki -*{“ 2-K^2) — ^EKi<f> = 0 
Bent equation— ^M^^ == — PA 

^EO-q . — QEE-^ff) = — PA 
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or 

or 


eSd^Ki- GEdjiiKi + 2Zj) 

Ph 


Ph 


6, 


12EK. 


-^BO — 2EKn . 


M 


2 

Ph 
Ph 


2 


BA 


Hh-P-^ = 0 




and will act in the left-to-right direction at the column bases; 
or shearing force at the top of the columns = P/2 and acts in 
the direction right to left. 

211. Similar^ for a Multi-storeyed, Multi-bayed Frame.* 


D_.E_M_ 

1 

o 

D 

J 


i 

f 

*4 ^ 

p_ 

C 

H 


i 

l2 

P—jLk 

B 

G 




hj—^ 

a 

u 

A 

F 


> 

r 

? 

1 

L 


Fio. 225 


Shear equations—^Total shearing forces in the top of the 
columns in the ground floor 

= ^ 2 horizontal forces above the 

ground floor 

= +'P^+Pl+-P2+-P8+'f^4“H‘f^6 • 


♦ See also, Analysis of Rigid Frames by Amerikian (distributed by Supt. of 
Documents, Weishington, D.C., 1942), in which are given the solutions for a 
large number of single and multiple storey frames of both rectangular and 
trapezoidal form. The formulae are derived by the use of the slope-deflection 
equations. 
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For the 1st floor, 

= + P^ + S horizontal forces above this 
" floor 

= + . . ( 39 ) 

Due notice must be paid to the sign of the forces. The bent 
equation can be easily built up. (See the worked examples.) 

If there are no horizontal forces acting in the frames, then 
the overturning moments are zero and obviously the terms 
Pajh, etc., and the right-hand sides of the bent and shear 
equations are equal to zero. 

212. The method of slope-deflection is one of the most 
general and most powerful of the special methods developed 
for the analysis of continuous framed structures. It is most 
advantageous when applied to structures where there are fewer 
joint rotations and movements than there are redundant forces 
and moments. 

213. Consider a prismatic beam AB of length I with its axis 
horizontal and direction-flxed at the ends. Let it be loaded 
transversely so that the end fixing moments are + J^fab 

•— when the ends are restrained against rotation and 

translation. 

(a) Let the axis of the beam rotate through an angle + <l>- 

Keep = 0 

Then J^fab will be modified by a moment = 

= and M^ba will be modified by a moment 

= -f 

Then ^ -^fab "t" 

and il^BA ~ —^FBA 

(b) Let the end A now be rotated through angle + 0 ^b by 

a moment = + £ . 4/6 ^b/^ = (J*^^s)ab> ®ba remaining 
= zero. 

Then a moment == + E . 2/0 ^b/^ will be carried over to 
the end JS. S^b is with respect to the original position 
of AB. 


-^BC H” ^CB 

h 
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Then the end moments at A and B will now be further 
modified by the above amounts. 

Thus J/ab = + -^FAB "f* + 4^-f®AB/^ 

and -MbA ~ — -M^fba “1” “1“ 

(c) Now let the end B be rotated through an angle + 0 ba 

(with respect to the original horizontal position of AB), 
by a moment + 4:Eldj^Jl = {Ms)ba^ ®ab remaining at 
its previous value: i.e. A is locked against rotation. 
Then a moment of + 2^/0 ba/^ will be carried over to 
the end A, 

Then now becomes 

= + -M^fab + ^^I<I>abII + + 2EI0^j^ll 

and 

= — -MyBA ”1“ 2EI6^jill + 4:EId^^ll, 

(d) These are the general slope-defiection equations. They 

can be modified correctly when the sense of the dis¬ 
tortions is known (negative or positive). 

Note. Fixed-end Moments can be calculated by the method 
given in Chapter IV. Values for different types of loading are 
tabulated in a number of references, e.g. Shepley, in Continuous- 
Beam Structures * who gives tables of classified types of loading, 
bending-moment diagrams, and tables of fixed-end moments. 

214. The Moment-Distribution Method or the Calculation of 
End Moments by Successive Approximations. We have seen 
that the deflection of axes and rotation of joints govern the 
distribution of moments, thrusts and shears in rigid frames. 
It is important always to visualize deflections and rotations in 
relation to the corresponding moments and shears. 

A distinctive American method of analysis of continuous 
frames, the method of ‘‘Distributing Fixed End Moments,’’ 
originated by Professor Hardy Cross,t will be used. This final 
form of the method of successive approximations was obtained 
in the paper by Professor Hardy Cross, published in Trans. 
A.C.E., Vol. 96, 1932. 

This is also a most general and most powerful method for the 

* Contimu>U8-Beam Structures, Shepley. (Concrete Publications, Ltd.) 

t Method of Successive Approximations developed by O. Mohr, 1906. 
Extension to frames due to K. R. Calii^v, 1923. Its final form given by 
Professor Hardy Cross, 1932. 
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analysis of rigid frames. It is advantageous for the same type 
of structures as those for which the slope-deflection is most 
useful. As the number of unknown deflections and rotations 
increases, requiring more simultaneous equations for a solution 
by the slope-deflection method, the relative advantage of the 
moment distribution method will become greater. The method 
may be modified in many ways and offers a number of short 
cuts in specific problems. Once the general principles of the 
method are understood, the student will have acquired a 
point of view which should enable him to arrive at a reasonable 
solution of any statically indeterminate problem involving a 
continuous type of structure, where the moments are the 
controlling factor in the design, without the necessity of any 
mathematical work except the simplest arithmetic. It is 
recommended, however, that certain work, especially when 
sway is concerned, is carried out in an orderly fashion on sheets 
which are kept numbered. 

In this chapter, the discussion will be concerned only with 
rectangular rigid frames whose members are prismatic (i.e. of 
the same cross-section throughout). The student should refer to 
other works for problems in connection with trapezoidal frames 
and frames whose members are of variable cross-section. 

Definitions : 

Fixed beam moments (F.B.M.) are the end moments due to 
loads on any member, which occur when the ends of the member 
are fully restrained against rotation and translation. 

Moment-stiffness factor (Mg) is defined as the moment required 
to rotate one end of the member through an angle 0 radians, 
when the other end of the member either is fully restrained 
against rotation, or has no restraint against rotation (e.g. a 
hinged end). 

For members of constant cross-sectiOn, 

Mg = 4:EIdll and is proportional to K=^Ijl 

if the far end of the member is fixed, whilst Mg = ^ElOjl and is 
proportional to K = SI/U if the far end of the member is 
hinged, assuming all members in a frame or structure have the 
same E —otherwise Mg will be proportional to K = Eljl or 
K = ^EljU. (See equation (7), page 386.) 

The sway-mrment stiffness factor {Mg*) may be defined as the 
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moment produced at the ends of a member when one end is 
displaced laterally a distance A with respect to the other end 
and when both ends are restrained against rotation, or when 
one end only is restrained against rotation. For members of 
constant cross-section ilf/ == 6 jE/A/Z^ and is proportional to 
K' = 111^ if both ends are fully restrained against rotation^ 
while Mg* = SEIAjl^ and is proportional to K' = I{21^ if one 
end is fully restrained against rotation, and the other end is 
free to rotate. See equations (9), (13) on pages 387, 388. 

The shear-stiffness factor {Sg) may be defined as the force 
required to displace one end of a member laterally a distance A 
with respect to the other end, when both ends are restrained 
against rotation, or when one end only is restrained against 
rotation. For members of constant cross-section, 8g == 12i2^/A/Z^ 
and is proportional to K'" = //Z^, if both ends are fully restrained 
against rotation, and is proportional to = //4Z® if one end is 
fully restrained against rotation and the other end free to rotate. 
See equation (10) on page 387. 

Carry-over factor (C.O.F.) is the ratio between the moment 
produced at the other (or far) end of a member when one (or 
near) end of the member is rotated through an angle 6 radians, 
and the moment required to rotate the near end through the 
angle 0. For members of constant cross-section, the carry-over 
factor is plus one-half if the far end is fixed, and zero if the 
far end is hinged. 

Positive end moments are those which tend to rotate the end 
of a member in a counter clockwise direction (or the joint in a 
clockwise direction). Negative end moments are those which 
tend to rotate the end of a member in a clockwise direction (or 
the joint in a counter-clockwise direction). The signs are the 
same as those used in the slope-defiection equations. 

Also, as for other methods, it is only necessary to use relative 
values of E and I except when shears and moments are due to 
non-elastic effects such as changes in temperature, definite 
yielding of supports, shrinkage, etc. 

215. It has been seen, in the slope-defiection method, that 
an end moment at a member is equal to the fixed or direction- 
fixed bending moment modified by the moment due to the end 
rotation, the other end being locked, plus a moment due to the 
rotation of the other end of the member, when the end con¬ 
sidered is locked, and, if sway occurs, plus a moment due to 
the axial rotation of the memW, the ends remaining locked. 
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In the moment-distribution method, it is assumed at first that 
all joints and supports are fixed against rotation and translation. 
Then the moments induced at the ends of the members are those 
due to the loads on them and these are the fixed bending 
moments, ilfrAB* -^fba» ^fdc» These are then modi¬ 

fied in turn due to (a) the rotation of a joint at the end of a 
member, (6) the rotation of the joint at the other end of the mem¬ 
ber, and (c) the axial rotation or sway of the member, if any. 

Thus, if the rotation or translation of the joints is restrained, 
then apart from the transverse loads on the members, there 
are imposed locking couples at the joints and external forces 
restraining sway. Now to cause the joints to rotate, we apply 
to them releasing couples to get rid of the locking couples, but 
the sway restraints are kept on whilst the rotations take place. 
This corresponds to modifications (a) and (6) in the previous 
paragraph: when the members are allowed to sway (modifica¬ 
tion (c)) there must be no furthei rotation of the joints: i.e. after 
the joints are once freed, then before a translation of a joint 
takes place, it must be re-locked in its freed or new position. 

216. The problem now is: how to find these modifications by 
the method of moment-distribution. The method is as follows— 

(1) Calculate the proportional stiffness factor K for each 
member of the framework, K = Ijl for two fixed ends or 
K = 3//4Z for one end fixed and one end hinged and for 
uniform cross-section. 

(2) Calculate the carry-over factor for each member of the 
framework (equal to plus one-half if the cross-section is uniform). 

(3) Calculate the fixed beam moment at the end of each 
loaded member of the framework. There will now exist in 
general an unbalanced moment at each joint. 

Allow one such joint to be released for rotation only, 
keeping all the other joints fixed. This joint will rotate until 
sufficient moment has been added to or released from each 
member entering that joint, to balance the moments around 
the joint. The amount of moment added to or released from 
each member will be proportional to K (stiffness factor) of 
the member, and the total of these correction moments will 
equal the unbalanced moment at the joint. All corrections 
will have the same algebraic sign, which will be opposite to 
that of the original unbalanced moment. 

(4) Distribute the resulting unbalanced fixed beam 
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moment at each joint among the members entering the joint 
in proportion to their stiffness factors, as a correction of 
opposite sign to that of the unbalanced moment. This step is 
‘‘Bal Jf’’ in the tables of the various problems. 

At the same time, if the various members are of constant 
cross-section, there will be produced at the other (or far) end 
of each member a correction moment (carry-over) moment of 
the same algebraic sign and one-half the magnitude of that 
produced at the rotated (or near) end. 

(5) Multiply the correction moments in stage (4) by the 
carry-over factor for the corresponding member, and carry over 
this result as a correction to the opposite end (denoted C.O. in 
the problem tables). As a result of these carry-over moments, 
there will again result at each joint an unbalanced moment, 
and therefore if there is no sway it is necessary to repeat 
steps (4) and (5) until the carry-over moments are sufficiently 
small to be neglected. If there is sway, after step (5) there must 
be added another step (6). 

(6) Consider a vertical framework supported at its base. 
For sway due, say, to wind or horizontal loads on the vertical 
members, after step (5) complete the total corrected moments 
in the columns (or members) whose axes have rotated. Then, 
e.g. for columns of equal length, compute the total column 
moments in each storey. Add a correction moment in each 
storey so as to make this total moment equal to the overturning 
moment on the storey, distributing this correction moment 
between the columns in proportion to their K' = I/l^ for two 
fixed ends or K' = //2Z2 for one end hinged (or K' — Ijl or 
Ij2l as I is constant) and dividing the correction moment for 
each column equally between the top and bottom. This is 
denoted by Bal. S in the tables of the problems. (See notes on 
the bent equations and equation (20). 

In cases where the column lengths are unequal, the 
shears must be computed (equal to the sum of the column 
end moments divided by the length), and this value corrected 
to equal the actual shear in the columns. (See notes on the 
shear equations.) 

The correction shear force will be divided between the various 
columns in proportion to their K'* = Ijl^ for two fixed ends 
(or K"* = //4Z® for one end hinged) values, and will produce a 
total moment on each column equal to the shear on that column 
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multiplied by its length, this moment to be divided equally 
between the two ends. As before, steps (4), (6) and (6) will be 
repeated until the corrections are small enough to be neglected. 
Note that when step (4) is repeated the corrections of both 
steps (5) and (6) must be balanced; similarly when step (6) 
is repeated. (See equation 21.) 

Several examples are given illustrating these methods and of 
the tabulation of the work. The signs of the side forces and the 
directions of action of the shears are the same as those given in 
the previous discussions for the slope-deflection equations. 

Note. In the tables used for the moment-distribution 
solutions, a line is drawn under the moments at a joint after 
every operation of balancing (Bal. M). 

Notes on Step (6): For a vertical framework supported at 
the bases and with sway occurring due to horizontal loads or 
unsymmetrical vertical loading, etc., write down the general 
shear equation for each storey; then for the vertical members 
of the ground floor. 

Referring to the frame given in Fig. 222, 

-^AB -^BA I -^CD ” 1 " -^DC i -^EF 4 “ -^FB r 

K K h 

After all distributions and carry-overs this equation must be 
satisfled (X == 0 if no horizontal forces acting). If there are 
more than, say, two vertical members (swaying), then it will 
be better to work with the above shear equation, the correct 
signs being used. 

After balancing the fixing moments due to the first joint 
rotations, and the first carry-over moments, moments will be 
induced at the ends of the columns. Let these be ^'ba> 

Jf'cD, 'dc> These moments will include the fixed bending 
moments (if any), the moment as a result of balancing a joint 
and a carry-over moment (if any). Now find the value of the 
shears at the tops of the columns due to these moments. 

Then calculate— 


+ y>° + etc. - r («y) . (41) 

Then in order to balance X after the first sway, shear at the 
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tops of the columns must be introduced equal to X — T. 
etc., are known. 

Then X — T is proportioned to each column according to 
their K" values. 

Then to AB, 8\s = X : 


and note will be taken of the direction in which it acts . (42) 


_ Y 

and to CDf ^ cd ~ ^ 

and note will be taken of the direction in which it acts . (43) 

The direction of action of X will be known therefore, and also 
from the signs of the itf' ab» the sense of action of Y (finally). 

Therefore sense of action oiX— Y will be known. 

Then the couples to be introduced in the columns for satis¬ 
fying the shear equation will be 

O' 7 

± , top and bottom of AB^ if A and B are fixed (44) 

Of 7 

± — PP , top and bottom of CD, if C and D are fixed (45) 


and similarly for other members. 

If a column is hinged at its base, then there will be a moment 
only at the top of the column, the correct to be used for 
this case in relation to the jSl "s for the 2 fixed-ended columns or 
members. Then, e.g. /Sab • ^ab = -^ba if ^ is hinged. 

These couples are inserted in the tables in the first Bal. 8 line. 
After the rebalancing of these and the carry-over couples at 
the joints, i.e. after the second balance, additional couples will 
be introduced into the columns, say M'' AT'^ba* 

Then using 






+ 


DC 




+ etc. = JCi 


(46) 


thus Xi must be cancelled out by introducing, to the tops of 
the columns, shears in total value = — ; as we have already 

dealt with any external efiects represented by X, then 


O" " 1 1 IT// 

^ AB — 2^ “T AB 




and similarly for the other columns. 


. ( 47 ) 
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The additional couples to be applied to the columns will then 
be found inserted in the tables for the 2nd Bal. S. These and 
the 2nd carry-overs are re-balanced and the work carried out 
to the end. 

If there are only two vertical members we can easily use the 
bent equation. 

-^AB 4 " -^BA , -^CD+-^DC_p® , 

+ J^BA + + ^Dc) = DaPh = Z . (47a) 

If there are no horizontal external forces operating, Z = 0. 

After the 1st Bal.Af (Joint Bal.) and carry-over (C.O.) we 
find the column couples 

Afand etc. 

Then A/^ba 4~ 4- = Q , . (48) 

Now to balance Z, moments equal to etc., must 

be added to the columns so that the bent equation = Z — Q. 
K'cjy are known, so that 

-^""ab _ ^"ab 
A f"cD ^'CD 

J^'ab + . M \^ + ^ 

= Z-Q . . . . (49) 

Af'^^B can be found in magnitude and sign (see equation Z — Q), 
and consequently These couples are inserted in the 1st 

Bal. 8,, after these have been re-balanced with any carry-over 
moments that are introduced into the columns. 

Find the bent equation total for these, say Z. 

Then M\^ + M\^ + • -^^'ab + ■ ^"ab) 

= - Z , . . . . ( 60 ) 

The moments Af'^ thus found are placed in the table opposite 
the second Bal. 8. The whole work is then carried on to 
finality. 
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From the tables for a particular end moment, we see that it 
is equal to 

a fixed bending moment (if any), 
a final moment due to rotation of the joint, 
a final moment due to carry-over from the other end joint 
rotation, and 

a final moment due to the sway of the member. 


217. Alternative for Step (6).* Consider the portal and its 
loading indicated in Fig. 226. The structure is held against 

side sway, the fixed end moments 
due to the applied load calculated, 
and the distribution carried out 
until the joints are balanced by 
steps (4) and (5). 

The bent equation is 

-^ab ^ba 



Fig. 226 


+ g(ilfoD + ^DC) = • (51) 

Now without side-sway, values of 
the column end moments have been 
found. Let them be J^'abJ ^'baI 
M'rn and M* 


DC* 


Calculate the sum M\ 

where M', = + ^'dc) • (62) 

Any difference between M'g and Pa is proportional to the 
moment introduced into the structure by holding it against 
side sway. 

Let M\ 

Calculate Ijh?) for each of the columns. 

When sway takes place, the horizontal movements of B and 
G will be the same; then the moments introduced into the 
columns will be proportional to their K' values, i.e. 


AB = M 


BA 


• ^CT> — 


K' 


CD 


K' 


.M 


CD 


DC 


♦ See “Side-sway Correction for Portals, with Horizontal Loading Analysed 
by the Moment-Distribution Method ”; W. T. Marshall. 

Concrete and Constructional Engineering (July, 1942). 
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Assume any convenient value for -J/ab ^^nd and calculate 
the corresponding moments Afci) ^vc- These moments 
are now distributed and the joints balanced as per steps (4) 
and (5). The sum 

+ M\o) = M". . . (53) 

The moment due to side sway has already been found to be 
M\\ the balanced moments for the second distribution are 

M' 

therefore altered in the ratios and these moments are 

added to those obtained from the original distribution (no sway 
distribution) to get the true moments. Therefore, e.g., 

M' 

JlfiB (true) = M'j,^ + ■ • (64) 

and similarly for the other moments. 

A number of worked examples are now given introducing the 
various results given in the discussion in previous paragraphs. 
218. The Procedure in the Moment-Distribution Method. 

(а) All joints are locked against rotation, and all members 
are restrained from axial rotation or swaying. 

(б) Joints are unlocked in turn and moments distributed to 
the members at the joint ends and carried over to the opposite 
ends. The restraints against axial rotation of the members and 
consequently the translation of the joints have remained on 
the structure. 

(c) The joints are re-locked in their new positions before the 
sway restraints are removed. These sway restraints are now 
removed and the axes of members are allowed to rotate with 
resulting joint translation, there being no rotation of the joints. 
The resulting moments at the ends of the rotated members are 
now calculated. 

(d) As a result of these operations, locking moments and 
further sway restraints are introduced and consequently steps 
(6) and (c) are repeated until finally the locking moments and 
sway restraints are completely eliminated. 

Membebs with Vabiable /. The discussion of the methods 
has been based upon the assumption that the moment of 
inertia remains constant throughout the length of each member. 
Though seldom strictly true, the assumption gives results 
sufficiently exact for designing purposes for a large class of 
problems in continuous girders, building frames, secondary 
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stresses in riveted structures, etc. There are many cases, 
however, in which the deviation from a constant I value is too 
great to ignore if the results are to be practically usable, and if 
using the slope-deflection method, modifled slope-deflection 
equations are required. Similarly for the moment-distribution 
method, this must also be modified for members whose moment 
of inertia varies over all or part of the length. The fixed-end 
moments and the distribution and carry-over factors will differ 
markedly from the case of that for prismatic members. Tables, 
in other works of reference, have been prepared from which the 
modified values for these terms can be obtained, and when they 
are determined, the solution is carried out in the same way as 
for members with constant I (see references (2) and (4)). 
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219. Olustrative Examples. In these problems, when solving 
by the moment-distribution method, 

Bal. = Proportionate amount of unbalanced moment to be 
given to a particular beam. It is represented by 

KjYiK at the joint, or the ratio rr at 

the joint. 

C.O.F. = Carry-over factor. 

F.B.M. = Fixed bending moment. 

Bal. S = Balancing couples due to sway. 

Bal. M = Balancing joint moment. 


S relative K 
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lUvstrative Problem 15. (See Chapter IV, p. 98.) 

Beam continuous over two spans of length and loaded with a uniformly 
distributed load of w tons per imit length. Find the moment at the central 
support, (Fig. 227.) 

Assume El constant for the two spans and that the ends are 
simply supported, and that the supports are rigid. 

C 

Fig. 227 



Solving by the Slope-deflection Method. K is the same for both 
beams. Considering span AB, 

■^AB = 0 = + 0ba)4* 

wl^ 

-^BA == ^EK{dj^^ + 26b j2 

Due to symmetry of the beam and the loading about a 
vertical axis through the support B, 

®BA ~ ®BC ~ ^ 

2wP 

2JfBA ~ 2EK{20^ji) 

2wP wP 

/, 2M^^ — -M^ab = ^JI/ba = fo To 



wP 

T 


Note. In all slope-deflection equations K for all members is 
equal to Ijl, whether they are fixed at both ends or fixed at 
one end and hinged at the other. In the latter case, the moment 
at the hinge is zero: but the right-hand side of the equation 
includes the fixed bending moment, treating the beam as fixed 
at both ends. 

Moment-Distribution Method—No Sway, (a) Assume that A 
and C are fixed initially: as they are hinged the final moments 
Jtf^B AfcB fl-re = zero: /. Bal. will be 1 at A and C. 

ATfAB = + -^FBA ~ 
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^FCB — — 12 ^^^ ’ 

^AB = -^BC = • • -^AB • -^BC =1:1 


Member 

AB 


BA 

BC 

CB 

K 


1 


1 


C.O.F. 


1 


i 


Bal. 

1 

-K^ab 

1 

1 KjiQ 


^AB + Kuc 

“ 2 

2 -K^ab + -^BC 


Multiple wl^ F.B.M. 



_ 1 

1 2 

+ t'2 

~ T2 

Bal. M. 

“•.tV 


0 

0 

+ iV 

C.O.F. 

0 



+ 5^ 

0 

ZM 

0 


-i 

+ 4 

0 


.-. ilfBA = -^BC = --^ 

Or—(6) Initially A and C are hinged: 

tvV^ 

-3/fab = -3/fcD = ^ -^FBA ~ — -3/fBC ~-^ 


Member 

AB 


BA 

BG 


CB 

K 


J X 1 



i X 1 


Rel. K 


1 



1 


Bal. 

C.O.F. 

0 

0 

i 

i 

0 

0 

Multiple it?Z*: F.B.M. 

— 


-i 

+ i 


_ 

C.O. 

- 


0 

0 


- 

ZM 

0 


-i 

+ 4 


0 


/. il/BA = -*i*^BC = --f 

Notb. In the first solution above, each member has been 
treated initially as a beam fixed at both ends, and therefore K 
for each member is Ijl (taken relatively as 1) and at each end 
(including the hinged end) there is the fixed bending moment 
due to the load on a beam fixed at both ends. As the final 
moment at the hinge is zero, then the Bal. factor at the hinge 
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is unity. There is thus a Bal. M at the hinge and also a carry 
over from the hinge to the other end of the member. In the 
second solution above, the members have initially been treated 
as hinged at one end and fixed at the other. The K value is 

then = I X y (relatively | X 1): the F.B.M. at the hinge is 

zero and the correct F.B.M. is taken for a loaded beam hinged 
at one end and fixed at the other. There is obviously no 
balancing, in this case, at the hinge and no carrying over to the 
fixed end. 

Illustrative Problem 16. (See Chapter IV, p. 100.) 



El = 40,000 (ft.2-ton) units, and, as it is the same for both 
AB and BG, then K = Ifl is the same for both members. 

, . . . 0-1 , . 0-05 

^AB IS positive = ; 9 bc IS negative = 

Slope-deflection Method, 

ilf^B = -^CB ~ ^ 

-^BA + ^BC = 0 or -JfsA = — -^BC 

7 .^ 11 1 . 

iu pg all equal to tons-tt. 

= 2EK{2ej,^ + 0ba + Hab) + 100/3 = 0 
JIf ba = 2EK{6j,^ + 29ba + 3^^b) - 100/3 
2JfBA = 2EK(2ej,j, + 4eBA + 6 <^ab) ~ 200/3 
/. 2ifBA == 2EK{W^^ + Hab) - 100 . . . (i) 

2ilfBc “ 2^jfiL(46Bc "i" 26 + ^<f>Bc) “f” 200/3 
Mq'q = 2EK{6^q + 20CB H“ 30bc) — 100/3 = 0 
2M'qq == 2EK{W^q + 30b c) H" 100 . . . (ii) 

Now Sba = ®bc 
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Adding (i) and (ii), 

2EK{6dji^ -f- -J- 3^bc) 

0-15 

~W 

0-15 
120 


0*3 

60 b. + ^ 


e 


BA 


2M 


BA 




80,000/ 

' 0*45 

20 \ 

“ 120 

40,000/ 

' 1-35 

20 \ 


100 


V 


50 


50 


and M 


BC 


^0 

20 

: 22-5 — 50 = — 27-5 tons-ft. 
-h 27*5 tons-ft. 


Moment Distribution Solution, (See Fig. 229.) 



Assume j = unity for both members: 


Member 

AB BA 

\ 

BC CB 

K 

Rel. K 
Bal. 
C.O.F. 

1 X 1 

1 

0 J 

0 

i X 1 

1 

4 0 

0 

No sway. F.B.M. 

Bal. 

0 - 50 

0 0 

+ 60 0 

0 0 

Sway fixing moment 
♦ Bal. M, 

o o 

o 

- 15 0 

- 7-6 0 

'LM (tons-ft.) 

0 - 27-6 

+ 27-5 0 


♦ Bal. + 30 — 16 = + 15. Amount to BA = J x 16 and is negative; 
Amount to BG ^ | x 16 and is negative. 
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Note. Sway Moments. 

Moment due to sway and no rotation of B is 
+ SEIA/P = 3 X 40,000 X 0-1/20® = 30 tons-ft. 
Moment due to sway and no rotation of 5 is 
— = — 3 X 40,000 X 0-06/20® = — 16 tons-ft. 

Finally = — 27-6 tons-ft. 

■^Bc = + 27-6 tons-ft. 

For a beam hinged at one end A and direction fixed at the end 
B, and carrying a uniformly distributed load, 

_ wP wP _ wP 

■®FBA - 12 + 

In this example = -50-0 tons-ft. 


2 tons per ft 


1 ton per ft. 

3 tons per ft. 

1 . : _ 1_ 







Fio. 230 


lUnstrative Problem 17. (See page 102 .) See diagram Fig. 70 
and Fig. 230. 


Slope-deflection Method: No Sway. 

EK for AB BC 

, El El 

equals ^ ^ 


CD 

m 

20 


:.EK for AB - BG 


CD 


equals ^ 
equals 4 


2 . 

40 ‘ ^ 
3 : 6 


These are the relative values we shall use in the slope-deflection 
equations; the values of the 6 ’s obtained will be the correspond¬ 
ing relative ones. 

Let the d terms be 0 ^, 63 , 6q and 6j), 
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Considering beam AB — 

= 0 = 2EK^^{2d^ 0b) “f" * • • 0) 

JlfsA = 2 JS;Z^b(0a + 20b) - 150 . . . (ii) 

Considering beam BC — 

JI/bc ~ 2-E7^lbc(20b 4" ^c) 4“ 153J . . . (iii) 

-^CB ^ 2-SJiLBc(0B 4“ 20c)— 133J . . . (iv) 

Considering beam CD — 

JlfcD = 2 ^?Zcd(20c 4- 0d) 4- 100 . . . (V) 

JlfBc = O = 2^ZcB(0c4-20B)-lOO . . . (vi) 

Now we have that— 

joint B equation: J/ba 4“ -^bc = 0 . . . (vii) 

joint (7 equation: JllfcB4"-31^^cD = ^ • • • (viii) 

Considering equations (i) and (ii) and eliminating 0^ 

we find JlffiA == ^^^ab(0b)“ 226 . . . (ix) 

Similarly for equations (v) and (vi) 

-^CD ~ ^-^^cdC^c) 4“ 150 . . . (x) 

Considering equations (vii), (viii), (ix) and (x), 
we find 03 = 4- 4-16, and 0c = — 1*38 

Substituting in equations (ix) and (x), 

JI^ba = - 175-08 tons-ft. 
and ilfcD = + 125-16 tons-fb. 

These agree well with the corresponding values found by the 
three-moment method. 
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Moment-Distribution Method: No Sway. Assume E = same 
for all members == 1, and / = 1 for all members. 



AB 

BA 

BG 

CB 

CD 

DG 

K 



4 V 




Rel. K 


6 

6 


9 


Bal. 

0 


A = i 

« = ill 

A = f 

0 

C.O.F. 


0 



0 


F.B.M. 

0 

- 226-0 

+ 133-33 

-133-33 

+ 150 

0 

Bal. M. 

- 

-f 45-83 

+ 45-83 

- 6-66 

- 10 

- 

C.O. 

- 

0 

- 3-33 

+ 22-91 

0 

— 

Bal, M. 

- 

+ 1-67 1 

+ 1-67 

- 9-16 

- 13-74 

- 

C.O. 

- 

0 

- 4-58 

+ 0-84 

0 


Bal. M. 

- 

4- 2-29 

+ 2-29 

- 0-34 

- 0-51 

- 

C.O. 

- 

0 

- 0-17 

+ 115 

0 


Bal. M. 

- 

+ 0-09 

+ 0-09 

- 0-46 

- 0-69 

- 

C.O. 

— 

0 

- 0-23 

+ 0-05 

0 


Bal. M. 

- 

+ 0-12 

+ 0-12 

- 0-02 

- 0-03 

- 

C.O. 

— 

0 

- 0-01 

+ 0-06 

0 


Bal. M. 

- 

0 

0 

- 0-03 

- 0-03 

- 

SM (tons-ft.) 

0 

- 175-00 

+ 175-03 

-125-00 

i +125-00 

0 



(^ba) 





Continuous beam results: 175-00 tons-ft. 125-00 tons-ft. 

(Slide rule working.) 

Slope-deflection: 175*08 tons-ft. 125*16 tons-ft. 

Moment-distribution: 175*00 tons-ft. 125*00 tons-ft. 


Illustrative Problem 18. (See page 107, Fig. 71 and Fig. 231.) 
Fixed ends at A and D, therefore no rotation of the beam ends 


I ton per fV. 




-100 ft 


100 ft. >< 60ft »| 


Fro. 231 


at these points, and therefore no balancing moment is required, 
i.e. Bal, = 0. 
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El is constant. 

Eljl = EK for AB : BC : CD 

• EL . ^ 

100 ■ 100 ■ 60 

Relative EK is therefore 3:3:5 

= 0 

Let = 0B > ®CB = ®cn ~ 

■^FAn = — -^FBA = 10,000/12 tons ft.; 

Mrc = ^cB = 10,000/12 tons-ft.; 
Jlf^FCD — .^l^Fnc — 300 tonS“fb. 

^AB = 6(0b) + 10,000/12 
Mba = 6(200) - 10,000/12 
M^c = 6(20b + 0c) + 10,000/12 
ilf j)c “ lO(0c) — 300 
Mcv = lO(20c) + 300 
Jf CB == 6(20c + 0 b) - 10,000/12 
Joint B equation: J/ba + -^bc = 0 
Joint G equation: JUcb + — 0 

Solving all the above equations for 0 b and 0c, 
0B = _ 4-37 and 0c = + 17-48 

It is found that— 

JHab = + 807-11 tons-ft. 

-M’ba = — -^bc ^ - 885-77 tons-ft. 

JfcD = — JfcB = — 649-60 tons-ft. 

JlfDo= — 125-20 tons-ft. 
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MomerU-Distribution Method: No Sway. 


Member 

AB 

BA 

BG 

CB 

CD 

DC 

Rel. K'b 

3 


3 


5 


Bal. 

A 3 

1 

1 3 

3 3 

5 5 


3-|-3“2 

2“3 + 3 

3 + 5 8 

8 ~ 3 + 5 


C.O.F. 





i 


F.B.M. 

+ 833-33 - 

833-33 

+ 833-33 

-833-33 

+ 300-00 ~ 

-300-00 

Bal. M. 

0 

0 

0 

+ 200-00 

+ 333-33 

0 

C.O. 

0 

0 1 

+ 100-00 

0 

1 0 +166-67 

Bal. M. 

0 

- 50-00 

- 60-00 

0 

0 

0 

C.O. 

- 25-00 

0 

0 

- 25-00 

0 

0 

Bal. M. 

0 

0 

0 

+ 9-38 

+ 15-62 

0 

C.O. 

0 

0 

-f 4-69 

0 

0 

+ 7-81 

Bal. M. 

0 

- 2-35 

— 2-36 

0 

0 

0 

C.O. 

- 1-18 

0 

0 

- M8 

0 

0 

Bal. M. 

0 

0 

0 

+ 0-46 

+ 0-73 

0 

C.O. 

0 

0 

+ 0-23 

0 

0 

+ 0*37 

Bal. M. 

0 

- 0-12 

~ 0-12 

0 

0 

0 

C.O. 

- 0-06 

0 

0 

- 0-06 

0 

0 

Bal. M. 

0 

0 

0 

+ 0-02 

+ 0-04 

0 

Silf (tons-ft.) 

-t-807-07 - 

886-80 

+ 885-80 

-649-72 

+ 649-72 - 

-126-16 

(J^ab) 




(-^od) 



Results 

Slope-deflection 

method 

Moment distribution 
Continuous beam . 


-^AB -^BA 

(tons-ft.) (tons-ft.) 

807-11 885-77 

807-07 885-80 

807-13 885-73 


-Mod -M^dc 

(tons-ft.) (tons-ft.) 

649-60 125-20 

649-72 125-15 

649-93 125-14 


Illustrative Problem 33. (See page 206 and Fig. 232.) 

El is the same for all members, K = Ijl is the same for 
all members. 

= Hjy'm magnitude but opposite in sign, as no horizontal 
forces acting on the frame. 

Slope-deflection Method. The beam is symmetrical about a 
vertical axis through the load point and is symmetrically loaded. 
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-^FBo — H—^ — g — tons-ft., 

Wl 

-^FCB ~-^ ~ — If tons-ft. 

J/ba = -{- 20ba) ~f“ ^ 

JI^ab ^ ~ 2^^(20^b “I” ®ba) 4~ ^ 

2JfBA = 2EK(26^j, + 40ba) + 0 

.*. = 2EK(26^j^ + 40ba) "1“ ^ 



Fig. 232 


Subtracting the expression for JS^ab from that for 2ilfBA» 
2-^ba “ 2^^(36ba) 

^Bc ~ 2EK(20j^q 4" Ocb) “f" 1^/^ 

Due to symmetry, 0 cb = — ®bo 

M^q = 2^J5l(0bc) “1“ 15/8 
J^ba “1“ -^bc ~ b 
-E-Sl(36ba) "i" ^EK{0^q) 15/8 = 0 

®BC = ®BA 

/, 5EK{d^j,) -f 16/8 = 0 
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~ %EK 



= — 1-126 tons-ft. 


l*lzo 

Hj^ = 0‘075, and acts from left to right. 


Moment-Distribution Method: No Sway, 

Let K = Ijl be represented by unity for all the members. 



AB 

BA 

1 

BC 

CB 

CD 

DC 

Cols, hinged 







at base. K 


i X 1 


1 

i X 1 


Bel. K 


3 


4 

3 


Bal. 

0 



t 


0 

C.O.F. 


0 



0 


F.B.M. 

0 

0 

-f 1-875 

- 1-875 

0 

0 

Bal. M. 

0 

- 0-804 

- 1-072 

-f 1-072 

~ 0-804 

0 

C.O. 

0 

0 

+ 0-636 

- 0-636 

0 

0 

Bal. M. 

0 

- 0-230 

- 0-307 

+ 0-307 

+ 0-230 

0 

C.O. 

0 

0 

+ 0-154 

- 0-164 

0 

0 

Bal. M. 

0 

- 0-066 

— 0-088 

-f- 0-088 

+ 0-066 

0 

C.O. 

0 

0 

+ 0-044 

- 0-044 

0 

0 

Bal. M. 

0 

- 0-019 

- 0-026 

+ 0-025 

■f 0-019 

0 

C.O. 

0 

0 

-h 0-073 

- 0-013 

0 

0 

Bal. M. 

0 

- 0-006 

- 0-007 

+ 0-007 

-f 0-006 

0 

C.O. 

0 

0 

-f 0-004 

- 0-004 

0 

0 

Bal. M. 

0 

- 0-002 

- 0-002 

-f 0-002 

+ 0-002 

0 

SM (tons-ft.) 

0 

- 1127 

H- 1-126 

~ 1-126 

+ M27 

0 



(Mba) 



(-^cd) 



These results agree with the slope-deflection method. 

^ = I X 1 for the columns because they are hinged at the 
bases. 
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lUvstrative Problem 48. (See Figs. 233, 234 and 235.) 

{Ijl)', K-bo • -^CD = 20 : 20 : 20 

= 1 : 1:1 

K'(=Iin-, K\b : ^'cD= 2 : 4 

= 1:2 

K"{=IIP); K\b : iT'cD = 0-2 : 0-8 

= 1:4 

E is the same for all members AB = hy ; CD — 



Fig. 233 


Bent equation: + -^ba + ^(-^cd + ^oc) 


= 12 X 5 = + 60 tons-ft. 


Shear equation: 




Mqj^ + M-qq 12 X 5 


== + 6 tons (equivalent to acting at B) 

Distribution of the sway couples, assuming all joints locked 
after a balancing (Bal. M) and carry-over (C.O.)— 

: (ilf'cD - = ^'ab : =1:2 

Corresponding shears at the tops of the columns— 

^AB : ^CD = ^"ab : =1:4 

-SfyAB = IS'OO tons-ft.; -S^fba = ““ 15*00 tons-ft. 




Moment 

Di^. 

Units-tt-fons 


r 


Displacement 

Diag. 




8 ^ 7 ? 


Shearing Force 3-522'*‘ 
Diag. 

for AB and CD 


Fio. 235 
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Moment-Distribution Method, by Step (6); Sway Problem. 


Member 

AB 

BA 

BC 


CB 

GD 


DC 

Rel. K 

1 



1 



1 



1 

1 

1 

1 

1 

1 



Bal. 

0 ^ 







0 


2 

1 + 1 

2 

2 

14-1 

2 



C.O.F. 

\ 



i 



i 


Rel. K' 

1 



0 



2 


Rel. K" 

1 



0 



4 


F.B.M. 

+ 15*00 

- 15*00 

0 


0 

0 


0 

Bal. M. 

0 

+ 7*50 

4- 7*50 


0 

0 


0 

C.O. 

+ 3*76 

0 

0 


+ 3*75 

0 


0 

Bal. S. 

-f 4*88 

+ 4*88 

0 


0 

4- 9*76 


4- 9-76 

Bal. M. 

0 

- 2*44 

- 2*44 


- 6*75 

- 6*75 


0 

C.O. 

- 1*22 

0 

- 3*38 


- 1*22 

0 


- 3*38 

Bal. S. 

-1- 2*39 

+ 2*39 

0 


0 

+ 4*78 


+ 4*78 

Bal. M. 

0 

+ 0*50 

4- 0*50 


- 1*78 

- 1*78 


0 

C.O. 

4- 0*25 

0 

- 0*89 


4- 0*25 

0 


- 0*89 

Bal. S. 

-f 0*46 

4- 0*46 

0 


0 

4- 0*92 


+ 0*92 

Bal. M. 

0 

4- 0*22 

4- 0*22 


- 0*58 

- 0*58 


0 

C.O. 

-f- 0*11 

0 

~ 0*29 


+ 0*11 

0 


- 0*29 

Bal. S. 

+ 0-14 

4- 0 *14 

0 


0 

4- 0*28 


4- 0*28 

Bal. M. 

0 

4- 0*08 

4- 0*08 


- 0*20 

- 0*20 


0 

C.O. 

-h 0*04 

0 

~ 0*10 


+ 0*04 

0 


- 0*10 

Bal. S. 

+ 0*05 

4- 0 05 

0 


0 

4- 0 *10 


4- 0*10 

Bal. M. 

0 

4- 0 03 

4- 0*03 


- 0*07 

- 0*07 


0 

Silf (tons-ft.) 

+ 25-85 

- 1-19 

+ 1*23 


- 6-45 

+ 6-46 


+ 11-17 


(Mab) 

(ATba) 








-^AB “f" -^BA + 2(JfcD + Mj^q) = + 59’9 ^ 60’0 tons-ft. 

1st Bal. S. After the first balancing of the joint moments 
and the carry-over, there have been induced in the columns 
additional moments of + and + 3-75 tons-ft., whose sum 
is 11-25 tons-ft. 

(The sum of the fixing moments on column AB = zero.) 

Now “t" ^BA ^(-^CD “1" -^Dc) 

= Pa = 12 X 5 = 60 tons-ft. 
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Therefore the sway of the frame has to introduce a further 
+ 48-75 tons-ft. into the columns. (60 - 11-25 = 48-75.) 

Keeping the joints B and C locked, and swaying the frame, 
extra moments = J/'ea == ^'dc will be 

introduced into the columns. 


Now 


^CD 


/. J/'cD = 


1 

2 


Now 


n _ ^ o 


b 

/. M\j^ 4" AB “1“ 4“ 

= 60— 11-25 = 48-75 


i.e lOJf'^B = 48-75 /. = + 4-88 tons-ft. 

M'qj) = 4- 9-75 tons-ft. 

The joints are now out of balance again, so they must be 
re-balanced and the moments carried-over. Additional moments 
are thus introduced into the columns and these have to be 
cancelled out by a further swaying of the frame. 

2nd Bal. 8. Additional couples in AB are — 2-44 and — 1-22 
ft.-tons, and in CD are — 6-75 and — 3-38 tons-ft. 

Then the bent summation becomes — 23-91 tons-ft. 

Having already balanced the external moment of 60 tons-ft., 
this moment of — 23-91 tons-ft. must be cancelled out by a 
moment of -f- 23-91 tons-ft. divided amongst the column ends 
by swaying. 

/. IOIT'ab = 23-91 tons-ft. 

if 'ab == 'ba = + 2*39 tons-ft. and 

if'cD = if^Dc = + 4-78 tons-ft. 

Balancing the column end couples for the column end shears 
(see Fig. 234): after the 1st Bal. M and C.O., we have in the 
columns (neglecting P.B.M.s), 

H additional at J5 = ~ 0-975^, and 

at (7 = 0-975 X 4 = 3-9^ 
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These forces acting left to right and at the top introduce equal 
couples at B and A of 

+ 0-975 X V- = + 4-88 tons-ft. 
and at C and Z) = -|- 3-90 x 5 = + 9-75 tons.-ft. 

Similarly for balancing of the other additional moments which 
will be introduced into the columns due to balancing the joints 
and carrying-over. 

Moment-Distribution Method when Using the Alternative Step (6); 


Distribution—No Sway Allowed. 


Member 

AB 

BA 

BC 

CB 

CD 

DC 

K'8 

1 

1 

1 

Bal. 

0 

1 

i 

i 

i 

0 

C.O.F. 

i 

r 

1 

i 

i 

F.B.M. 

+ 15-00 

- 16-00 

0 

0 

0 

0 

Bal. M. 

0 

4- 7-60 

+ 7-60 

0 

0 

0 

C.O. 

+ 3-76 

0 

0 

•f 3-76 

0 

0 

Bal. M. 

0 

0 

0 

~ 1-88 

-1-88 

0 

C.O. 

0 

0 

- 0-94 

0 

0 

- 0-94 

Bal. M. 

0 

+ 0-47 

+ 0-47 

0 

0 

0 

C.O. 

+ 0-24 

0 

0 

-f- 0-24 

0 

0 

Bal. M. 

0 

0 

0 

- 0-12 

- 0-12 

0 

C.O. 

0 

0 

- 0-06 

0 

0 

- 0-06 

Bal. M. 

0 

+ 0-03 

+ 0-03 

0 

0 

0 

C.O. 

+ 0-02 

0 

0 

+ 0-02 

0 

0 

Bal. M. 

0 

0 

0 

- 0-01 

- 0-01 

0 

SAf (tons-ft.) 

-f 19-01 

- 7-00 

-f 7-00 

+ 2-00 

- 2*01 

- 1-00 


{^ ab ) 

(^ba) 




(•^Do) 


+ -^BA 2(JlfQD + -^Dc) ~ 3*00 tons-ft. 

+ Pa = + 60-0 tons-ft., /. 60-0— 6-00 = + 54 tons-ft., 
introduced by sway. 

For sway all joints locked, J/'cd = 
or let M\^ = + 10 tons-ft. and J/'cd = + 20 tons-ft. 
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2nd Distribution of the Proportioruite Sway Moments. 


Member 

AB 

BA 

1 BC 

CB j 

1 CD 

DC 

K 

1 

1 

1 

Bal. 

C.O.F. 

0 i 

i 

i i 

i 

i 0 

i 

Sway F.B.M. 

+ 10-00 -f 10-00 

0 

0 

+ 20-00 + 20-00 

Bal. M. 

0 

- 5-00 

- 6-00 

- 10-00 

- 10-00 

0 

C.O. 

- 2-50 

0 

- 6-00 

- 2-60 

0 

- 6-00 

Bal. H. 

0 

+ 2-60 

+ 2-60 

+ 1-26 

+ 1-26 0 

C.O. 

+ 1-25 

0 

-f 0-63 

-f 1-25 

0 

+ 0-63 

Bal. M. 

0 

- 0-32 

- 0-32 

- 0-63 

- 0-63 

0 

C.O. 

- 0-16 

0 

~ 0-32 

- 0-16 

0 

~ 0-32 

Bal. M. 

0 

+ 0-16 

-f- 0-16 

+ 0-08 

+ 0-08 

0 

C.O. 

+ 0-08 

0 

-f 0-04 

+ 0-08 

0 

-f 0-04 

Bal. M. 

0 

- 0-02 

- 0-02 

- 0-04 ! 

- 0-04 

0 

C.O. 

- 0-07 

0 

- 0-02 

- 0-01 

0 

- 0-02 

Bal. M. 

0 -f 0-01 

+ 0-01 

0 

0 

0 

SJkf (tons-ft.) 

+ 8-66 
(A/ab) 

+ 733 
(A^ba) 

- 7-34 

- 10-67 

+ 10-66 + 16-32 
{Mcd) (Afi>o) 


S column moments = J^ab + + 2(-3foD + -^dc) 

= + 67-95 tons-ft. 


But 2 column moments are to equal + 54-00 tons-ft., 
the end column moments obtained must be reduced in 
^ + 54-00 

the ratio of ^ = 0-795 

+ 67-95 

ikf^B is then = + 8-66 x 0-795 = + b-88 tons-ft. 

ba is then = + 7-33 X 0-795 = -f 5-82 tons-ft. 

Mcb is then == -f 10-66 X 0-795 = + 8-48 tons-ft. 

Mjyc is then = + 15-32 X 0-795 = + 12-15 tons-ft. 

The final table is— 


Member 

AB 

BA 

BC 

CB 

CD 

DC 

No-sway 

Moment 

Sway 

Moment 
Final Values 
(tons-ft) 

4- 19-01 

- 7-00 



~ 2-01 

- 1-00 

+ 6-88 

-f 26-89 

+ 6-82 

~ 1-18 

+ 1-18 

- 6-47 

+ 8-48 

+ 6-47 

-f 12-16 

+ 11-16 


(AfAB) 

(AfBA) 

(Afso) 

(AfoB) 

(AfoD) 

(Afoo) 


+ ^BA + 2(i!f CD + ^Dc) = + ~ 60-00 tons-ft. 


*5—(T.54SO) 
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Slope-Deflection Method. 

A A 

= ®DC = 0 ; ^AB = ^A = Jq ; ^DC = = "g 

Sway is left to right, lO^j^ = 5^d or <f>j) = 2<j>^ and both 
are positive. 

EK^^ : EK-^q : EKq-q = 1 : 1:1 
= 2(0b + Ha) + 15-00 
JfBA = 2(203-+- 3^J- 15-00 
M-qq — 2(203 "H ®c) 

Joint equation: + -^bc = 0 

80b + 200 + Ha — 15-00 = 0 

Mq^ — 2(03 20o) 

MQj) = 2(200 ”1“ 00a) 

Joint equation: J/qb + -^cd = 0 

20b + 800 + 12^a = 0 

Bent equation: + -^ba "t" 2(JlfoD + -^dc) = + 60 

60b + 1200 + OO^A = -J- 60 
or 0B + 200 + 10<^^ = + 10 

Joint B equation: 40 b + 0c + Ha — ■+" 1-5 

Joint C equation: 0 b -+- 40o + Ha — 0 

0B = + 1-52; 0c = — 2-36; <f>j, = 1-32 
Thus M^s = 25-96 tons-ft.; J^ba = ~ 1-00 tons-ft. 

-^OD = + 6-40 tons-ft.; ilfnc = "I" 11-12 tons-ft. 


Note on the Moment-Distribution Method Alternative Step (6) for 
Shearing Forces on the Top and Bottom Cut Ends of the 
Members AB and DC. 


(a) Shears due to the end couples. The only transverse force 
is the force of 12 tons arcting from left to right on AB and at 
5 ft. from A. 


Pa 

T 


12 X 5 
10 


= 6 tons 
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_ ^ + 25-89 + (— M8) , 6-47 + 11-16 
But —io- +-5- 

= 2-478 (->) at ^ + 3-52 (->) at G 

= 5-998 tons, nearly equal to 6-00 tons, and both shearing 
forces act from left to right which is the direction of Pajh. 

The forces of 2-478 tons and 3-52 tons are the shears due to 
the end couples. 

(6) The total shears in the members at -4, jB, O' and D. 

At A, the shear must be equal to the simple beam shear of 
6 tons acting from right to left plus the end couple shear of 
2-478 tons also acting from right to left, to give a total of 
8-478 tons acting from right to left. At S, the shear must be 
equal to the simple beam shear of 6 tons acting from right to 
left together with the end couple shear of 2-478 tons acting from 
left to right, giving a resultant of 3-522 tons acting from right 
to left. 

The total end shears of 8*478 tons and 3*522 tons are equal 
to 12 tons and act from right to left, thereby balancing the 
external force of 12 tons which acts from left to right. 

At C and D, as there is no external force on CDy the end 
shears are simply those due to the end couples, i.e. 3*52 tons 
acting left to right at Z), and 3*52 tons acting left to right at C. 

Note. The sum of the actual shears at B and C must equal 
zero; and it can be seen that this is so. 

The sum of the actual shears at A and D are equal to 12 tons 
acting from right to left and thus balancing the external force 
of 12 tons. The bending moment, shearing force (column), and 
displacement diagrams are given in Fig. 235. 

Illustrative Problem 49. (See Example 2, pp. 217 and 220, and 

Fig. 236.) 

Referring to Fig. 236, 

~ iiXr, . :J 15 . 

- 8 • • 1 2 

= 1*5 : 1*0 (nearly) : 1*0 
E = unity (say) for all members. 

This is a sway problem: Let the frame sway to the right so 
that B and G both move horizontally to the right by an 
amount A. 
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Lot 6 bA — ®BC ~ 000 — ®CD — ®0 

>» ^AB ~ ^ 0/nd ^pc = <l>i 

„ A - 8 ^ = 12^1, = U 

From the slope-deflection equations for = 0 and J/ba 
it can be shown that 

Msj. = f(30B + H) 

and similarly = (30c + 2 ^) 

M^q = 2(200 “h 0c) “I" -3f Q 0 = 2(200 + 0b) — 46 




Fig. 236 


Joint equations give 

J^BA -^BC ” ^ 

• (i) 


Mq-q -f- Mqj^ == 0 

. (ii) 

Shear equation: 

-^BA 1 -^CD ^ 

8 '12 — • 

• (iii) 

or bent equation: 

-^BA "1“ § -^CD ~ ® 



Substituting in, and solving, equations (i), (ii) and (iii), 

03 = — 9-66; 00 = + 7-83; ^ = -f5-25 (nearly) 

== ■— jlffiA == + 22-08 tons-in. == -f 1'84 tons-ft. 
^ 1^00 = ““ Jbr 0 p — 33*12 tons~in« == — 2-76 tons-ft. 

£r at .4 = — 1*84/8 = — 0*23 tons and acts from left to right. 
jET at J5 == 2*76/12 = 0*23 tons and acts from right to left. 

M(yment-Distribution Method: A Svxiy Problem Introducing 
Step (6). Effective JT^b and X 00 , as the columns are hinged 
at A and Z>, 


are 


f X 1-6 and | X 1-0 
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for this method, and no fixing couples at A and D, 

4*5 3 

■^AB • -^Bc • -^CD ~ : 1 : — = 9 : 8 : 6 


Member 

AB 


BA 

BC 

CB 

CD 

DC 

K 


9 


8 


6 


Bal. 

0 


A 


t 


0 

C.O.F. 


0 

i 


0 


Rel. K' 


9 


0 


4 


K* 


1 375 

0 


1 376 




2 ' 

8» 


2 ^ 12* 


Bel. 


27 


0 


8 


F.B.M. 

0 


0 

4- 46-00 

- 46-00 

0 

0 

Bal. M. 

0 


- 23-86 

- 21-15 

+ 24-76 

+ 20-26 

0 

C.O. 

0 


0 

4- 12-38 

- 10-58 

0 

0 

Bal. S. 

0 


+ 8-00 

0 

0 

4- 3-33 

0 

Bal. M. 

0 


- 10-80 

- 9-60 

4- 4 -14 

4- 3 -11 

0 

C.O. 

0 


0 

+ 2-07 

- 4-80 

0 

0 

Bal. 8. 

0 


4- 6-72 

0 

0 

4- 2-98 

0 

Bal. M. 

0 


- 4-66 

- 4-13 

+ 104 

4- 0*78 

0 

C.O. 

0 


0 

4- 0-62 

- 2-07 

0 

0 

Bal. 8. 

0 


+ 3-12 

0 

0 

4- 1*44 

0 

Bal. M. 

0 


- 1-93 

- 1-71 

4- 0*36 

4- 0*27 

0 

C.O. 

0 


0 

4- 0 -18 

- 0-86 

0 

0 

Bal. 8. 

0 


4- 1*36 

0 

0 

4- 0*60 

0 

Bal. M. 

0 


- 0-81 

- 0-73 

4- 0 -16 

+ 0-11 

0 

C.O. 

0 


0 

4- 0-08 

- 0-37 

0 

0 

Bal. 8. 

0 


4- 0-66 

0 

0 

4- 0-24 

0 

Bal. M. 

0 


- 0-34 

- 0-30 

4- 0-07 

4- 0-06 

0 

C.O. 

0 


0 

4- 0-04 

- 0-16 

0 

0 

Bal. 8. 

0 


4- 0-24 

0 

0 

4- 0 -10 

0 

Bal. M. 

0 


- 0-16 

- 0-13 

4- 0-03 

4- 0-02 

0 

C.O. 

0 


0 

4- 0-02 

- 0-07 

0 

0 

Bal. 8. 

0 


+ 0-16 

0 

0 

0 

0 

Bal. M. 

0 


- 0-08 

~ 0-07 

+ 0-04 

4- 0*03 

0 

SAf (tons-in.) 

0 


- 22-47 

4- 22-47 

- 33-32 

4> 33-32 

0 

(tons-ft.) 

0 


- 1-87 

4- 1-87 

- 2-77 

4- 2-77 

0 




(^ba) 






Bent equation: JI/ba + K^^cd) = ^ 
— 1-87 + 1-85 == 0 (very nearly). 
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After Ist balance, 

+ i(J^OD) = — 23-86 + 13-5 = - 10-35 
+ K-a^'oc) = + 10-36 
= 2 - 26 jlf^cD 
2-9lJf'cD = + 10-36 
M'ov = + 3-64 
^'ab = + 8-00 

and so onwards; or work from shear equations and shearing 
forces and couples. 


Momeni-Distr^ution Introducing the AUemative Step (6). 
(a) Distribution restraining frame against sway. 


Member 

AB 

BA 

BC 

CB 

CD 

DC 

Rel. X 


9 

8 


6 


Bal. 

- 

A 

A 



- 

C.O.F. 


0 

i 

0 


F.B.M. 

0 

0 

+ 46-00 

- 46 00 

0 

0 

Bal. M. 

0 

- 23-86 

- 21-16 

+ 24-76 

+ 20-26 

0 

C.O. 

0 

0 

+ 12-38 

- 10-68 

0 

0 

Bal. M. 

0 

- 6-64 

- 6-84 

+ 6-04 

-h 4-64 

0 

C.O. 

0 

0 

-+• 3-02 

- 2-92 

0 

0 

Bal. M. 

0 

- 1-60 

- 1-42 

+ 1-68 

+ 1*24 

0 

C.O. 

0 

0 

-f 0-84 

- 0-72 

0 

0 

Bal. M. 

0 

- 0-46 

- 0-39 

+ 0-40 

+ 0-32 

0 

C.O. 

0 

0 

~ 0-20 

- 0*20 

0 

0 

Bal. M. 

0 

~ 0-11 

- 0-09 

+ 0-12 

+ 0-08 

0 

C.O. 

0 

0 

H- 0-06 

- 0-06 

0 

0 

Bal. M. 

0 

~ 0-03 

- 0-03 

4- 0-03 

+ 0-02 

0 


0 

- 32-68 


+ 26-46 

0 


(6) Keeping joints B and C fixed and BC unloaded. Let the 
frame sway; then the moments induced at the top of the 
columns AB and CD will be in the ratios of their K' values. 


, K\b • -^^CD — W • ^44 





TEE SLOPE-DEFLECTION, ETC., METHODS 443 


Therefore, assuming a value of jK^'sab as + 90 tons-in.; then 
^soD == + 40 tons-in. Plus sign, because sway assumed from 
left to right (positively). 

These moments are now distributed in the usual way. 


Member 

AB 

BA 

BC 

CB 

CD 

DC 

K 


9 



8 

6 


Bal. 

0 

A 

A 




0 

C.O.F. 


0 




0 


Sway M. 

0 

+ 90-00 

0 


0 

4- 40-00 

0 

Bal. M. 

0 

- 42-30 

— 

47-70 

- 22-29 

- 17-10 

0 

C.O. 

0 

0 

_ 

11-45 

- 23-86 

0 

0 

Bal. M. 

0 

+ 6-74 

+ 

4-73 

+ 13*64 

-f 10-21 

0 

C.O. 

0 

0 

+ 

6-82 

-f 2-82 

0 

0 

Bal. M. 

0 

- 3-60 


3-20 

- 1-60 

- 1-22 

0 

C.O. 

0 

0 

_ 

0-80 

- 1-60 

0 

0 

Bal. M. 

0 

+ 0-46 

+ 

0-36 

+ 0*92 

+ 0-68 

0 

C.O. 

0 

0 

-f 

0-44 

-h 0-18 

0 

0 

Bal. M. 

0 

- 0-26 


0-19 

- 0*10 

- 0-08 

0 

SM 

+ 61-04 


+ 32-49 


Shear equation: ^ ^ 

or bent equation: = 0 

In the first distribution (no sway) 

SJUba + 2il/cD = — 97-74 + 52-90 = — 44-84 units, 
to allow for sway, a moment of + 44-84 units must be 
impressed on the columns so that SiffsA + 2jJfcD = 9- 

Now from the Second Distribution of the Sway Moments 
(+ 90 and + 40 units), + 2ilfcD = + 153-12— 64-98 

= + 218-10 units, i.e. + 218-10 units due to sway will produce 
at the tops of the columns, after distribution, a moment 
+ 51-04 units at A and + 32-49 units at C, 

/. 4“ 44-84 units will produce after distribution: 


+ 57-04 X 44-84 
218-iO 

+ 32-49 X 44-84 


units at ^ = + 10-48 units 
units at C = + 6-68 units 


and 


218-10 
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Therefore, allowing for side sway, 

Mba = — 32-68 + 10-48 = — 22-10 tons-in. 

= — 1-84 tons-fb. 

Mod = + 26-45 + 6-68 = + 33-13 tons-in. 

= + 2-76 tons-ft. 

Check: 3Jf + 2Mcd = — 66-30 + 66-26 = — 0-04 Ib.-in. 

(nearly equal to zero.) 


1-84 


= — Ho = —^ = 0-23 tons ( check: 




2-76 

~l¥ 


= 0-23.^ 


The displacement and moment diagrams are given in Fig. 237. 



Illustrative Problem 50 

Problem (c), page 21 worked by the moment distribution method (see 
Fig. 238). 

Let E for all members be equal to unity. 

,, = 100 ft. units. 

„ h =1=: 10 ft. 

„ P = 1000 lb., then Ph = 10,000 Ib.-ft. 


Bent equation: ilfsA + — Ph — 10,000 . (i) 

In this problem, due to sway, as AB and DC are identical, then 

/. = — 10,000 units or = — 5000 units. 

When distributing these moments, let 1000 units be the 
moment unit and we shall then distribute the multiples. 
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There are no end-fixing couples due to transverse loading. 

Bal. M (step 4) indicates the balancing of the moments at 
a joint. 

Note (step 6), Ist Operation. From the bent equation it was 
found that J/ba = -S^cd = — ^ X units. So we place 

— 5 X 1000 units at the upper column ends. This is indicated 
by Bal. S. 

Now the joints B and C are out of balance. It is therefore 
necessary to distribute at B the unbalanced couple of 
+ ? X 5 X 1000 units to BA when joint B is now rotated, 
and + 4 X 5 X 1000 units goes to BC. 

Then joint B is balanced: for — 5000 = + 2100 + 2900. 

Similarly for joint C. 

When B is rotated and C kept 
fixed, then J of the new moment 
at BG must be transferred to 
end G of BG, i.e. + 1450 units 
are carried-over to G. Similarly 
the effect at B for the rotation 
of G. There is no carry-over 
of BA from B to A as ^ is 
hinged. Due to balancing of 
the moments at B and G, we 
have introduced new couples 
equal to -j- 2-1 X 1000 units at Fia. 238 

the tops of the columns BA and 

GD. As we have already balanced for sway, we must multiply 
these additions by equal and opposite corresponding sway 
moments or couples. Therefore we must, in this particular 
problem, add — 2*1 X 1000 units to BA and BG (2nd step 6) 
and (2nd Bal. S). 

The joints B and G are again thrown out of balance and 
these new additions of — 2-10 X 1000 units together with 
+ 1*45 X 1000 units at B in BG due to carry-over must be 
re-balanced. 

2-10 + 1-45)1000 = — 0-65(1000) 

— 0-65 has been distributed as + 0-28 to BA and -f- 0-37 to BG. 
A line has been drawn under these figures to show that the 
joint has again been balanced. All the stages are repeated and 
the work completed after balancing the joints for the fourth 
time. 
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In this method of sway analysis, one should always complete 
the work after a balance of the joint moments (Bal. M) or 
after a (Bal. S). 


Member 

AB 

BA 

1 BC 

1 


CB 

CD 

DC 

K 

Rel. K 


} X w 

3 


w 

4 


i X W 
3 


Bal. 

Equivalent K' 
Rel. K' 
C.O.F. 

0 

? 

1X m 

1 

0 


0 

0 

i 


? 

i X 188 

1 

0 

0 

F.B.M. 

0 

0 

0 


0 i 

0 

0 

Bal. S. 

0 

- 6 00 

0 


0 

- 6 00 

0 

Bal. M. 

0 

-f 210 

+ 2-90 


-h 2*90 

4- 210 

0 

C.O. 

0 

0 

+ 1-46 


4- 1-46 

0 

0 

Bal. S. 

0 

- 210 

0 


0 

- 210 

0 

Bal. M. 

0 

+ 0-28 

4- 0-37 


4- 0-37 

4- 0-28 

0 

C.O. 

0 

0 

4- 019 


4- 019 

0 

0 

Bal. S. 

0 

- 0-28 

0 


0 

- 0-28 

0 

Bal. M. 

0 

4- 0 04 

4- 0-05 


4- 0 06 

4- 0-04 

0 

C.O. 

0 

0 

4- 0-03 


4- 0 03 

0 

0 

Bal. S. 

0 

- 0 04 

0 


0 

- 0*04 

0 

Bal. M. 

1 ® 

0 

4* 0 01 


4- 0 01 

0 

0 


0 

- 6 00 
(J/da) 

4- 6 00 


4* 6 00 

- 6-00 
(J^od) 

0 


The couples at the joints are all therefore in magnitude 

10,000 

= 5000 units == — 2 — ~ 5000, 
which confirms the values for the solutions given by the slope- 
HO. 4 

Illustrative Problem 51. 

Rectangular Bent ABC (Fig. 239). It is direction-fixed at A and C and 
jointed at B, There are no transverse loads on the members, but the bent is 
subjected to a change of temperature. 

Let E for AB, BC = 30 x 10* lb. per sq. in. 

For simplicity, let = Zbc = 200 in.*, and let 

^AB ~ ^BC ~ 

■K'ab = ^BC = 200/100 = 2. 
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Let the coefficient of thermal expansion be 0*000006 per 
degree Fahrenheit, and let there be a rise in temperature from 
68^^ F. to 88® F. 

AB and BO will both expand by an amount 
100 X 0*000006 X 30 = 0*0018 in. 

Due to this expansion AB will sway to the left and BC 



Fio. 239 


upwards, i.e. AB in a counter-clockwise movement, and BC 
in a clockwise movement. 

^AB = ^A -- io(^ negative. 

and will be positive. 

The small increases in the lengths of the members are neglected. 

Let ^BA ~ ®BC “ 

Slope-deflection Solution. 

= 2EK(e^ + Ha) 

= 2EK{2e^ + Ha) 

M^c = 2EK(2d^ + 3 <^ b ) 

Mcb = 2EK{e^ + 39Sb) 

Joint equation B: M^q = 0 

.-. Sb = 0 

0*0018 „ . 

Jf^B = — 2X30X10«X2X3X = — 6480 Ib.-in. 

== = — JI/bc = — 6480 Ib.dn. 

Mcb = - ^AB = + 6480 Ib.-in. 
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Moment-Distribution Method, Keeping the ends direction-fixed, 
the induced moments due to the displacement A are, 

= if'sA == = — 6480 lb.-in.|= sway 

Jf 'bc == = + ^EIA/P = + 6480 Ib.-inJ F.B.M. 


Member 

AB 

BA 

BC 

OB 

Sway F.B.M. 

- 6480 

- 6480 

4- 6480 

4- 6480 

Bal. M. 

0 

0 

0 

0 

LM 

- 0480 

~ 6480 

+ 6480 

•f 6480 


Note. In these examples, the frame members sway only due 
to the change in temperature: once this has occurred there 
is no further sway, i.e. in the moment-distribution method, 
the joint will simply rotate and the frame is fixed against 
translation. 


Exercises, (a) For the frame in illustrative problem 51, 

let ^jj^B ^Bo 100 in. 

„ /^B = 200in.^; /bo =100 in.* 

» = JE/bc = 30 X 10® lb. per sq. in. 

Then K^b = 2; K-qq = 1. 

0-0018 0-0018 
9ab — 9a —-200 — 9b ■— H 20^ 


= + 18 X 10-® 

Slope-deflection equations: 

JfAB = 2X^X2(0B-3X-^^) 


Jt^BA — 2 X E X 2| 2dB — 3 X 






ITbc — 2 X E X l{ 20 b + 3 X 


Mcb = 2x E X 1|0b+3x 


0-0018\ 
100 / 

0-0018\ 
100 / 

0-0018\ 
100 / 
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Joint equation B: + Jifec = 0 


60b = ~h 6 X 


0-0018 


100 

00 = + 0-000009 
== + 9 X 10~« 


= 2 X 30 X 10« X 2 (9 X lO-*- 64 0 x 10“«) « - 64001b..in. 

*= 2 X 30 X 10« X 2 (180 X 10-«- 54 0 X lO’*) = - 4320 lb.-in. 

Mbo = 2 X 30 X 10* X 1 (18 0 X 10-« -f 64*0 X lO"®) « -f 43201b.-in. 

AfcB = 2 X 30 X 10® X 1 (9 X 10“® -f 54 0 X 10"®) « -f- 3780 Ib.-in. 


Moment-Distribution Method. 


Member 

AB BA 

BC CB 

K 

Bal. 

C.O.F. 

2 

0 * 
i 

1 

i 0 

i 

Sway F.B.M. 
Bal. M. 

C.O. 

Bal. M. j 

- 6480 - 6480 

0 -1- 2160 

+ 3240 -1- 3240 

-f 1080 0 

-f 1080 0 1 

0 0 

0 -f 540 

0 0 

SM 

- 6400 - 4320 

-f 4320 -f 3780 


These values for the moments agree with those obtained by the 
slope-deflection method. 

The sway F.B.M. 

/ A 

J/'ba = ’ T ~ ~ negative. 

J/'bo = ^'cB = * T ~ ^2^0 and is positive. 

Exbbcise (6). Sketch the bend^ moment and distortion diagrams for 
the rectangular bent ABC, if it is hinged at A and C. 

= 100in.; /^b = 200in.*: 

Zbo = ; ^BO — • 

■®AB = -^Bc = 30 X 10® lb. per sq. in.: and 

the rise in temperature is from 68° F. to 88° F. 
0B = 0-0000137; = “ 0-0000108; (^bc = + 0-00003 

Mba = — 4425 Ib.-jn.; ilfBc = + 4425 lb.-in. 
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Illvstrative Problem 52. 

Kectangular bent ABC (Fig. 240), direction fixed at A and C. 

XiOi) ^Bc 100 m. 

>> -^AB ~ -^BC ~ 

„ ^AB = -®BC = 30 X 10® lb. per sq. in. 

Let A be displaced vertically to -d' by an amount of 0-05 in. 
Then <^bc = <f> ~ 0*05/100 radians, and is negative. 



There will be no sway of AB, and neglecting any shortening 
of J5C, 

Aab ~ ®CB ~ ^ > ®BA ~ ®BC ^ ®B 

= -^BC = tSo = 2 

XB ~ 2 X 157 X 2(0b) j Mq-q = 2 X iS7 X 2(0 b X 3^) j 

= 2 X .£7 X 2(20b)j 31-qq = 2 X .S' X 2(2^3 -f- 3^) 
Joint equation B : + M^q = 0 


/. SSb + 800 + 12^ = 0 



= + 0*15/400 


^ = 500 X 10“« = 375 X 10-« 

4 X 30 X 10« X 375 X lO”* = + 46,000 Ib.-in. 

8 X 30 X 10« X 376 X lO"* « + 90,000 Ib.-in. 

4 X 30 X 10* X lO-* (760- 1600) = - 90,000 Ib.-in. 

4 X 30 X 10* X 10'« (376 - 1600) « - 136,000 Ib.-in. 


- 

JlfBA = 
Mbo = 
= 
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Moment-Distribution Solution. Sway BC, but keep B fixed 
against rotation. Then the sway-fixing couples 
Jkfygc = M^cb = - eEIAjP; A/P = 0-05/1000 = 5 x 10~« 
/. eSIA/P == - 6 X 30 X 106 X 200 X 5 X lO'® 

= - 180,000 Ib.-in. 


There will be no further sway, therefore the table is as follows. 


Member 

AB 

BA 

BC 

BC 

K 

2 

2 

Bal. 

C.O.F. 

0 i 

i 

i 0 

i 

Sway F.B.M. 

0 

0 

- 1-8 X 10® 

~ 1-8 X 106 

Bal. M. 

0 

+ 0*9 X 10® 

+ 0-9 X 10» 

0 

C.O. 

-f 0-45 X 10® 

0 

0 

+ 0-46 X 10® 

Bal. M. 

0 

0 

0 

0 

SM (Ib.-in.) 

-f 46,000 
(J^ab) 

■f 90,000 

- 90,000 
(^Bo) 

- 136,000 
(■»^ob) 


If the support A was displaced horizontally to the left, say. 



Fig. 241 


by the same amount A == 0-005 in., then it can easily be shown 
that for this case 

■^AB = + 135,000 lb.-in. 

^BA = + 90,000 Ib.-in. 

M^^ = — 90,000 Ib.-in. 

Mqb = 45,000 Ib.-in. 

Illustrative Problem 53 

Rectangular Bent ABC (see Fig. 241). The dimensions and properties of 
the meml^rs are 843 given in the previous problem. 

Let the end A of AB be rotated through an angle of + 

== + = + 0-06/100 radians = 500 X 10“* radians. 
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There will only occur a rotation of joint B. 

= K-qq = = 2; 0ba ~ ®Bc ~ ^ ~ ^ f^ 

per sq. in. 

= ^EK(2d^ + 0b) ; J^oB = ^EK(e ^); 

if BA = 2EK{e^ + 20b); ifBc = 2i?^:(20B) 

J/ba ~t“ -^BC ~ ® ^®B ~ ® 

Q 

/. --^ == — 125 X 10“® radians 

4 

= 4 X 30 X 10« X 10-«(1000- 126) = + 105,000 Ib.-in. 

Mba « 4 X 30 X 10« X lO-* (500 -- 250) = + 30,000 Ib.-in. 

Mbc = 4 X 30 X 10« X 10~« (-260) = - 30,000 Ib.-in. 

Mcb = 4 X 30 X 10« X 10-« (- 126) = - 15,000 Ib.-in. 

The Solution by the Moment-Distribution Method. Keeping B 
fixed against rotation initially, then F.B.M.s in AB will be: 

J^FAB = + ^EKe^ = + 4 X 30 X 10« X 2 X 500 X 10-« 

= + 120,000 Ib.-in. 

^FBA = + 2JS?K0^ = + 60,000 Ib.-in. 


Member 

AB 

BA 

BO 

OB 

K 

2 

2 

Bal. 

C.O.F. 

0 i 

i 

* 0 
i 

r.B.M. 

\ + 1-2 X 10» 

+ 0-6 X 10« 

0 

0 

Bal. M. 

0 

- 0*3 X 10» 

- 0-3 X 10« 

0 

C.O. 

- 015 X 10* 

0 

0 

- 016 X 10« 

Bal. M. 

0 

0 

0 

0 

SM (Ib.-in.) 

-+- 106,000 

+ 30,000 

- 30,000 

- 16,000 


If A was displaced vertically downwards and horizontally 
by the amounts given in the problems, and rotated through 
the given angle 6^, all simultaneously, then the moments at 
the supports and the joints would be the sum of those found 
by considering the deformations singly. 

For exercises the student is recommended to vary the lengths 
and /’s, and the types of supports, and deform similarly as 
given in the worked problems. 
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Illustrative Problem 54. 

Rectangular bent ABG (Fig. 242), with hinges at A and C and rigidly 
jointed at B, The lengths of the members, their E'b and /’s are the same 
as in the two preceding problems. 

Now rotate the end A of the member AB through an angle 
0^ = 0*05/100 radians. 

=:500xl0-« „ 

This, in effect, makes the hinged end A, a fixed end, because 
in order to induce this rotation of + an effective couple 



Fig. 242 


must be applied to the member = The hinge C will, of 

course, remain a hinge and there will be no moment at C. 

= 2EK{20j, + 0 b ) 

ilfsA = 2EK{dj, + 2eB) 

JfBc = 2EK{2d^ + 0c) 

Jf OB = + 20c) = 0 00 = - ^ 

JfsA ”1“ -^BC = ^ “t" ^®B + 6c = 0 

Pb = - 
0B “ 7®A 

J^AB = 4 X 30 X 10® X 10-«(1000 - 1000/7) 

= + 102,867 lb,-in. 

JITba = 4 X 30 X 10® X 10-®(500 - 2000/7) 

= + 26,714 Ib.-in. 

M^o = 4 X 30 X 10® X 10-»(- 1500/7) 

= — 26,714 Ib.-in. 
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Moment-Distribution Solution: No Sway. 


Member 

i 

AB 

BA 

BC 

CB 

K 

2 


1 1-6 (pinned at G) 

Bal. 

0 

4 


0 

C.O.F. 

i 

0 


F.B.M. (Ib.-in.) 

-f 1-2 X 10* 

+ 0-6 X 10« 

0 

0 

Bal. M. 

0 

0-343 X 105 

- 0-257 X 10® 

0 

C.O. 

- 0-172 X 10« 

0 

0 

0 

Bal. M. 

0 

0 

0 

0 

EJtf (Ib.-in.) 

+ 102,800 

+ 25,700 

- 25,700 

0 


^AB = + 102,800 Ib.-in.: ilf ba = 25,700 Ib.-in.: 

Mjic = - 25,700 Ib.-in. 

Illustrative Problem 55. 

Consider a simple portal ABCD (Fig. 243), with direction-fixed bases A 
and X), and rigidly jointed at B and C. 



-Let Zab — ^Bc — ^CD — 100 in. 

>> -^AB ~ “ ^CD ~ 200 in.^ 

,, E for all members = 30 X 10® lb. per sq. in. 

JGl’s for all members = 2. 

Let the fixed base A be displaced vertically downwards and 
to the left by amounts A = 0*05 in., and let the base A be 
rotated positively through an angle 6ab = 6a = + 0-05/100 
= 500 X 10”® radians. 
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Due to these deformations, G will move to the left to C" 
through an amount A, and B to B' to the left through a 
horizontal movement of A^. Vertical displacement of B will 
be 0*05 in. == the vertical displacement of A. 

Horizontally S' will be relative to A by an amount of 
(0-05 — Ai) in., assuming Ai<0*05in., the horizontal dis¬ 
placement of A. 

The sway angle of DC will be == — Ai/lOO 

= — 10,000 A X 10”® radians. The sway angle of AB will be 
+ (0*05-- Ai)/100, and will be positive, i.e. A'B' with respect 
to the vertical through A\ 

Let it be = + (500- 10,000 Aj) X lO”®. 

BC rotates to position S'C" through a sway angle 

= <f)Q = — 0*05/100 
= — (500 X 10“®) and is negative. 

= 0; 0^ = + 500 X 10“® radians. 

= ^EK{W^ +0^+ 3(Aa) 
ilf ba = ^EK{dj, + 2eB + Ha) 
ilffic ~ 2EK{2d^ “f" ®c 4" He) 

Mq^ = 2EK{0^ -f- 20 q + He) 

-^CD ~ 2EK{26q -f- Ht>) 

JfBc = 2EK(ec + Hd) 

Joint equation B: J^ba + -^bc = ^ 

Joint equation G: M^c + ^cd = ^ 

Bent equation; Jlf^B + ^ba + ^cd + ^ (no external 

horizontal forces acting). 

Solving the above equations, 

0^ == 4- 500 X 10-®; 0B = + 130*0 X 10"®; 

0^ == + 798*0 X 10-®; A^ = + 10*0607 X 10”®, 
and then the values of the moments are found to be— 


Jf AB = 

= + 

120 

X 

QO 

o 

CO 

li 

+ 

97,080 

lb. 

-in. 

-^BA = 

= + 

120 

X 

439 = 

+ 

62,680 

lb. 

-in. 

M^q = 

= — 

120 

X 

448 = 

— 

63,760 

lb. 

-in. 

^CB = 

= + 

120 

X 

226 = 

+ 

27,120 

lb. 

-in. 

Mqj^- 

= — 

120 

X 

226 = 

— 

27,000 

lb. 

-in. 

DC = 

= — 

120 

X 

(—1023) = 

= + 122 

1,760 lb 
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The Moment’Distribution Solution, Imagine the portal 
ABCD as in Fig. 244 (a) and (d). 

A is displaced vertically only by A = 0*05, Fig. 244 (6), and 
the joints B and C fixed against rotation. As in Fig. 244 (c), 
move A to A" through a horizontal distance, left to right, 


B C B C 




= 0*05 in. Then B moves to B" an amount 0-05/2, and C to C" 
an amount 0-05/2. There is no rotation of the joints B and C. 

Next, as in Fig. 244 (d), rotate A positively through an angle 
0-05/100 radians, keeping B and C fixed and with no 
translation. 

Case (6), Fig. 244 (6); 

■^FBc == ^FCB = 6EIAIP == — 180,000 lb.-in. (A=0-05) 
Case (c), Fig. 244 (c); 

^FAB = ^FBA = + 90,000 Ib.-in. (A = 0-05/2) 

AfycD ~ “^Fpc ~ — 90,000 Ib.-im 
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Case (d), Fig. 244 (d); 

-^FAB = + 120,000 Ib.-in. (see problem 63). 

"^FBA == + 00,000 lb.-in. (see problem 63). 

Case (c) and (Total ifpAB == 4* 210,000 Ib.-in. 
case (d) together \ „ -M^fba = + 150,000 Ib.-in. 

Bent equation: + ^dc = 0. 

For balancing sway couples, 

4Jf 'ab == ± ^; where ± X is the sum of the couples on 

the ends of the columns after 
a balancing and a carry-over. 

Jkf'AB will be the distributed Bal. S. couple for each end A, B, 
C and D, as 


Moments in Multiples of 10® Ib.-in. 


Member 

AB 


BA 

BC 

CB 

CD 

DC 

K 


2 


\ 2 

» 

2 

> 

Bal. 

0 


i 

i 

1 

1 

0 

C.O.F. 


i 


i 

i 

K' 


1 


0 

1 

F.B.M. 

+ 2*10 


+ 1*60 

- 1*80 

- 1*80 

- 0*90 

- 0*90 

Bal.M. 

0 


+ 0*16 

+ 0*16 

+ 1*36 

+ 1*36 

0 

C.O, 

+ 0*08 


0 

+ 0*68 

+ 0*08 

0 

+ 0*68 

Bal. S. 

- 1*02 


- 1*02 

0 

0 

- 1*02 

- 1*02 

Bal. M. 

0 


+ 0*17 

+ 0*17 

+ 0*47 

+ 0*47 

0 

C.O. 

+ 009 


0 

+ 0*24 

+ 0*09 

0 

+ 0*24 

Bal. S. 

- 0*24 


- 0-24 

0 

0 

- 0*24 

- 0*24 

Bal. M. 

0 


0 

0 

+ 0*08 

+ 0*08 

0 

C.O. 

0 


0 

+ 0*04 

0 

0 

+ 0*04 

Bal. S. 

- 0 03 


- 0*03 

0 

0 

- 0*03 

-- 0*03 

SJf (Ib.-in.) 

+ 98,000 

+ 53.000 

-62,000 

+ 27,000 

-29,000 

+ 123,000 


(M^b) 


(J^ba) 



{Moo) 

(JUdo) 


Exercise. 

Consider the same portal ABCD as in the previous problem 66. Find the 
moments at A, B, C, and D due to a imiform rise in temperature of 30® F. 
Coefficient of thermal expansion = 0*000006 per °F. 

All the members have the same properties and E as before. See Fig. 246 
(p. 458) for hints. 

Ana: do = —21,600 Ib.-in.: — — 

= — 10,800 Ib.-in. 
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Exercise. 

Referring to the frame in Fig. 233, Illustrative Problem 48, determine the 
moments at A, J5, C, and D due to a uniform rise in temperature of 30° F. 
of the whole frame, a == 0-000006 per °F.: £7 = 30 x 10* lb. per sq. in. 
This is a sway problem. 

AB will extend vertically upwards by twice the amount of 
DC : therefore there will be a positive rotation of BC. BC will 
also expand and therefore subject the whole frame to bending. 

Using the slope-deflection method, let B move to the left 
by an amount d so that there is a negative rotation of AB: 
then as d will be less than the thermal expansion A of BC, 
C will move to the right by an amount A — d, and there will 
be a positive rotation of CD. There will be two joint equations 
and one bent (or shear) equation to be developed and solved 
for the joint rotations and d. The end moments can then be 
calculated from the appropriate slope-deflection equation. 

Solution by the Moment-distribution Method, Imagine that 
AB is restrained against rotation, so that BC will extend to the 
right by the thermal expansion A. BC will rotate positively. 
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BC will sway positively as indicated in the previous paragraph. 
Imagine joints B and C have been restrained against rotation, 
whilst the members have extended. Calculate the end-fixing 
couples Mybc — -^FCB> M^ciy = using the formula 

6EIA I 

giving E and ^ their correct values. As indicated 

in the examples, balance these moments at their respective 
joints, carry over Bal. S, and continue as in the illustrated 
examples. The moments are found to be, approximately, 

= — 28,000 Ib.-in.; M^^ = — 24,000 Ib.-in.; 

-®^CD = + 4,000 Ib.-in.; if = + 22,000 Ib.-in. 

These values satisfy the shear equation, 

•^AB -^B A , 4~ ^DC _ ^ 

120 ■ 60 ““ 

This method of analysis can be applied also to investigate 
the effect that the elongations of the members of a frame due to 
axial forces may have on the bending of a frame. The analyses 
used have been based on the assumption that axial deformations 
of structural members can be neglected. If we wish to take 
these into account, we treat the previous results as an approxi¬ 
mation, and apply them to calculate the axial forces and axial 
deformations in all members of the structure. The cross- 
sectional areas of the members must be known. The changes 
in length obtained in this way can be used in exactly the same 
manner as we have just used the thermal changes in length, 
and we can calculate the additional moments at the joints due 
to axial deformations. These moments are usually negligible 
in frame structures. 

IlliLstrative Problem 56. (See Figs. 246 and 247.) 

The analysis of a two-storied, single bay frame ABCDEF, supported at the 
fixed bases A and F. Horizontal loads of 1000 lb., acting from left to right 
are applied at the joints B and C. 

Let the lengths of all the members be 100 in., and their Is 
equal to 100 in.^ 

All Ks — l \ Let E for all members = 1. 

^AB • • -^BC • -^ED = 1 • 1 ^ 1 • L 

The frame will swing or sway in a clockwise direction. 

Then <l>^^ = ^pe ~ + ^a 

^BC = ^BD = + 
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There will be no sway of the horizontal members. 

=0 

®BA ~ ®BE = ®BC = ®B 
0CB = ®CD ~ ®C 

As all the members have the same lengths and properties, then, 

~ ®B> and 6j) = 6q\ and Jl/yjj 

“ -^AB > -^BA ~ -^BFj Afguj = 

similarly for the top 

storey. 

Solution by the Slope-Deflection 
Method. 

= 2(03 + 3 ^^) 

ilffiA ~ 2(26 b + 

= -^BE ~ 2(30b) 

-^Bc ~ 2(203 ”h “H 30b) 

Mq^ = 2(03 + 200 + 30b) 

~ -^CD “ 2(30^) 

Joint equation (5): J/ba + ^be + ^bc — ^ 

Joint equation (C): iifcB + ^cd = ^ 

Bent equation, lower storey: 

2(Af ab + J^ba) = + 2000 X 100 Ib.-in. 

Bent equation, upper storey: 

2(JfcB + ^Bc) = + 1000 X 100 Ib.-in. 

We thus have 4 equations for solving 4 unknowns, 0 b ; 0^; 
0 A and 03 . 

Solving 03 == — 19,900 

0^. = - 5000 
0^ = + 26,633 
0B - + 11,650 
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Fig. 247 


Substitution of these values in the necessary equations gives, 


= + 60,100 Ib.-in, 

Mba = + 40,100 „ 

-^BB ~ — 59,700 ,, 

iJffic == + 20,100 „ 

- + 30,000 „ 

Mojy = ~ 30,000 „ 


SJIfs at joint B = + 500 
^ Ib.-in. (nearly equal to 
zero). 


Bent equation, lower storey, gives 2(100,200) 

= 200,400 Ib.-in. 200,000 Ib.-in. reqd. 
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Bent equation, upper storey, gives 2(50,100) 

= 100,200 Ib.-in. 100,000 Ib.-in. reqd. 

Solution by Moment-Distribution Method. 

K for all members = 1. 

jfiT' for all vertical members proportional to 1. 

The sway fixing moments : 

M* 4" BA 4” KF 4~ FB ~ 200,000 lb.-in. 

Now if these lower members AB and EF are swayed without 
any rotation of the joints B and E, then the above moments 
are all equal, and equal to 4“ 200,000/4 = 4- 50,000 Ib.-in. 

Similarly, swaying the members BC and DE, without rotating 
the joints B, C, D and E, the 4 end column moments induced 
will be equal to J/'bc = + 100,000/4 = 4“ 25,000 Ib.-in. 
Moments in multiples of 10^ = 10,000 Ib.-in. 

It is the multiple which will be balanced, etc. 


Member 

AB 


BA 

BE 

EB 

EF 

FE 

K 


1 


1 


1 





(with 

BCi) 

(with 

ED i) 


Bal. 

0 


j 

i 


i 


C.O.F. 


i 


i 


1 

K' 


1 




1 

Sway F.B.M. 

+ 500 


+ 5-00 

0 

0 

-1- 6-00 

+ 600 

Bal. M. 

0 


- 2-60 

- 2-50 

- 2-60 

- 2-50 

0 

C.O. 

- 1-25 


0 

- 1-25 

- 1-26 

0 

- 1-25 

Bal. S. 

-f 1-88 


+ 1-88 

0 

0 

+ 1-88 

+ 1*88 

Bal. M. 

0 


- 0-96 

- 0-96 

- 0-96 

- 0-96 

0 

C.O. 

- 0-48 


0 

- 0-48 

- 0-48 

0 

- 0-48 

Bal. S. 

+ 0-72 


+ 0-72 

0 

0 

+ 0-72 

+ 0-72 

Bal. M. 

0 


~ 0-36 

- 0-36 

- 0-36 

- 0-36 

0 

C.O. 

- 0*18 


0 

- 018 

- 018 

0 

- 0-18 

Bal. S. 

+ 0*27 


+ 0-27 

0 

0 

+ 0-27 

+ 0-27 

Bal. M. 

0 


- 0-14 

- 014 

- 014 

- 014 

0 

C.O. 

- 0 07 


0 

- 0 07 

- 0 07 

0 

- 0 07 

Bal. S. 

-f 0-10 


+ 010 

0 

0 

+ 010 

+ 010 

Bal. M. 

0 


- 0 06 

- 0 06 

- 0*06 

- 0 05 

0 

2M (Ib.-in.) 

+ 59,900 +39,600 

-69,900 - 

-69,900 

+ 39,600 

+ 69,900 
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Bent equation, lower storey, + 69,900 + 39,600 + 39,600 
+ 69,900 199,000 200,000 Ib.-in. 


Member 

BO 


CB 

CD 

DO 

DE 


ED 

K 

Bal. 

C.O.F. 

K' 

1 

1 

i 

i 

0 

\ 

* {eb^ep)^ 

1 

Sway F.B.M. 

-f 2-60 


+ 2-60 

0 

0 

+ 2*60 


+ 2*60 

Bal. M. 

-- 2-50 


~ 1*26 

- 1-26 

- 1*26 

- 1*26 


- 2*50 

C.O. 

~ 0-63 


- 1*26 

- 0*63 

- 0*63 

- 1*26 


- 0*63 

Bal. S. 

+ 2-88 


+ 2*88 

0 

0 

+ 2*88 


+ 2-88 

Bal. M. 

- 0*96 


- 0-06 

- 0*60 

- 0-50 

- 0*60 


- 0*96 

C.O. 

- 0*26 


- 0*48 

~ 0*26 

- 0*26 

- 0*48 


- 0-26 

Bal. S. 

+ 1*10 


+ 1*10 

0 

0 

+ 1*10 


+ MO 

Bal. M. 

- 0*36 


- 019 

- 0*19 

- 0*19 

- 0*19 


- 0*36 

C.O. 

- 0*10 


- 0*18 

-0*10 

- 0*10 

- 0*18 


- 0*10 

Bal. S. 

+ 0*42 


+ 0*42 

0 

0 

+ 0*42 


+ 0*42 

Bal. M. 

- 0*14 


- 0*07 

- 0*07 

- 0*07 

- 0*07 


- 0*14 

C.O. 

- 0*04 


- 0*07 

- 0*04 

- 0*04 

- 0*07 


- 0 04 

Bal. S. 

+ 0*16 


+ 0*16 

0 

0 

+ 0*16 


+ 0*16 

Bal. M. 

- 0*05 


- 0*03 

- 0*03 

- 0*03 

- 0*03 


- 0*05 

ZM 

+ 20,300 +30,400 

-30,600 - 

-30,600 

+ 30,400 +20,300 


Bent equation, upper storey: 

2(20,300 + 30,400) = 101,400 Ib.-in. 100,000 Ib.-in. 
Joint equation (B ): + 39,600 + 20,300 59,900 = 0 

Joint equation (( 7 ) : + 30,400 — 30,600 = — 200-0 0 

The moment, shearing force, and displacement diagrams are 
given in Fig. 247. 

Shearing Forces in the Members. 

(а) AB and EF. At A and F, both = 1000 lb. acting right 
to left, and their sum balances the external forces of 1000 lb. 
and 1000 lb. acting left to right. 

At B and E, the shearing forces must be 1000 Ib. in each 
member acting from left to right: i.e. their sum is equal to the 
2 external loads and of the same sign. 

(б) BC and ED. At B and E the shearing forces are both 
= 500 lb. acting right to left and they balance the 1000 lb. 
load acting at C from left to right. 
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At C and D, both shearing forces are equal to 600 lb. each 
acting firom left to right, and equal to the external force of 
1000 lb. at G and of the same sign. 



From the actual calculated moments the above shearing 
force values are very nearly equal to those given above. 

Illustrative Problem 67. (Figs. 248, 249, 260, 261.) 

A framed bridge span or open webbed girder, consisting of two rectangular 
frames simply-supported at the ends. Let the frame be ABCDEF, consisting 
of the 2 continuous beams ABC and DEF and the 3 vertical members FA, 
EB and DC, The whole structure is monolithic. It is supported at F and D. 
All the members have the same length of 100 in., and the same E and I, 

So let 2EK = 1 for all members in the slope-deflection equations. The 
upper members AB, BC are loaded with a uniform load of 12 lb. per in., and 
there is a point load of 2000 lb. at the joint B. 








1350 



1350 

40260 

Joint- A 


2000 


34.800( 


150^34800 


1700 


Joint B 


3^4 

1350 

1700 

T—4^3693+ 


2200 850 

Joint F 

Joint E 


Forces in LB. units 
Couples in IN.-LB. units. 

Fio. 261 
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The reactions at F and D will both be 2200 lb., as the beam 
is symmetrical about the vertical member BE, and, as it is 
symmetrically loaded about this member, then under the 
loading there will be no moments M^^ot the beam will 

deform as shown; members AB and BC aw&ying to AB\ 
CB\ and the members FE and DE to FE' and DE\ 

There will be no sway of the members AF and CD. 

After distortion, and due to symmetry and symmetry of 
loading, 

0ba “ ®BC ~ ^ > and = flyjj = 0 

The frame ABEF sways to the position AB'E'F (Fig. 248), 
where the angles at JS' or E' are zero. Therefore imagine that 
the frame rotates positively about E'B\ There is no change 
in the lengths AF and BE, therefore 

^AB = ^B'A == 4" ^A> ^EF = ^B'F = 4" ^A> 4" ^ 

Let = flpjj = flp. 

Slope-Deflection Solution. 

= 20^ + 3^ + 10,000; ATba 
JI/af “ -f- Op; -^FA 

-^fb ^ 4“ 3^; -^ef 

Joint equation (A) : -Wab 4- ATaf = 0 
Joint equation {F) : ATfa 4“ ATfe = ^ 

Bent equation: + ^^fb 4“ 

= (+ 2200 X 100) + (— 1200 X 50) 
= + 160,000 Ib.-in. 

Solving the resulting 3 simultaneous equations for <j>, B^ and 
0B, we find <^ = 19,778 ; Aa = — 1^,534 and ^b = - 11,200. 
The moments are then: 

^AB = + 40,260 Ib.-in. J^ba = + 34,800 Ib.-in. 

ATaf = ~ 40,260 Ib.-in. Jfjjy = + 48,134 Ib.-in. 

AfPA ““ 36,934 Ib.-in. JlfpB = 36,934 lb.-in. 

Note. The joint equations are satisfied. 

The bent equation: + 40,260 + 34,800 4“ 4" 36,934 + 48,134 
= 160,128 rife 160,000 Ib.-in. 


= 0A + 3^- 10,000 

= 20f 4“ ®A 
= 6f 4" 3i 



Moment-Distribution Method, 
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Member 

FE 

EF 

EB 


BE 

ED DE 

K 

1 

(with 

EO\) 

1 

(with 1 BC, BA) 

1 

(with 1 EF, EB) 

Bal. 
C.O.F. 
K' or K" 

i(withF^) i 

i 

1 

i 

i 

0 

i 

i (with DC) } 

i 

1 

F.B.M. 

0 

0 

0 


0 

0 0 

Bal. M. 

0 

0 

0 


0 

0 0 

C.O. 

0 

0 

0 


0 

0 0 

Bal. S. 

+ 41,876 

+ 41,876 

0 


0 

-41,875 -41,876 

Bal. M. 

- 19,188 

0 

0 


0 

0 +19,188 

C.O. 

0 

- 9694 

0 


0 

+ 9694 0 

Bal. S. 

+ 16,047 

+ 16,047 

0 


0 

-16,047 -16,047 

Bal. M. 

- 2789 

0 

0 


0 

0 + 2789 

C.O. 

0 

- 1396 

0 


0 

+ 1396 0 

Bal. S. 

+ 2069 

+ 2069 

0 


0 

- 2069 - 2069 

Bal. M. 

- 363 

0 

0 


0 

0 + 363 

C.O. 

0 

- 177 

0 


0 

+ 177 0 

Bal. S. 

-1- 269 

+ 269 

0 


0 

- 269 - 269 

Bal. M. 

- 46 

0 

0 


0 

0 +46 

C.O. 

0 

- 23 

0 


0 

+ 23 0 

Bal. S. 

+ 33 

+ 33 

0 


0 

- 33 - 33 

Bal. M. 

- 6 

0 

0 


0 

0 +6 

HM Ib.-in. 

+ 36,902 

+ 48,094 

0 


0 

-48,094 -36,902 


Bent equation: + -^ab + + ^str 

= + 40,236 + 34,760 + 36,902 + 48,094 
= + 169,991 =2= 160,000 Ib.-in. 

After the 1st balance and carry-over, the sum of the moments 
at the ends AB and FE 

= — 7600 -1- SJfs from the bent equation, = + 160,000 

In the 1st balance S (Bal. S), 4Af'^B = + 167,600 Ib.-in 
and M\b = + 41,876 Ib.-in. 

joints A, B, F, E are kept fixed and AB, FE swayed 
equally; then the moments induced at the ends A, B, F and 
E will all be equal to M\^. 
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After the 2nd balance and carry-over, additional moments at 
the ends of the horizontal members AB and FE are— 

for AB, — 20,938 and — 10,469 
and for FE, — 19,188 and — 9,547 

The total of these moments = — 60,189 
4if'^B = + 60,189 

= + 15,047 Ib.-in. 


The Shearing Forces in the Members AB and FE. 

Shear equation: to find the shears for the end couples 

-- 1 -- should be equal to the sum of 

t ki\ Ixr.TP 


2200 lb. acting vertically upwards at F and = 600 lb. 
acting vertically downwards at A. 

The sum is 1600 lb. acting vertically upwards. 

M + 

—- — = 750*6 lb. acting upwards at the cut end of the 

^AB 

member AB at A ; because both couples are counter-clockwise 
ones. 

-- 850*6 lb. acting upwards at the cut end of the 

^EF 

member FE at E, because both couples are counter-clockwise 
ones. Their sum is 1601*2 lb. acting vertically upwards and 
thus the shear equation is satisfied. 


Total Shearing Force at the Cut Ends ABFE of the Members 
AB and FE. 

AB. The total shearing force at A will be 750*6 lb. (upwards) 

plus -^wl — —^ = 600 lb., the simple beam shear also acting 

upwards. The total is therefore 1350*6 lb. (upwards). 

The total shearing force at B is 750*6 lb. acting downwards 
due to the end couples plus the simple beam shear of 600 lb. 
acting upwards. The sum is 150*6 lb. acting downwards. 

FE. There are no transverse forces acting on FE, therefore 
the shear at F will be 850*6 lb. acting upwards, and at E is 
850*6 lb. acting downwards, both due to the end couples. 

Now 150*6 lb. downwards at B plus 850*6 lb. downwards at 
E = 1001*2 lb. acting downwards. This balances the external 

i 6 —(T.5430) 
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forces acting on the panel ABEF, which are 2200 lb, upward 
at F and 1200 lb. downwards on AB, giving a resultant of 
1000 lb. acting upward. 

The sum of the total shear at A and F must obviously be 
equal to and of the same sense as the reaction at F, 

At Ay the shear is 1350-6 lb. upwards, and at F the shear is 
850-6 lb. upwards. Their sum is equal to 2201-2 lb. acting 



Fio. 252 Fio. 253 

upwards and equal in magnitude and sense of action to the 
reaction of 2200 lb. at F. 

It can be shown that the direct force in AF and CD is 1350 lb. 
(compression) and in BE it is 2000 lb. — 2 X 150 lb. = 1700 lb. 
(compression). 

The diagrams of the forces acting on the joints A (and (7), 
F (and D), B and E are given in Fig. 251. 

Illustrative Problem 58. 

A vertical column AC, direction-fixed at A and C, with an eccentric load P 
applied at an arm d from B, such that AB = a; BC = h. Calculate the 
moments at A, B, and C (Fig. 252). 

Referring to Fig. 252, let B sway to the left; 

then is + 

and ^cB S'J^d is — 

Also a . ^ • ^B 

^B = — ^ • ^A 
®A ~ ~ ^ 

Moment at B due to P is Pd, and is negative. 
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Slope^Deflection Equatiom. 

= 2A\(flB + Hk) ; = 2A^(20b + 30^) 

-Affic = 2 Ab^20b— 3^^^^; Mqj^ = 2Ab^0b 3^^^^ 
Joint equation (B): Mj^^ + J/bc + (““ -P^) = ^ 

/. 0s(4K^ + 4k:b) + + (-Pd) = 0 , (i) 

There is no horizontal force at B. 

. Le^ + Mbs ^ ^ 

a 

and—= Z 
0 

, -^AB "f" -^BA -^BC “f" -^CB ^ 




,ii:* if 


^ = 0, then = 0, and there is no sway; 


. -K^A ® -^AB 

'•®-Yl - b^^l~-b^ 


With no sway, 40 b^b^^+ 1^ = + Pd 


Then J(f *» = — 2irp 


- ^ 4is:B • Va ■ 

a Pd b 
b ■ 4^b ' a + 


Pd a 

' o' • „ I 


2 fit 6 


= + Pd 


4^b. 


Pd b 
4^b " o + t 


0 + 6 

+ Pd.-^ 

a + b 

Pd b 

2 u -f- 6 


For other cases take specific values of a, 6, d, P, II^q and 
solve the two equations (i) and (ii). 
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Taking the general case, where swaying occurs, find what 
horizontal force F, applied at B, would prevent sway. 

If swaying is prevented, B will come directly under A and 
directly over C, 


Then and M 

Joint equation: J/ba + ^bc 

Cju 4.* -^AB "i" -^BA 

Shear equation: - 


CB — i-^BC* 

+ Pd) = 0. 

^BC "t" ^CB 
6 


= F. 


-^BA — • 26b > -^BC — 2-K^B • 26b 

/. 4(Z^ + irB)6B = +Pd 

. Pd 1 

4 WZT^) 

■JfBO - + M 

• F — ^ ^ ^A _3 ^ 

• • ^ 2 a • + ^b) 2 • 6 • + Zb) 

Knowing the direction of sway, the direction of Z will be known. 

jp _^ Pd (bKj^ — c^Zb) 

2 a6 (Z^ -|- ^b) 


If 

then 


JP 3 A(^^B"~^^b) ^ 

^ ~ 2- ab ' + 6Zb) “ ’ 


which confirms the result previously obtained that sway does 
not occur when KJK^ = a/6. 


No sway. 


Let 


^AB 

BC 


. Aab _ /i 
••6 V/bc“V4 


J. 

2’ 


i.e. a = 6/2 

Then M,, = +M.5^ = + Pd.i 


b 

• 6/2 + 6 



^BC — “f" 
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lUustraiive Problem 69. (See Fig. 254.) 

A rectangular portal OABD is hinged at the supports C and D, 

OA ~ DB = h (columns) 

AB = I (beam) 

The columns have a moment of inertia and the beam that of I. CA and 
DB are loaded with a tmiformly varying load from q per unit length at C and 
Dt to zero at A and B. E is the same for all member and assume = 1. 





Fig. 254 

qh^ 

The fixed bending moments at C and A are equal to + ^ 
, qh^ 

and- — respectively. As the portal is symmetrically loaded, 

oU 


we should consider only the moments at G and A, with the 
proviso that 6ba = 0b = ®ab = — ®a* ®ca = ®c- 
There will be no sway due to symmetry of loading. 

^ ^AB ~ 


It can be shown that 

-^Ac ~ 2^10(1*50^) 


qh^ 1 qh^ 
2"‘ ^ 


-^CA — — 2JSl0(200 + 0a) + ^ 

•^ab =2iLB(20j^ -j- 0b) ~ 2.S^b(0^) 
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Joint A equation: + -^ac = 0 

Solving for 9^; 9^ - + 3 ^;, ) • 9»‘ 

TTtvcf'h^ 

Then = - if^o = + 6 b(^ +" 3 ) ’ 


It can also be shown that Oq 


qh^ I + S-fiTg \ 

I 20 \Kc 2K^ + 3KJ 


Solution by Moment-Distribution Method, 

Let h = 100 in., I^q = /^b = 1^^ ^ 

J^B = ^FAc ^ hinged on CA) 


when g = 10 lb. per in. 

= — -^Ac = + 1458 Ib.-in. (Slope-deflection Method). 


Member 

CA 


AC 

AB 


BA 

BD 

DB 

K 

Rel. K 
Bal. 
C.O. 

0 

i X 188 
3 

0 


2 

% 

i 


1 

i X 18« 
3 

8 

0 

0 

F.B.M. 

0 

_ 

5833 

0 


0 

+ 6833 

0 

Bal. M. 

0 

+ 3499 

+ 2334 

— 

2334 

- 3499 

0 

C.O. 

0 


0 

- 1167 

4- 1167 1 

0 

0 

Bal. M. 

0 

+ 

700 

4- 467 

— 

467 

4- 700 

0 

C.O. 

0 


0 

- 234 

+ 

234 

0 

0 

Bal. M. 

0 

4- 

140 

4- 94 


94 

- 140 

0 

C.O. 

0 


0 

- 47 

+ 

47 

0 

0 

Bal. M. 

0 

+ 

28 

+ 19 


19 

4- 28 

0 

C.O. 

0 


0 

- 10 

4- 

10 

0 

0 

Bal. M. 

0 

+ 

6 

+ 4 


4 

- 6 

0 

C.O. 

0 


0 

- 2 

4- 

2 j 

0 

0 

Bal. M. 

0 

+ 

1 

-f 1 


1 1 

~ 1 

0 

YM 

(lb..in.) 

0 

- 1469 
(M^o) 

+ 1469 
(J^ab) 

— 

1459 

4- 1469 

0 


Bent equation: — 1469 -f 1469 = 0 . 

It can be shown that the horizontal reaction at the hinge C 
is 318*74 lb. (acting right to left), and at D it is 318*74 lb. 
(acting left to right). 
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The shearing force at the top of colunm CA is 181*26 lb., 
acting right to left, and at B, top of column DB it is also 

181*26 lb., acting left to right. For CA ^ = 500 (-»•) = 318*74 
+ 181*26 = 500 lb. (^). ^ 

The total shear at the cut end C of the member CA is equal 
1469 

to lb, acting from left to right due to the end couple, 

plus Y simple beam shear acting from right to left. 

Total shear at C is 14*59 lb. (-^) + 333.33 lb. (<-) 

= 318*74 lb. acting right to left. This is also the reaction 
at the hinge C. 

The reaction at the hinge D must be also 318*74 lb., but 
acting left to right. 

The shear at the top A of the member CA is = 14*59 lb. 

acting from right to left plus the simple beam shear ~ ^ 

acting from right to left. The total shear here is therefore 
181*26 lb. acting from right to left. The total shear at B for 
member BD must be 181*26 lb., but acting from left to right. 

The diagrams of moment, shearing force, and displacement 
are given in Fig. 254. 

Illustrative Problem 60. (See Fig. 255, page 476.) 

JfpAc (C hinged) = — 5833 Ib.-in. = — ^ ^ ^ 

Bent equation: 

= f X I = + 16,667 Ib.-in. 

From the joint equations for A and B and the bent equation, 
and using the slope-deflection equations for Jf ac> -^ba 

and JfBD» shown that 

0B == —“ 3507; 0^ == — 2049; and <f>y the sway angle for 
CA and DB = + 6528. 

Therefore, 

ilf ab = 7605 Ib.-in.; M^c = + 7605 Ib.-in.; 

JfnA = — 9063 Ib.-in.; M^jy = + 9063 lb-in.. 

^AC + = 16,668 Ib.-in. ^ 16,667 Ib.-in. 
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The horizontal reaction at C due to the couple of—7600 Ib.-in. 
at A is 76 lb. acting from right to left: the reaction at D due to 
the couple of — 9060 Ib.-in. at B is 90*60 lb. acting from right 
to left. The corresponding shears acting at the tops of the 
columns act in the direction left to right and their sum is equal 
to 166*6 lb. The proportionate shear due to the load on CA 


5oolh 



90-6lb. ^ 




and acting at the tops of the columns is 166*66 lb. acting in 
the direction right to left. Thus the total shearing force acting 
in the top of the column CA at A is 166*66 lb. acting from right 
to left plus 76*0 lb. acting from left to right. The resultant is 
90*6 lb. acting from right to left and this balances the 90*6 lb. 
acting on the top of the column DB at B in the left to right 
direction. The total horizontal reaction at C is 333*33 lb. 
acting from right to left plus 76 lb. acting from right to left, 
giving a total of 409*33 lb. acting in the right to left direction. 

Thus the sum of the horizontal reactions at C and D is equal 
to 500 lb. acting from right to left, and this sum balances the 
dead load of 500 lb. on CA which acts from left to right. 

The moment, column shearing force, and displacement 
diagrams are given in Fig. 255. 
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Moment-Distribution Method. 


Member 

CA 



AG 

AB 



BA 

1 BD 

DB 

Rel. K 


3 




2 




3 


Bal. 

0 







i 



0 

C.O. 


0 




i 




0 


Rel. K\ 












Rel. K^S 


I 




u 




1 


F.B.M. 

0 


_ 

5833 

0 



0 

0 


0 

Bal. M. 



+ 3499 

+ 2334 



0 

0 


0 

C.O. 

0 



0 

0 


4- 

1167 

0 


0 

Bal. S. 

0 


+ 9600 

0 



0 

4* 

9500 

0 

Bal. M. 

0 


— 

5700 

— 3800 


— 

4267 


6400 

0 

C.O. 

0 



0 

- 2134 


_ 

1900 

0 


0 

Bal. S. 

0 


+ 6060 

0 



0 

4- 

6050 

0 

Bal. M. 

0 


— 

2350 

- 1566 



1660 


2490 

0 

C.O. 

0 



0 

- 830 


_ 

783 

0 


0 

Bal. S. 

0 


+ 2420 

0 




4" 

2420 

0 

Bal. M. 

0 



954 

- 636 


— 

656 


982 

0 

C.O. 

0 



0 

-- 328 


_ 

318 

0 


0 

Bal. S. 




968 

0 



0 

4- 

968 

0 

Bal. M. 

0 


— 

384 

- 256 


— 

260 


390 

0 

C.O. 

0 



0 

- 130 


_ 

128 

0 


0 

Bal. S. 

0 


4- 

387 

0 



0 

+ 

387 

0 

Bal. M. 

0 


— 

154 

- 103 


— 

104 


166 

0 

C.O. 

' 0 



0 

- 62 


_ 

62 

0 


0 

Bal. S. 

1 ^ 


-f 

165 

0 



0 

+ 

154 

0 

Bal. M. 

0 


— 

62 

- 41 


— 

41 


61 

0 

C.O. 

0 



0 

- 21 


_ 

21 

0 


0 

Bal. S. 

1 0 


4- 

62 

0 



0 

4- 

62 

0 

Bal. M. 

0 


— 

24 

- 17 


— 

17 


24 

0 

C.O. 

0 



0 

- 9 


_ 

9 

0 


0 

Bal. S. 

0 


4- 

24 

0 



0 

4- 

24 

0 

Bal. M. 

0 


— 

9 

- 6 


— 

6 


9 

0 

C.O. 

0 



0 

- 3 


_ 

3 

0 


0 

Bal. S. 

0 



9 

0 



0 

4- 

9 

0 

Bal. M. 

0 



4 

- 2 


— 

2 


4 

0 

C.O. 

0 



0 

- 1 


_ 

1 

0 


0 

Bal. S. 

0 


4- 

4 

0 



0 1 

4- 

4 

0 

Bal. M. 

1 0 


— 

2 

- 1 


— 

1 


2 

0 

LM (Ib.-in.) 

0 


4- 7602 

- 7602 


_ 

9060 

+ 9060 

0 




(Mac) 





(-^bd) 



Bent equation; + 7602 + 9060 = +16,662 16,667. 
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The examples given have been in connection with simple 
continuous frames having horizontal and vertical prismatic 
members. For the cases in which sway occurred, the relative 
movement of the panel points could be determined by geometry, 
and where there were only one or two degrees of sway freedom. 
For more complex frames, frames with non-prismatic members, 
with sloping members, and with a number of degrees of sway 
freedom, the student is referred to other works, a few of which 
are listed in the references given on page 420. 

The Calculation of the Axial Forces in Members of a Frame. 
In the determination of the axial forces in the members of a 
frame, the shearing forces acting at the ends of the members 
must be considered. These can be determined by the method 
given in para. 52, page 95, and summarized in equation (26), 
page 95. It will be noticed that the shearing force will consist 
in part of that due to the lateral loading and in part that due to 
the end couples. The forces equal and opposite to these shearing 
forces represent the shear action of the bent members of a 
frame on its joints. Considering these actions as external 
forces applied at the joints, we can calculate the axial forces in 
all members, and, if a frame has been restrained against lateral 
movement, the forces restraining this movement. 

In a structure such as that given in Problem 9, Fig. 264, 
page 481, a force will act on the joint at A due to the member 
AD: this will act in the members CA and AE, CA being ex¬ 
tended and AE compressed. This is a statically indeterminate 
problem. The magnitudes of the forces depend on the cross- 
sectional areas of the members and their lengths. In the prob¬ 
lem, the bars are of the same length, and if we assume the cross 
sections are equal, we conclude that the load at the joint A 
is equally divided between the two bars. We shall have a 
tensile force in CA of the same magnitude as the compressive 
force in AE, The horizontal bars BA and AD can be treated 
similarly. 

The axial forces in the bars can be calculated without any 
difficulty, provided that the end moments are known. It has 
been left as an exercise for the student to determine the axial 
forces in the members of the frames, which have been analysed 
in the Illustrative Problems. 
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EXAMPLES 

1 to 12. Construct the shear and moment diagrams for each of the structures 
shown in Figs. 266 to 267 for the loads and end conditions given. In problems 
5 and 6 (Figs. 260 and 261), the frames are made of slabs making up culvert 
sections and a 1 ft. strip of the culvert is considered. 

13. (See Fig. 260.) The culvert is just filled with water weighing 62*6 lb. 
per cubic foot. Again, considering a strip of 1 ft., calculate the moments at 
the ends of the slabs due to the water load only. 

14. (See Fig. 266.) 

(o) Remove the horizontal load, and re-analyse the frame when BG is 
loaded uniformly at the rate of 10 lb. per in. 

(6) Re-analyse the structure when a load P of 2400 lb. acts from left to 
right at the mid-span of AJB. There are no other loads on the structure. 

(c) If E = 30 X 10* lb. per sq. in., find the horizontal movement of BG 
in Problems 10 and 14 (6). 

16. Re-analyse the structure in Fig. 266, if D is displaced horizontally to 
the right by 1*0 in., no rotation of the support taking place. E = 30 X 10* lb. 
per sq. in. 

16. Re-analyse the structure in Fig. 266 (6) if only BG is loaded uniformly 
at the rate of 100 lb. per in. 



Loadit^ for all beams is iTbn/ft over the whole beam length. 
E " (Constant. No displacement of supports or hinges 

Fig. 266 


P-Ilbn 
A 


I A _ 


5 ' 4 < -- 2 0 ' 

P-lTon 


Sb-o 


20 '- 

(b) 




P-lfbn 
I A 

2 0^ 


PrlTbn 
A 


r 1 

P- 


* 4 ^ 20 '~ 


(C) 

B 

-4^ 


-20 


0^*0 


Cl A-O-lft’ 


(d) 


t-iA-C 


All Members El-Const.•40.000(ftf-ton units 
No displacement of supports or hinges 
in(a),(b).ana(c) 


Fig, 267 




I - All Horizontal members 200 in units 
I - Members AB. DE. - 100 in units 
I - Members CF -200 in units 
E Constant 

Fig. 258 



E.I - Constant E I -Constant 

All Members All Members 

Fig. 269 Fig. 260 



Fig. 261 




Fig. 266 



CHAPTBB XVI 


The Reciprocal Theorem and the Mechanical 
Solution op Statically Indeterminate Structures 
Based on this Theorem 


219. The Reciprocal Theorem. This theorem comprises two 
diflFerent states of stress of an elastic system. Suppose any 
weightless elastic body either solid or a framework—^statically 
determinate or statically indeterminate—^is supported in such 
a way that the reactive forces do no work when applied to the 
body. This will occur (a) when the points of support are fixed 
in space, for then no movement of the points will occur, and 
(6) when the body is supported on frictio^ess bearings for here, 
supposing a rigid support, any movement is at right angles to 
the reactive forces brought into play. For an elastic body, the 
relation between load and displacement is linear. 

In the first state of stress imagine a single force Pa applied 
at a point a on the body, and in the second state a single force 
Pj, applied at a point b on the body. The displacements of the 
points of application in the directions of the applied forces are 
Pa • <5aa Pa • ^ha m the first state, and P ^. and . daj, in 
the second state, where 



displacement at a due to unit load at a in the direction of P^ 


>> j> 

5 > 


b 

b 


>> 

>> 


>> >> 


a 


yf 


yy 


yy 



P, 

Pi, 

Pa 


The reciprocal theorem states: the work done by the forces 
in the first state on the corresponding displacements of the 
second state is equal to the work done by the forces of the 
second state on the corresponding displacements of the first 
state. This means for the simple case taken: 


Pa-{Ptydaly)^P,-{Pa-^a) • . • ( 1 ) 

To prove this theorem, let us consider the strain energy of 
the body when the forces Pa and P^, are acting together, and 
use the fact that the amount of strain energy does not depend 
upon the order in which the forces are applied but only upon 
the final values of the forces. 
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In the first manner of loading, assume that the force is 
applied first and later the force The strain energy stored 
during the application of P^ is |Po . (P^ . ^aa)- 

Apply now the force at b keeping the force P^ on at a. 
The work done by P^ is ^P^. (P 5 . It will be noted that 
during the application of P^, the point of application of the 
previously applied load P^ has been displaced by an amount 
Pft. Then P^ does work equal to P^ . (Pj. dah)- This is 
not divided by 2 because the force P^ remains constant during 
the time in which the point of application ‘a’ undergoes the 
displacement P^. (^ab)* Hence the total strain energy stored 
in the body due to the two operations in the first manner of 
loading is 

U=iPa. (Pa . daa) + i^b • (A • S,,) + P, . (P, . da,) (2) 

In the second manner of loading, apply first the force Pj, and 
later the force P^. Then, repeating the same reasoning as for 
the first manner of loading, we obtain 

Ui = \P, . (P, , d,,) + ^Pa • (-Po • ^oa) + -Pb • (-Po • ^ba) (3) 
U must be equal to therefore equating equations (2) and (3). 

Pa • (Pb ' <5ab) = Pb • (Pa • ^ba) 

i.e. dab = ^ba .... (4) 

or, the deflection of ‘a’ in the direction of Pa when unit load 
acts at b in the direction of P^, is the same as the deflection at 
'b’ when unit load is applied at ‘a’ in the direction of Pa- 
This is Maxwell’s Law (1864). 

If Pa = Pb = Py then P 2 . dab = P* • ^ba 

OT (dab) == (dba) .... ( 5 ) 

and a verification of this conclusion for a particular case is 
given in the Illustrative Problem 9, page 63. 

Equation ( 1 ) is a simple form of Betti’s Law (1872) which 
extends Maxwell’s Law. This theorem can be proved for any 
number of forces, and also for couples, and for forces and 
couples. 

As an example, consider the bending of a simply-supported 
prismatic beam of length 1. In the first state, it is bent by a 
load Pc applied at the middle ‘c’, and in the second state by a 
bending couple applied at one end ‘d’. Unit load in the 
direction of P^ produces the slope d^c = PIl^EI at ‘d,’ and a 
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unit couple applied at ‘d’ in the direction of Ma produces the 
deflection at ‘c.’ Equation (1) gives 

or Pe(deflection at c due to M^) = Jfer^(slope at d due to P^) 


This example shows that a reciprocal relationship exists between 
a rotation and a deflection: such a relationship may exist 
between rotations, but care must be taken in selecting the 
correct relationship. (A rotation must be accompanied by a 
moment.) The application of Betti’s Equation will help. 
Considering equation (1), 

lot P5.~ 2/tt6 ^^d P = yifa 


Then Betti’s equation will read 

^aiyah) ~ Plt^Vhc^ 


Again, considering equation (6), 


let 

P 

^ • 16P/ 

and 

P 

• 16P/ 


— Pc^dc — ^dc 

= Jf d . = Vcd 


(7) 


Then equation (6) will read 

Pc.yca = Ma-iac • • • ( 8 ) 

If, in equation (7), P^ = Pj, = p, 
then yaj, = y^a 

and if, in equation (8), P^ is of the same magnitude as Af 
then y^^ — in magnitude. 

These are particular cases of the reciprocal theorem when 
considering the total displacements or rotations, for equal 
values of the forces and couples greater than unity. 

Now, let Pa and be a force and a couple in the first state 
applied at a and d, and let P^ and be a force and a couple 
in the second state applied at b and c. Let y^ad) and {^(ad) be 
the total displacement at 6 in the direction of Pg and the total 
rotation at c due to P^ and acting together in the first 
state. Let ya{u) ^'^d be the displacement at a and the 
rotation at d in the direction of P^ and Af^ due to the load P^ 
and the couple Af^ acting together in the second state. 
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Then it can be shown that 

■Pa • Vaibc) "4“ ^d • ^d{bc) ~ Pft • l/biad) “f" • ^c{ad) • (^) 

Thus, continuing, if a number of forces and couples represented 
by Pa and Ma act together at representative points a in the 
first state, and a number of forces and couples represented by 
Pj, and Mj, act at representative points 6 in the second state, 
then the general form of Betti’s equation is 


^Pa.yab + ^Ma.iab=^^Pb-yba+^M,.Ha • • ( 10 ) 

where and are the displacements and rotations at the 
points a in the first state due to the forces and couples in the 
second state, and yj,a and ij,a are the displacements and rotations 
at the points b in the second state. The displacements and 
rotations are in the directions of the respective forces and 
couples. 

Exeboises, 

(1) Show that the slope of a beam at A caused by a moment applied at B 
is equal to the slope at B when the same moment is applied at A. 

(2) Show that the slope of a beam at A caused by a load at B is not equal 
to the slope at B when the same load is applied at A. 

(3) Show that the deflection of a beam at A caused by a moment at B is 
not equal to the deflection at B when the moment is applied at A. 

Illustrative Problem 61. 

A beam ah of imiform section is built-in at a and it is supported on a rigid 
prop at h. h is at the same elevation as at a. This system is once statically 
indeterminate. Let he the external redundant. Draw the influence line 
for the prop reaction when a load P crosses the span of length 1. Neglect 
displacements due to shear. (See Fig. 268.) 


In Fig. 268 (a) is given the actual state of loading; in 
Fig. 268 (6) is given a second state of loading (imaginary), 
P having been taken off* and Rf, replaced by unit load. No work 
is done by the reactions at the support a. Considering the 
second stage of stress, it can be shown that the equation of the 
deflected cantilever is 


y = ^Tb 


^ %EI 



ymax — 


P 

3^/ 


neglecting any displacement due to shear. 

Therefore the work done by the forces of the first state of 
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stress on the displacements of the second state of stress is 

P . dfb — Rb • 

^ • 6EI (« - V “ ^\ZEi) ~ 

The work done by the forces of the second state of stress on the 



1st. Stage 


2nd. Stage 
(Imaginary) 
for Rb 


a. ^ ® ^ 

Fio. 268 


2nd. Stage 
(Imaginary) 
for Mq 


displacement of the first state of stress is zero. Thus, using 
Betti’s equation 

r = o 

.•.i?* = P.^(3-») . . . (11) 

and this is the equation of the infiuence line of and the 
deflected beam line in Fig. 268 (6) is the influence line of 

Illv^trative Problem 62. (See Fig. 268 (c).) 

Considering the previous problem, let be the external redimdemt, 
construct the influence line of the fixing couple at a (see Fig. 268 (c)). 
Neglect displacement due to shear. In the second state of stress, the loading 
is a unit couple applied at a and deflecting the beam as shown, imagining a 
hinge at 6. 

The equation of the displaced beam line can be shown to be 
y = ^'o = ^(2 — 3» + n*) 


and 00 . = ^ 
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Using the reciprocal theorem and reasoning as before, 


M. 


ah 


ZEI 


nP 

6EI' 


(2 - 3« + n*) = 0 


= + . . . ( 12 ) 

in both cases due regard being paid to the sense of the reactions. 

/. The deflected beam line in Fig. 268 (c) is the influence line 
of Mab- The examples considered have been for the determina¬ 
tion of external redundants. Considering the first part of the 
problem: 

let n = then = P . 2) 16^* 

5 PI ^ 

Then 

From the equation of Maby for ^ == 


Illustrative Problem 63. (See Fig. 268 (a) and (6).) 

Draw the influence line for the prop reaction when a load P crosses the 
span of length L Allow for displacement due to shear as well as that due to 
bending. El is constant. QA is constant. 


Considering Fig. 268 (6) for the second state of stress for 
let 6^6, and drbs b® the ^splacements due to shear at b and r 
respectively. It was shown in Chapter V, pages 126-128, that 
the approximate deflection due to shear at a section in a canti- 

TTV 

lever is equal to times the area of the shearing force diagram 


between the origin (support) and the section, where m is the 
shear coefficient of the section, A is the cross-sectional area, 
and O is the elastic modulus of the material in shear. 

Thus for the case of loading considered, a cantilever with 
unit load at the free end. 


m 


= X 1 X wZ and dbbs 


m 

AO 


X 1 X Z 
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Then the total deflection at r due to shear and bending is 


1 + 


m. nl 


/ 3 

Mi V n 

, . . . P ml 

and at 6 It IS ^ 


') 


Therefore, by the reciprocal theorem, 

E 

Let X = m , g . where k is the centroidal radius of gyration; 
then it can be shown that 


-Eft n2(3 — n) + ^Xn 
P"" 2(1 + 3Z) • 

From this relation, it can further be shown that 

if 06 _ n{n— l)(n— 2) 

PI " 2(1 + 3X) 


. (13) 


. (14) 


Note. It can be shown for a prismatic beam AB^ direction- 
fixed at both ends, if allowance is made for displacement due 
to shear, that the end-fixing moments J^fab Hyba* when 
a load P is at a distance of nl from the support A, are 

^FAB = PIabHI - n) (1 - n + 6X)}/(1 + 12Z) . (15) 

J^FBA = PIabHI -n){n+ 6X)}/(1 -f 12Z) . (16) 

where X = m . ^ 

It can however be shown, for rectangular sections, if Ijd 
is > 20, where I is the length of a fixed-ended beam and d is 
the depth of the section, that the effect of the shearing force 
strain on the end-fixing couples is negligible compared with 
that due to flexure. 

The effect of shearing forces on the angles of rotation at the 
ends of beams is discussed by Timoshenko and Young,* and 
their effects on the fixed-end moments by Professor Mis6, and 
A. Amirikian in his book Analysis of Rigid Frames. 


• Timoshenko and Young: Theory of Structures. (McGraw-Hill Book Co.) 
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Illustrative Problem 64. (Fig. 269.) 

A continuous beam AGB is simply-supported at A and B and continuous 
over an intermediate rigid support at C. All supp^orts are at the same elevation. 
A load P can travel over the span CB (see Fig. 269 (a)). El is constant. 
Neglect displacements due to shear. 

This structure is once statically indeterminate. Construct the influence 
lines (a) of the reactions Rq and R^ of the supports C and B, and (6) the, 
bending moment Mq at C. See Figs. 269 (6)» (c), and (d). 


Influence Line* of Rq (see Fig. 269 (a) and (6)). Remove P 
and replace the support C by unit force acting upwards carrying 


A 


r 




V C V Y 


h 



^2 


B 


first Sta.te 
of 

Stress 


r fluency Line Q ^ Second State 

(imaginary) 

^ fl/mf '' 

• load 

^ Second State 

A (Imaginary) 

- 

(c) Load 



Second State 
(Imaginary) 

for Me 


a displacement dec C and dre at r. Then by the reasoning of 
the previous problem 


Pc 


P.dr 


Rc 



. the displaced beam line in Fig. (6) is the influence line of Rq. 
Influence Line of R^ (see Fig. 269 (a) and (c) ). As before, 


• ^bb — -P » ^rb 

R^ = P.^f 

Ohb 

the displaced beam line in Fig. (c) is the influence line of P^. 


* The lines given in Fig. 269 (6), (c), and (d) are those which would be 
obtained by the mechanical solution of the problem. Rq and Rf^ are external 
redimdants. Mq is an internal redimdant. See para. 220. 
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Note the sense of action of R^ changes sign when the load P 
leaves the span AC and enters the span CB, In this part of 
the problem, Pg and Rq have been external redundants. 

Influence Line of Mq, An example of the determirwbtion of an 
internal redundant, (See Fig. 269 {a) and (rf).) The first state 
of stress is the actual state. There is a bending moment Mq 
at the support C acting in both spans AC and CB, For the 
second state of stress remove the load P and cut the beam to 
the left and right of (7, and replace Mq by two equal and opposite 
unit couples, one acting on the span AC and the other on the 
span CB, This case is now statically determinate and we have 
two beams displaced similarly as in the illustrative problem 62 
p. 486. The deflected beam lines are as indicated in Fig. 
269 (d), and they are the influence lines for Mq, 

In the first state of stress Mq does no external work as there 
is no cut and there is no displacement of C, 

Using the reciprocal theorem and Betti’s equation, 

• M _ P 

. . c — ^ I 

^ ec\ ^ ec 

But = 1. 


Mr 


P.Zd„ 

1 • + h) 


.El 


ifo is proportional to and the deflected beam lines in 
the second state (Fig. 269 (d)) are the influence line for Mq. 
Taking C as origin, if P when on span AC is distant TCj?! 
n I ^ 

from C, 8„ = 0^(2 — + %*) for JIfc — unity. 

Taking C as origin, if P when on span CB is distant 
from C, d„ = g^(2 — Swj + for Mq = unity. 

Exercise on the Continuous Beam Problem (Fig. 269). 

If ss 100 ft. and P is 4 tons, (a) calculate the value and sense of 

action of when P is at the middle of the first span, and (6) calculate the 
value of Me when P is at the mid^e of the first span. 

Ana, (a) 3/8 ton; (6) 37*5 tons-ft. 
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PROBLEMS 

1. A beetm AB is direction-fixed at both ends: show by the reciprocal 

theorem that p/. n(l — n)*, where P is a transverse load at a distance 

nl from A. is a constcuit. Sketch the infiuence line of 

2. Referring to Fig. 117, Illustrative Problem 28, page 183, show by the 
reciprocal theorem that if a load of 50 tons is applied at the joint A|, then the 
deflection at A is the same as that at A^ when the 50 tons was applied at A. 

Use the formula y =* 

3. A beam AOB is continuous over a rigid support C and simply-supported at 
A and B, AC — CB = 2L El is constant. Show by the reciprocal theorem 
that when a load P is at a distant I from A the reaction G is equal to 
11/16P. Sketch the infiuence line of R^. 

220. An example showing the use of the reciprocal theorem 
for the analysis of a structure in which there are two (external) 
redundants to be found. 


I 

C_ g V _b_ 

Fig. 270 



Consider a beam CabD simply-supported at the ends C and D, 
and continuous over two intermediate rigid supports at a and b 
(Fig. 270). 

Let a load P be at any position r; this system is twice 
statically indeterminate. Let the two redundant quantities be 
the support reactions and Xj, acting at a and b respectively. 

The principal statically determinate system is the simply- 
supported beam CD, Remove the load P and the two unknowns 
Xa and Xft. 

(1) Apply at ‘a’ a load Xa = unity to the simply-supported 
beam CD and we get the displacement diagram given in 
Fig. 271. 




492 


THEORY OF STRUCTURES 


The displacements are— 

at a, daa .= displacement at a due to unit load at a ; 
at r, dra == displacement at r due to unit load at a; 
at 6, di,a = displacement at b due to unit load at a. 

By Maxwell’s reciprocal theorem— 

^ra = ^ar = displacement at a due to unit load at r; 

<5rb = ^hr = displacement at 6 due to unit load at r; 

^bo == ^ab = displacement at a due to unit load at b. 



8b d tag 
Fig. 272 


(2) Similarly consider the simply-supported beam CD with 
Xft = unity acting at 6, and we get the displacement diagram 
Fig. 272. 

The displacements are— 

at 6, (Sftb = displacement at 6 due to unit load at b ; 

at r, drb = displacement at r due to unit load at 6; 

at a, dab = displacement at a due to unit load at 6. 

Also drb = <5br and dab = ^ba- 



To solve for Xa and Xb, consider the simply-supported beam 
CD with the load F acting on it at r. 

Then the displacement at a will be P . dar which, by Maxwell’s 
reciprocal theorem, is equal to P .dra- 
Now place on the beam at a\ the displacement position of 
a, the reaction Xa (vertically upwards). Now the total dis¬ 
placement upwards due to X^ will be Xa . daa- 
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Now place on the beam at b the reaction acting vertically 
upwards; then the displacement at a due to will be 
Xb. dab or Xj ,. dba- If there is no displacement of the support 
at a, then 

= Xa . daa 4“ • ^ab 

or Pdra = Xa.Saa+X,.d,a . • (H) 

Similarly we find 

P . di,r = Xa . dba H“ ^b • ^bb 

or P . drb = Xa • dab + ^b • ^bb • • (1®) 


Considering the equations (17) and (18) and solving for Xa 
and X^^j 

Pra== Xa • daa + ^b * ^ba 

Prb — • ^ab + Xj . 

Noting that ^^b = ^ba, 


we find Xa == 


and Xb = 



(19) 


( 20 ) 


Interpretations of Equation (19). Considering the denominator 
of equation (19), 

daa is reduced by dab X 

Obb 

i.e. the displacement at a due to unit load at 6 (= ^^b) multiplied 
by the ratio 

^bo __ displacement at b due to unit load at a 
(5bb displacement at b due to unit load at b 

Considering the numerator of equation (19), 

dra the displacement at r due to unit load at a is reduced by 



494 


THEORY OF STRUCTURES 


i.e. the displacement at r due to unit load at b multiplied by 
displacement at b due to unit load at a 
displacement at b due to unit load at b 
If the load P is at r = 6, then 

fi w i i 

Orb ^ — ^hb ^ — ^ba 

Obb 

also dra becomes = dba 

and the numerator of equation (19) is equal to zero. 

Therefore, if all the ordinates ojf the displacement diagram 
Unit load 



CFGHD is the Sadiag. CJGKD Is the Sbdiag reduced 
by Sba/Sbb 
Fig. 274 


for the principal system (the simply-supported beam CD) with 
unit load at b are reduced in the ratio of ^ and the new 

^bb 

diagram superimposed on the displacement diagram for the 
simply-supported beam CD with unit load at a, then we get 
the above displacement diagram, Fig. 274, which is the 
diagram for the beam CabD with only the support a and there¬ 
fore the unknown Xa removed from the system. 

Equation (20) is interpreted similarly. 

The Previous Discussion by the Reciprocal Theorem Method. 
Fig. 270 shows the actual load conditions of the beam; con¬ 
sider it as the first state of stress. A second, and imaginary 
second, state of stress is shown in Fig. 274. The external load 
and one redundant Xa have been removed. The support at b 
has been kept on: the reaction here does no work. A unit load 
is applied at a, causing a displacement of A^a a^t a, and a 
displacement A^^ at r. Then by previous reasoning and using 
Betti’s equation, 

- P . = 0 



Similarly for 
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The second, or imaginary, state of stress is for the condition 
of unit load applied at b after removing the support at b and 
the load P and retaining the support at a. A displacement of 
Aftj at b occurs and A,.^ at fc. Then 

. A^^ — P • A,.^ = 0 



The influence lines for and Xj, are therefore the respective 
displaced beam lines: for X^ when the support at a is removed 
and that at 6 retained, and for X^ when the support at 6 is 
removed and the support at a retained. 

In the mechanical solution to be discussed later, it is the 
shaded diagram which is obtained. There is no displacement 
at 6 for unit load at r, that is the support at b remains on the 
structure and the only one removed is that at a. Here a known 
displacement A^o is caused at a, and the corresponding dis¬ 
placements ^re measured at points r. 

Then = . . . . (21) 

Similarly for X^,, There is no displacement of the beam at a, 
that is, the support remains on the structure. At b, a known 
displacement Ai,e, placed on the beam and the corresponding 
displacements at points r equal to A,.^, are measured. 

Then . . . . (22) 

In Fig. 274 the ordinates of the shaded diagram are those of 
the influence line of X^ to scale. In practice they would be 
plotted on a horizontal base. 

If there was a third redundant Xc, then Xc would be obtained 
from the equation 

X, = PX^ . . . . (23) 

^CC 

If Xc is a couple, then Acc I’epresents an angular movement 
in radian measure : see later discussion on p. 497. 

This is the mechanical solution; the method of attack is as 
follows: keep all the redundants on the structure, except the 
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unknown which is required. Release this one, and at the place 
at which it acts cause a known displacement of, say, A^a, then 
by some means measure the displacement A,.^ at the point of 
application of the load P at the position r. Then the unknown 

A,^ 

required (say) Xa== P • 

^aa 

Vary the position r, then A,.^ will vary and then we are able 
to plot the corresponding value of against the position r, so 

that we are able to obtain an 
influence line for 

221. Before proceeding to a 
discussion of the mechanical 
solution of statically indetermi¬ 
nate structures based on the 
reciprocal theorem, consider the 
solution of a simple portal 
ABCD (Fig. 276) fixed at the 
bases A and D. Let the lengths of 
the columns be h and the length 
of the beam I : let the moment 
of inertia of the two columns 
be I and that of the beam 
Let a load P be applied at r 
Ft«. 275 distant nl from B. The frame is 

three times statically indetermi¬ 
nate : let the three redundants be the components of reaction 
at the base A. These are the vertical force V^, the horizontal 
force H^, and the couple M^, 

The student should prove the following relations by the 
slope-deflection method. Assuming that E for all members is 
the same and neglecting axial and shearing force effects: 




(24) 

(25) 

(26) 
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If ^ = 1 and i — 1, 



• (27) 

• (28) 
• (29) 


If the members have different values of E, say E for the 
columns and for the beam, and letting EJE = e, then the 
equations become 


PI 


^ = «( 1 - 


1— 2n 


f »(1 «)[j ' 2(1 + 6e^i)/ 

dI- • • 


1(2 + egi)f 


• (30) 

• (31) 

. (32) 


Exbbcisb. 

Develop expressions for the sway angle ^ of the columns, the rotations 
6^ and Oq of the joints B and C respectively in the problem, and draw the 
influence lines of Bq, 0b» and VJP for the case when g = I 

and i = 1, and e — 1. 

Let correspond to Xq, to and to 
By the reciprocal theorem, we have 

_ ^ra Xj, _ 

p A,,’ P A,,’ 

and these displacement ratios can replace the force ratios in the 
corresponding previously developed equations (31) and (32). 

Let Xc correspond to then == where 6%^ = angular 

displacement in radians at C: let d%c = ^ (see Fig. 276 

where A^c is the displacement of c at unit distance from 
the centre of rotation, and A^/c^ is that at distance I from the 
centre of rotation at G. 

X^c A,.- 


X. 


A 
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The displacement ratio or can replace the moment 

ratio in equation (30), assuming again that shear and axial 
force displacements are negligible. 

Conclitsion, We have now seen that a force or moment ratio 


is equal to a displacement ratio which is equal to a dimensionless 



expression incorporating the 
position of the load, the proper¬ 
ties of the material, the lengths 
and moments of inertia of the 
members. 

222. The Mechanical Solution 
of Statically Indeterminate 
Structures Based on the Recip¬ 
rocal Theorem. It has been 


Fia. 276 shown that the deflection curve 


for any continuous structure 
due to a unit load or couple replacing any redundant is to some 
scale the influence line of the redundant. This fact makes pos¬ 
sible the mechanical analysis of redundant structures by the use 
of models. Methods of analysis based on this principle have been 
developed. Various methods range from crude paper models 
or timber splines to others which make use of precise instruments 
to create and measure deflections of accurately constructed 
models of celluloid or other uniform material. 


When a mathematical theory is used, ideal conditions are 
assumed. Loads are assumed to act at points: materials are 
assumed to be perfectly elastic; centre line dimensions are used 
neglecting the thickness of members; the effects of brackets, 
fillets, gusset plates, etc., are neglected. With a model, one 
deals with a fabricated structure; loads not point loads: no 
material is perfectly elastic, all members have thickness: and 
dimensions are subject to human errors. The accuracy of the 
results obtained from the use of a model will entirely depend on 
how accurately the model represents its full scale structure or 
prototype. The same is true of mathematical theories. The 
object of any mathematical analysis is to learn as much as 
possible about the probable distribution of stresses in an 
imperfect fabricated structure. 

It has also been shown that considering two points on the 
deflection curve of a continuous structure for unit load applied 
at one point, that the ratio of displacements of these points is 
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equal to a force ratio at these points and that this force ratio 
by means of a mathematical analysis is equal to a dimensionless 
expression or quantity incorporating the position of the load, 
the properties of the material, the lengths and properties 
(moments of inertia, radius of gyration) of the members. In 
fact, there have been developed a number of dimensionless 
equations, which are derived equations of similitude. Thus we 
can have any number of systems, having the same displacement 
ratio, the same force ratio for the same dimensionless structural 
quantity: i.e. having the same geometrical form of displacement 
curve. 

Let us consider the dimensionless equations for the simple 
portal with the column bases fixed. Considering the cases 
where E is the same for all members and neglecting axial and 
shearing force effects, it will be seen that the force and moment 
ratios depend upon n, and the ratios g and i, where g = hjl 
and i = IJI ; h and I represent the centre line lengths of their 
respective members. This is a case of designing a model to 
check the analytical analysis and to design the model with 
respect to assumptions made in the theoretical analysis. Now 
for the two systems: we shall have the same force or moment 
ratio when n is the same in the two systems, g is the same and 
i is the same. Thus when we make a reduced scale model of 
the prototype, the corresponding g ratios will all be the same: 
i.e. all centre line dimensions will be set out to the same scale. 
To fix the i ratios: as shear does not play a part, we can build 
the model with all members having rectangular sections— 
although in the prototype the sections of the corresponding 
members will usually be of other sections, /, channel, angle, etc., 
and these sections can all be of the same breadth 6. Thus when 
considering “planar’^ structures we can fabricate our model 
out of a sheet of uniform material and of uniform thickness. 
Then if and / are the moments of inertia of the two members 
in the prototype and and I„, are the corresponding moments 
of inertia in the model, then 

_ A _ 

I ^ ■“ d\ 

where d^ and d are the depths of the rectangles equal to 
the model: or 

djm _ 3 /-A 

dm J 
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The model is therefore a distorted structure when compared 
with the prototype. 

We can now briefly describe Professor Beggs’ method of the 
mechanical analysis of statically indeterminate structures. The 
hne diagram of the model is geometrically similar to that of the 
prototype, and the depths of the rectangular sections of the 
model are proportional to the cube root of the moments of 
inertia. The breadths of the sections in the model are constant. 
Celluloid is chiefly used in the construction of the model, and, 
as celluloid which has been kept in stock for some months is 
less subject to shrinking than new celluloid, it is recommended 
that celluloid be seasoned. The model is cut out of the sheet of 
celluloid. Professor Beggs’ apparatus consists of a number of 
gauges which, in the case of an external redundant, are fixed 
one part to a drawing board and one part to the model at the 
section at which it is required to determine the redundant. 
The gauge consists of two parallel steel bars, with pairs of 
opposing V-notches, held together by springs to allow a small 
relative motion between the bars. Very precise gauge plugs of 
accurately specified sizes (tolerance plus or minus 0*0002 in.) 
are provided for introduction between the bars, for the purpose 
of determining amounts of thrust, shear, and rotative displace¬ 
ments. The thrust and shear displacements employed in 
practice equal about 0*050 in. It is necessary to use small 
deflections with the aid of elastic models because the ratio of 
deflection is theoretically and practically correct only when the 
model is deformed a small microscopically measurable distance 
from its geometric shape. In an external redundant determina¬ 
tion, the so-called “fixed” bar of the gauge is secured to a 
drawing board. By means of a clamping plate, the model is 
attached to the movable bar of the gauge if the support is 
assumed fixed, or by a needle point if the support is assumed 
hinged. The model is supported at intervals on one-eighth-inch 
steel balls. In the unstrained position of the model, two 
“normal” gauge plugs remain in the two pairs of opposing 
V notches of the gauge. A filar micrometer microscope is set 
up over the corresponding assumed position of the load in the 
prototype, and the scale of the microscope is set in the direction 
of the applied load. The different sets of plugs are calibrated in 
units of the micrometer head. Suppose the vertical thrust (or 
pull) component of an external reaction at the support is 
required. The normal plugs are removed from the gauge and a 



Movable cross-wive 
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pair of smaller “thrust’* plugs inserted, so causing a vertical 
displacement of the support. The moving cross-wire of the 
micrometer is now brought tangential to a reference mark on 
the model at the assumed load point and an initial reading of 
the micrometer taken. The small thrust plugs are now removed 
and larger thrust plugs are inserted in the gauge. The reference 
mark will move across the field of view, and again the moving 
cross-hair is brought tangential to the reference mark. A 
second reading is taken. The difference between the two 
micrometer readings represents the displacement in the direction 
of the applied load. The required component of the reaction 
now equals the applied load multiplied by the ratio of two 
known displacements, namely, the measured one A,.^ at point r 

and the gauge displacement Aao. Then = P . (Note. 

^oo 

There has been no rotation or horizontal displacement of the 
support.) To find the horizontal component of the reaction, the 
movable bar is caused to move parallel to the fixed bar by a 
pair of “shear” plugs, the displacements of the point of the 
applied being measured as before. Let A^^^ be the gauge move- 



In this case no vertical or rotative movement of the support 
has been allowed. To determine the rotative, or moment, 
component of the reaction, the support is rotated through a 
very small angle determined by the rotative movement of the 
movable bar with reference to the fixed bar. The movable bar 
is caused to rotate by a pair of ‘moment’ plugs: one plug is 
slightly larger than the other. These are inserted in the V- 
notches and a reading of the micrometer at the load point 
taken. The plugs are reversed and another micrometer reading 
taken. The gauges are so arranged then, that the centre of 
rotation remains fixed and there is no ‘vertical’ or ‘horizontal’ 
movement of the bars. The gauges and plugs have been cali¬ 
brated so that the movement at unit distance a6c(Acc) along 
the bar from the centre of rotation is known. Now let one 
inch of the model correspond to N feet of the protot 3 q)e. 
Let A,.e be the displacement of the reference point in the 
direction of the applied load P lb. (of the prototype). 

Let Xc be the moment component of the redundant reaction 
for the prototype in Ib.-ft. units; then it can be shown that 
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•Y, = p (lb.). ^ “ 

corresponds to 0co radians, and 1 inch of model corresponds 
to N feet of the prototype. 

It is only in connection with moment determinations that 
the scale ratio of the model and prototype is taken account of. 
This has been noted in the theoretical analysis, for a moment 
ratio contains a length dimension of the structure. 

Thus the operations can be repeated for a number of points 
corresponding to different n values and thus the influence line 
for the unknown can be obtained. 

Signs. The microscopes employed in measuring deflections 
are optically inverting, so that the image in the microscope 
moves in an opposite direction from the observed load point. 
Accordingly, the following general rule for determining the 
sense of any reaction or stress is formulated. If the image of 
the load point in the microscope moves in the direction of the 
assumed load, the reaction component acts in the same direction 
as the corresponding gauge displacement of the support: if the 
load point appears to move in the opposite direction to the 
assumed load, the reaction component acts in the opposite 
direction as the corresponding gauge displacement of the 
support. When carrying out experiments, notes are made of 
the sense and direction of these displacements. 

Care must be taken in operating the gauges and in the 
positioning of the microscope scale. Temperature may affect 
the readings and if a large number of microscopes are used, then 
the temperature of the room in which the experiment takes 
place should remain constant. Using only a single microscope 
and performing the gauge operations for every target point, the 
author has found that temperature changes are not of serious 
consequence. 

For internal redundant determinations, a member is cut in 
two; the cut ends are fixed to the gauge bars and these are 
mounted on a frictionless bearing consisting of two glass plates 
in between which are steel balls. The operations are carri^ out 
as described for external redundants. 

A detail drawing of the deformeter apparatus is shown in 
Fig. 277, p. 601. For axial force and shearing force strain 
effects on the moment distribution to be minimized as much as 
possible, the ratio Iml^m should, say, be greater than 20 for any 
member in the model. The effect of the size of the connections 
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will then also be made as small as possible. Further work, 
however, is required in the matter of the design of distorted 
models for the probable time stress determination of their 
prototypes. There is a second consideration in the design of 
models, the design of a model to give the time stress analysis 
of its prototype. This can be obtained by having a model which 
is an exact replica of the prototype as regards material, sections, 
connections, etc., but the further problem arises, is it feasible 
to experiment on such a model? Further research work is 
required in this connection. 

Summary. To design a planar rigid frame model of uniform 
thickness on the basis that the moment distribution will be 
due to flexure only, the sections of the members can be rect¬ 
angular, and the depths of pairs of members to have the ratio 


ci j » - 

^ y J-, where I and are the moments of inertia of the 

corresponding members in the prototype. The ratio of the 
length of a model member (centre line length) to the depth of its 
rectangular section should be greater than 20. If the prototype 
members have the same value of Ey then the model can be cut 
out of a sheet of isotropic material, such as celluloid. 

Experimental analysis of the portal for which the equations for 
Vand Mj^ are given in paragraph 221, by means of Beggs^ 
Deformeter Apparatus, The theoretical results have been 
obtained from equations (27), (28), and (29): i.e. for members 
having the same centre hne dimensions and the same section, 
and the ratio e = 1. 

The following table gives the experimental and theoretical 
results for a plane celluloid frame (fixed base portal) having 


n 

Vi. (lb.) 

Hi (lb.) 

Mj^ (Ib.-in.) 


Experi- 

Theore- 

Experi- 

Theore- 

Experi- 

Theore- 


mentally 

tically 

mentally 

tically 

mentally 

tically 

0 

100 

100 

0 

0 

0 

0 

01 

0-92 

0-91 

005 

005 

0-02 

010 

0-2 

0-84 

0-82 

010 

0-08 

016 

0*20 

0-3 

0-73 

0-71 

0-11 

0*11 

0-27 

0-29 

0-4 

0-63 

0-61 

0133 

012 

0-33 

0-37 

0-6 

0*61 

0-50 

0131 

013 

0-37 

0-42 

0*6 

0-42 

0-39 

0130 

012 

0-38 

0-43 

0*7 

0-30 

0-29 

012 

Oil 

0-35 

0*41 

0-8 

0*18 

019 

007 

0-08 

0-26 

0-34 

0*9 

008 

009 

004 

005 

013 

0*20 
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A = Z = 10 in.; sections 0*08 in. thick by 0-6 in. deep. The 
beam length BC was divided into inches, so that values of n 
varied from 0 by 0*1 to 1*0. P assumed = 1 lb., always 
acts upwards: from left to right and in an anti¬ 

clockwise direction. The model has been treated as a full-scale 
structure. 

The difference between the experimental and theoretical 
values, especially for is probably mainly due to the fact 
that in the celluloid frame the joints B and C have size, whilst 
in the theoretical analysis they are points at B and C. Shear 
and axial force strains have, also, slightly affected the moment- 
distribution for the Ifd ratios are equal to 10/0*6 = 16*66. 

In the experimental frame the beam length between the 
columns is 9*40 in.; the centre line length is 10*0 in., thus we 
introduce another linear ratio 9*40/10*0 = 0*94. The corres¬ 
ponding ratio for the columns is 9*70/10*0 = 0*97. These ratios 
are unity in the theoretical analysis and it will be left to 
experiment to determine the precise effects of these ratios. 

The results of Hj^ and M can be plotted against n, to 
give influence lines for these quantities. 

A complete analysis of a multi-storey structure is given in 
the Structural Engineer, October 1930, in a paper by the author 
and Mr. H. V. Lawton (see References). 

A second type of device is the Continostat-Gottschalk. A 
model frame can be built up of steel-splines of about f in. in 
width and of variable thickness. On a straight edge are 
mounted knife edge supports for the splines. These supports 
can move along the straight edge about right angles to it. The 
displacements are large and the displaced elastic lines of the 
splines give the influence line required. The necessary displace¬ 
ments can be scaled off. No microscopes are required and this 
apparatus is therefore cheaper than the Beggs’ Deformeter 
apparatus. There are other methods of analysis of structures 
by means of models, and a description and a large number of 
references are given in The Fundamentals of Indeterminate 
Structures, by F. L. Plummer (Pitman Publishing Corporation). 
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CHAPTER XVn 


Pre-strbssed Concrete 

223. Many building materials have distinct limitations in 
their resistance to internal forces in that they generally can 
withstand only low-tensile stresses as compared with their 
compressive strengths. Concrete is one of these materials. 
The invention of reinforced concrete was prompted by the 
intention of overcoming this weakness. Since the theoretical 
principles of the basic properties of what is now called normal 
reinforced concrete had been discovered, practical work 
developed on these lines. However, for some time the idea of 
imparting an initial compressive stress to the concrete had been 
mooted; but the true reason for doing this was not recognized, 
i.e. the l3asic purpose of initially compressing the concrete is to 
eliminate or reduce tensile stresses in the concrete. Serious 
progress towards making the initially compressed or pre¬ 
stressed concrete an economical and competitive structural 
engineering process was not made mitil E. Freyssinet* dis¬ 
covered the sine qua non of success was the use of high-quality 
concrete and high-tensile steel capable of resisting very high 
stresses, so as to allow preliminary stresses of such magnitude 
that adequate pre-compression would be retained after all 
losses of stress due to various factors had taken place. Once 
this basic principle was understood, the engineers’ task was 
limited to the development of suitable methods of pre-stressing; 
the development of suitable steel could be left to the metal¬ 
lurgist, and the development of suitable concrete to the 
concrete technologist. 

In the fundamentals of design, and especially for the simple 
case of beams, to which a large proportion of pre-stressed 
concrete work is related, no special theory is necessary for the 
stress analysis for the conditions arising at the initial pre¬ 
compression of the concrete; nor, in most cases, for the 
estimation of the stresses, when the beam is under full working 
load. 

The usual basic design principle is that for these conditions 

♦ E. Freyssinet, “New Ideas and Methods,’* Science et Ind. {Travattx)^ 
Vol. 17 (1933), No. 1, pp. 1-17. 
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there should be no cracking of the member, hence the stresses 
may be reasonably calculated according to the classic theory 
of elasticity. It has been said that the only type of reinforced 
concrete which wiU eventually be used will be pre-stressed 
concrete. A complete study of the subject requires recourse to 
many textbooks and publications, references to a number of 
which are given at the end of this chapter. Some give informa¬ 
tion on the design of concrete mixes of high strength and 
quality. 

224. Definitions. 

Shrinkage of Concrete is the volume change due to the drying 
out of the cement gel between the aggregate particles. There 
may be also some shrinkage of the aggregate itself. The unit 
shrinkage strain is determined by tests on unloaded specimens 
of plain or reinforced concrete. 

Creep or Plastic Flow of Concrete is regarded as the additional 
volume change of loaded specimens obtained by subtracting 
from the total strain (at time = t) the elastic strain due to the 
application of the load (at time = 0) and the shrinkage strain 
as defined above. 

For Steely if the total strain at a particular stress is greater 
than the strain at the limit of proportionality, then the steel 
will continue to deform under this stress; that is creep or 
plastic flow will take place. 

Permanent Set, If, during the elastic stage of say a tension 
test on a bar of high-tensile steel, the experiment be stopped 
and the load removed, the extension that had occurred will be 
found to have disappeared. If the bar had passed the pro¬ 
portional limit (i.e. the stress at which the strain ceases to be 
proportional to the stress) and the load be wholly removed, it 
will be found that the bar has been permanently lengthened. 
This permanent extension is called permanent set or sometimes 
set. This argument will also apply to materials subjected to 
compression and torsion tests. 

Proof Stress or Yield Strength. This is the stress at which a 
material exhibits a specified limiting permanent set. It is 
determined from the stress-strain diagram of, e.g., a mild or 
high-tensile steel. A previously specified offset is laid off along 
the strain axis from the point corresponding to zero stress and 
zero strain, and a line is drawn from the end of the offset and 
parallel to the initial tangent to the stress-strain curve. 
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The stress corresponding to the intersection of this line with 
the stress-strain curve is taken as the proof stress or yield 
strength of the material. The stress that represents the proof 
stress or yield strength of the material will, in general, vary 
with the value selected for the offset. (See also B,8. Specifica¬ 
tion No. 18; Tensile Testing of Materials, and Chapter II, p. 19.) 
The proportional limit is the proof stress or 3 deld strength for 
0*00 per cent offset. The value of the offset must be stated in 
reporting the proof stress or yield strength. For general use 
the offset recommended for steel is 0*20 per cent. The value is 
expressed as a unit strain and given as a percentage for con¬ 
venience in writing; thus 0*20 per cent or e = unit strain 
= 0*002. For example, the 0*2 per cent proof stress for a 
particular steel is 94*9 tons/sq. in.: the 0*1 per cent proof 
stress is 92*0 tons/sq. in. 

Pre-cast Concrete. The term ‘‘pre-cast concrete product’’ is 
used to describe the many types and varieties of concrete units 
which are cast in moulds, either in a factory or on the site, and 
are not built into the structure or used until they are fully 
hardened. They include such items as cast stone, concrete 
lintels, beams, posts, piles, railway sleepers, blocks, etc. Some 
of these are pre-stressed and they can be mass produced. 

225. Pre-stressed Concrete. The present chapter treats very 
briefly with this modern development known as pre-stressed 
concrete. Pre-stressing means the creation of stresses in the 
whole or part of a structure before it is loaded. These stresses are 
artificially induced so as to counteract those occurring in the 
structure under loading. The preliminary stresses induced in 
the concrete are essentially pre-compressions, which may be 
uniform or non-uniform, with the primary object of avoiding 
cracking under working conditions. 

The pre-stressing process is specially suitable in its applica¬ 
tion to reinforced concrete, as the economy and properties of 
this medium are improved by the process. In a pre-stressed 
reinforced concrete member, the reinforcement consists of 
wires, or rods, or a combination of the two. It is the concrete 
that is pre-stressed, usually by tensioning the reinforcement and 
transferring the tensile force as compression to the concrete. 
Thus in reinforced concrete beams, by the application of 
eccentric forces, or pre-stress compression, acting upon the 
beam, a counter bending is produced. 

This will be accompanied by an axial pre-stress force, and it 
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will be seen that the consistent presence of this force precludes 
the case of simple bending. The counter bending of a reinforced 
concrete member is obtained by an eccentric compression force; 
it is produced by external means, preferably by tensioning the 
reinforcement and transferring the tensile force as compression 
to the concrete. At present, tensioning the reinforcement 
appears to be the only practical means available for pre¬ 
stressing. In this connection two different processes have to be 
distinguished; these are pre-tensioning and post-tensioning^ 
terms which indicate whether the tensioning of the steel is 
carried out before or after the hardening of the concrete. 

226. Pre-tensioning. With pre-tensioning, the reinforcement 
usually consists of wires. These are attached to anchorages at 
the ends of the moulds or shuttering, and then tensioned 
generally by mechanical means. The concrete is poured round 
the tensioned wires, and subsequently, by severing them at the 
anchorages, the force causing tension is released, imparting 
compression to the concrete. This last step is carried out only 
when the concrete has attained sufficient strength and bond 
resistance. Thus the steel is deemed to be pre-tensioned if it is 
stretched before the concrete has set. 

The initial tensioning causes a small reduction in the diameter 
of the wires throughout the tensioned length. Severing at the 
anchorages permits the free ends to return to their original 
diameter, but where the concrete has set round the wires this 
will to some extent be prevented. The resultant wedge action 
on the concrete at the ends effects a permanent anchorage of 
the wires. The higher the tension stress applied and the smaller 
the diameter of the wires, the more efficient this anchorage will 
be. In this method the steel is bonded to the concrete. Trans¬ 
mission of the force from the wires to the concrete may be 
effected partly by friction and radial compression, but is 
mainly by bond resistance. A definite bond length is required. 
When transfer is effected by bond only, the diameter of the 
tensioned wire should be small: wires used in practice are of 
the order of 0*276 in., 0*200 in., 0*167 in., 0*128 in., 0*104 in., 
and 0*08 in. Independent of the concrete stress required, the 
concrete should be of such high strength and quality as to 
ensure sufficient bond resistance. 

227. Post-tensioning. This is carried out against either the 
hardened concrete or an assembly of pre-cast blocks; com¬ 
pression is transmitted by such means as bearing or distribution 
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plates. In this case, the reinforcement to be tensioned is 
prevented from adhering to the hardened concrete, and may be 
located either inside or outside the concrete member. Thus the 
reinforcement is not bonded to the concrete, for the steel is 
deemed to be post-tensioned when it is stretched after the 
concrete has hardened. 

With post-tensioning there are no limitations to the diameter 
or size of the tension steel. The wires are usually of 0-276 in. 
and 0-200 in. diameter, and rods are used in some systems of 
Jin. to IJin. diameter. The concrete need not be of super 
high strength unless high concrete stresses occur. For the 
mechanical and other processes of pre-tensioning and post¬ 
tensioning, the student is referred to the many textbooks, 
publications and trade pamphlets dealing with the pre-stressing 
of concrete. 

Losses or Stress. There are certain losses which may 
occur in the initial pre-stress of the reinforcement. ‘*Creep” of 
steel commences when the tensioning stress exceeds the limit 
of elasticity which is much below the tensioning stress. How¬ 
ever, it is possible to offset this loss of stress due to the creep 
of the steel either by a temporary or by a permanent increase 
in the value of the initial pre-stress. Provided that the loss of 
the initial pre-stress due to the creep of the steel is offset, it 
is possible, with post-tensioning, to transfer the entire nominal 
initial pre-stress. With pre-tensioning, however, first an 
instantaneous shortening due to the elastic deformation of the 
concrete occurs: also shrinkage of the concrete between 
production and transfer causes a shortening with the conse¬ 
quence that the pre-stress and transfer is much less than the 
original pre-stress. After transfer, further reductions in the 
length and thus further losses of the pre-stress occur, owing to 
that part of the shrinkage which takes place after transfer and 
owing to the creep in both concrete and steel. This happens 
both for pre-tensioning and post-tensioning. It is impossible 
to calculate exactly the losses in pre-stress. It is better to base 
the losses on special tests on specimens of the materials in 
question, or in lieu of such tests to introduce simple reduction 
factors. These are brought out in the analysis of pre-stressed 
beams as shown on p. 617. 

228. Notes on Concrete and Steel for Pre-stressed Concrete. 

Concrete. The essence of pre-stressing concrete for beams 
is to counteract bending. Low-tensile stresses up to 300 Ib./sq. 
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in. were considered admissible for a long time, but not stresses 
of the order of 600 Ib./sq. in. or higher. Full exploitation of the 
strength property of concrete is possible, and therefore high- 
strength concrete is preferable. High-quality concrete is used 
with minimum water content, careful grading of the aggregates 
for maximum density, and thorough compaction by vibration. 
Vibration of the concrete mix after placing (and the mix must 
therefore be suitably designed) is necessary to obtain a high 
degree of adhesion for pre-tensioned members; for these 
members, on the whole, the permissible compressive stresses 
may be taken as a third* of the cube strength with a maximum 
of about 3000 Ib./sq. in. at a working load, and a transfer not 
exceeding say 2500 Ib./sq. in. In general for post-tensioned 
members, an initial maximum compression stress of 2500 
Ib./sq. in. may be used. This is based on a minimum 28 days, 
6 in. cube strength of 6250 Ib./sq. in. Where the design permits 
a lower pre-stress, the cube strength may be reduced, but should 
never be less than 5000 Ib./sq. in. Supervision and control is 
imperative to maintain the quality of the concrete during 
manufacture. For all reinforced concrete construction, con¬ 
crete of high quality is necessary. 

Note. In mass production, when manufacture can be done 
in a factory under constant supervision, there is no difficulty 
in specifying higher strengths. In such conditions, strengths of 
8000 to 9000 Ib./sq. in. can with appropriate means be readily 
produced. The use of certain forms of vibration, of compaction 
by compression and of heat curing, together with the choice 
of good aggregates, permit of the production of concrete of 
11,000 to 13,000 Ib./sq. in. in crushing strength. The full 
employment of these strengths has not yet entered into normal 
practice. 

With increase in compressive strength, progress has been 
made in tensile strength. This is important because just as 
soon as a minimum tensile strength can be counted on it will 
be illogical not to use it. It is essential to know the tensile 
strength of the concrete, whether it be from the point of view 
of tensile stresses due to shear or anchorage, or of factors of 
safety against cracking, from the point of view of the possibility 
of allowing tensile stresses in bending. Tests should therefore 


* British regulations limit the permissible compressive strength to 33 per 
cent of the compressive strength at 28 days. 
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be carried out to determine the tensile strength of concrete 
as well as its compressive strength. Concrete has a tensile 
strength of about one-tenth to one-half of its compressive 
strength, giving an average value of about 600 Ib./sq. in. 
Nevertheless as the dispersion is always large, perhaps it is 
wise to count upon not more than half of this value in bending, 
say 300 Ib./sq. in., although stresses higher than this have 
been used. 

Steel Reinfobcement. Early experimenters used mild- 
steel rods for applying the pre-stress. They were stressed to 
about 16,000 Ib./sq. in., which produces a strain of approxi¬ 
mately 0*0005. Due to the creep of concrete, which after a 
few months was about as much as the strain in the steel, the 
whole pre-stress was lost. Freyssinet was the first to realize 
that only by the use of high-tensile steel could this difficulty be 
overcome. If the stress in the steel which produces the pre¬ 
stress is 120,000 Ib./sq. in. then the strain is about 0*004, and, 
whereas the creep in the concrete will remove, say, one-eighth 
of this, a considerable pre-stress is maintained in the concrete. 
It is the use of high-tensile steel which has made pre-stressed 
concrete possible. Conversely, it can be stated that it is pre¬ 
stressing which has rendered the use of high-tensioned steel 
possible. The steel stress in normal reinforced concrete work 
has to be limited to about 27,000 Ib./sq. in. because of the 
excessive cracking which would occur at higher stresses. For 
wires used in pre-stressing work both for pre-tensioning and 
post-tensioning, development has mainly centred on the two 
sizes, 0*200 in. and 0*276 in. in diameter, giving an ultimate 
stress of 225,000 to 250,000 Ib./sq. in. for the 0*276 in. diameter 
wire and for both a 0*1 per cent proof stress of about 157,000 
Ib./sq. in. The average design stress for these wires is about 
145,000 Ib./sq. in. In the pre-tensioning system, other sizes of 
wires are used, e.g. wires of diameter 0*157 in., 0*128 in., 
0*104 in., and 0*08 in., for which the design tension is of the 
order of 200,000 Ib./sq. in. The ultimate stress of high-tensile 
steel wires of 0*104 in. diameter is of the order of 270,000 to 
300,000 Ib./sq. in. 

In post-tensioning work, some systems use high-tensile 
steel rods of the order of \ in. to IJ in. diameter, having an 
ultimate strength of 145,000 to 160,000 Ib./sq. in. and an 0*2 
per cent proof stress of 130,000 to 143,000 Ib./sq. in., and for 
which an initial pre-stress is recommended at 94,000 to 100,000 
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Ib./sq. in. It is stated that if an initial steel stress of 94,000 
Ib./sq. in. is used the residual stress in the steel, after creep and 
shrinkage of the concrete (there being no significant creep of 
the steel at working stresses) are complete, is of the order 
of 80,000 Ib./sq. in. On the same basis the eventual concrete 
stress on a fibre having an initial pre-stress of 2500 Ib./sq. in. 
is about 2100 Ib./sq. in. Unless the design load is greatly 
exceeded the maximum steel stress will generally not again 
increase to its initial value. 

229. Advantages of Pre-stressing Concrete. Normal rein¬ 
forced concrete can seldom be employed with complete 
efficiency, because of the fact that concrete itself has a low 
tensile strength. Pre-stressed concrete, however, due to the 
inclusions of induced or built-in pre-stressing forces which 
prevent the development of harmful tensile stresses, is a fully 
efficient material. 

Pre-stressed concrete makes possible the erection of a 
wide range of structures which could not be satisfactorily 
attempted in normal reinforced concrete. It is a material 
of construction which up to any desired multiple of the full 
design working load is completely free from cracks, and it is 
admirably suited to water retaining structures and those sub¬ 
jected to corrosive atmospheres. 

Owing to the pre-compression caused by the pre-stressing 
force, the principal tensile stresses are reduced and high 
resistance to shear is obtained with very thin sections containing 
little or no diagonal tension steel reinforcement. Because little 
reinforcement is required for bending or diagonal tension, there 
is practically no obstruction to the placing and compacting of 
a much higher grade of concrete than is generally used in normal 
reinforced concrete members. Higher working stresses in the 
concrete can therefore be permitted with consequent reduction 
in the size and weight of the members. A saving occurs in the 
supporting members and foundations which in consequence 
have to carry smaller dead loads. With post-tensioned mem¬ 
bers a further gain in the lightness of section is achieved, 
because the dead weight of the member has little or no effect 
in determining the size of the cross-section required. This 
enables much longer spans to be constructed than would be 
possible with normal reinforced concrete. 

When compared with structural steel, pre-stressed concrete 
members of the same depth and span have smaller deflections 
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under working loads. This is important where long bridges or 
beams in building are concerned. 

The pre-stressing of beams is advantageous because properly 
located pre-stressed steel will produce compressive stresses 
at the bottom of the beam which will offset the tensile stresses 
caused by the loads. The pre-stressing causes a deflection 
upwards which will reduce the resultant deflection when the 
loads are applied. 

For pre-cast pre-fabricated construction the reduction in 
weight when pre-stressed concrete members are used leads to 
considerable economy in handling, transport and erection. 
In combination with in-situ concrete it permits great reductions 
in the amounts of shuttering required. The weight .of steel 
required in pre-stressed concrete is only about 25 per cent of 
that required in normal reinforced concrete and as tittle as 10 
per cent of that used in comparable structural steel designs. 

230. Summary. There are two ways of pre-stressing con¬ 
crete— ^re-tensioning in which wires are stretched and held 
whilst the concrete is cast and hardens round them, so that 
when released they are anchored by bond; and post-tensioning^ 
in which the tension is applied to the reinforcement after the 
concrete has hardened. The reinforcement can be set either 
inside or outside the concrete and anchored by various methods. 

Essential to this method of construction are carefully 
detailed designs, and materials with stable high-performance 
characteristics with which to carry out the designs. The 
concrete should be of very high quality, and the high-tensile 
steel wires and rods must show only negligible creep at normal 
design tensions. 

231. Analysis: Beams, Steel on the Dead Load Tension Side 
Only; Sections Symmetrical about a Vertical Axis; Eccentrically 
Pre*stressed. The analysis of relatively slender pre-stressed 
concrete members is simplified by the assumption of a straight- 
line stress distribution. Quick loading tests as reported by a 
number of observers reveal a nearly proportional relation 
between instantaneous loads and deflections at least up to the 
appearance of cracks. The straight-line stress relation seems to 
be justified for all normal loads. 

Considering only beams—^and the analysis can be extended 
to members subject to internal or external axial forces—^the 
element of a pre-stressed beam consists of a short prism 
subjected to internal and external bending moments, and 
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axial forces due to the pre-stress force. In the case of the 
internal and the external moments balancing each other, there 
will result a uniformly-stressed beam due to the pre-stress force. 
For the purpose of analysis, it is convenient to consider three 
typical stages. The ultimate stress condition will not be dis¬ 
cussed, but reference can be made to it for analysis and design. 
The analysis investigates the original stress system under 
dead load and finally under normal live loads. 

The first loading stage comprises the stresses caused by the 
original pre-stress force P^; the second stage by sustained 
loads such as the dead load moment. The resulting effective 
stress system will be subject to time variations caused by 
gradual volume changes of the concrete (shrinkage or swelling, 
plastic flow or creep). The magnitude and rate of change of these 
time deformations are influenced by numerous variables, such as 
relative dimensions, humidity conditions and chemical changes. 

The designer is mainly interested in the initial and ultimate 
values. The third stage of loading includes the temporary 
stress changes due to five load moments. (In contrast to the 
substained loads, the temporary stress changes due to live 
load moments are expected to produce negligible time deforma¬ 
tions.) The above loading conditions are assumed not to pro¬ 
duce cracks, so that truly monolithic action prevails over the 
entire concrete sections. This condition requires the elimina¬ 
tion of tensile cracks under normal load conditions. In order 
to obtain a definitely crack-free concrete, it may be specified 
that the tensile stresses due to given dead and live loads shall 
not exceed the flexural or tensile strength of the concrete in 
beams or tension members respectively. 

The elementary design and analytical principles of pre¬ 
stressed members should be applicable to aU types of structures 
independent of pre-stress methods and load transfer. The 
embedding of stressed steel wires or rods in concrete was 
suggested by a number of experimenters and further developed 
by Freyssinet and others. 

The methods of pre-stressing are based on mechanical steel¬ 
stretching devices. In general it may be said that a relatively 
high proof stress steel and a high-strength concrete are adapted 
to produce a high concrete pre-stress combined with a minimum 
error in the effective stress determinations. The combinations 
of high-strength materials also lead to desirable simplifications 
in the analytical expressions. 
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232. Analysis of Prenstressed Beams: Steel on the Dead Load 
Tension Side Only; Eccentrically Pre-stressed. For the general 
analjrtical discussion an I-sectioned beam has been taken (Fig. 
278). Fig. 278 (e), (/) and (g) are stress diagrams for the concrete. 
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Notation 1—Concrete Beam Sections 
Z) = total depth of section. 

d = distance from top fibre to centre of gravity of steel 
(C.G.S.). 

C.G.C. = centre of gravity of concrete section. 

C.G.S. = centre of gravity of steel. 

= distance from C.G.C. to top fibre. 

= distance from C.G.C. to bottom fibre. 
dc = distance from bottom fibre to C.G.S. 
e = distance from C.G.C. to C.G.S. 
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B = ratio of 

£ = breadth of beam, i.e. or B^ (suffix to denote top 
or bottom). 

== area of concrete section. 


= total area of steel. _ 

k = radius of gyration about C.G.C. = V 


Notation 2—Stresses in Post-tensioned Beams 

= original steel pre-stress force transferred to concrete. 
= original steel pre-stress due to P^ = PJA^. 

= axial stress over concrete section due to P^ = PajAc* 
fto == bending stress in top fibre due to P^ at eccentricity e. 
= bending stress in bottom fibres due to P^ at eccen¬ 
tricity e, 

= bending stress in concrete at level of C.G.S. due to 
P^ at eccentricity c. 


Notation 3—Stresses after Shrinkage and Plastic 
Flow in Post-tensioned Beams 

P' = remaining pre-stress transferred to concrete after 
shrinkage and plastic flow. 

fg = remaining steel stress after shrinkage and plastic 
flow. 

= remaining axial stress after shrinkage and plastic 
flow. 

// = remaining bending stress in top fibres after shrinkage 
and plastic flow. 

= remaining bending stress in bottom fibres after 
shrinkage and plastic flow. 

= remaining bending stress in concrete at level of 
C.G.S. after shrinkage and plastic flow. 

A, = steel stress reduction losses due to shrinkage and 
plastic flow. 

P = ratio of 

m = modular ratio = EJPe* 


Notation 4—Stresses due to Total Dead Load in 
POST-TBNSIONBD BeAMS 

fiD = bending stress in top fibre due to total dead load. 
foD = bending stress in bottom fibre due to total dead load. 
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Notation 5 —Stresses due to Coscbinbd Eeeeot of Pre- 
stress AND Total Dead Load after Shrinkage and Plastic 
Flow 

f," — steel stress due to pre-stress plus total dead loa>d 
after shrinkage aild plastic flow. 

// = stress in top fibres due to pre-stress plus total dead 
load after shrinkage and plastic flow. 

// = stress in bottom fibres due to pre-stress plus total 
dead load after shrinkage and plastic flow. 

Notation 6—Stresses in Pre-tensioned Beams 

Pg = original pre-stress force applied to the steel wires. 

= original steel pre-stress due to P, = PJA,. 

Notation 7—Stresses after Release of Pre-stressing 
Mechanism in Pre-tensioned Beams 

// = steel stress after release of pre-stressing mechanism. 
<l> = ratio off,' tof„ = ////„ (see also eq. 24). 

= concrete stress at level of C.G.S. after release of pre¬ 
stressing mechanism. 

All other notations are the same as for post-tensioning. 

Signs of Stress for the Concrete. A pins sign indicates a com¬ 
pressive stress and a minus sign a tensile stress. On the stress 
diagrams for concrete, stresses to the left of the vertical are tensile 
and to the right of the vertical are compressive. See also p. 624. 
Sigr^ of Stress for the Steel. The stresses are always tensile. 

233. Dimensional Ratios 

l-et g, - DI2’ ^ ~\ k } ~ 4P 

where ^ 

Ac 

_ Moment of inertia of gross concrete section ab out C.G.C. 
Area of gross concrete section 



From above 

£ e 1 4C 
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234. Case 1 —^Post-tensioning, Steel not Bonded to Concrete. 

Let P„ = original steel pre-stress force transferred to the 
concrete element. 


The concrete stresses developed are*— 


/«.= 




From (2) 


From (3) 



1 + | S ’= 1+^^^0 • 


Now 


f(c8)o _ Concrete stress at C.G.S. due to 
Normal stress due to 

+ + . . . 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


( 6 ) 


fu.)o = PfM+Ce^) .(7) 

Let m = PajEc 

n = steel stress factor due to plastic flow 

A, = steel stress reduction losses due to shrinkage and 
plastic flow 

= original steel pre-stress due to 


Now due to shrinkage and plastic flow (creep), the concrete, 
and therefore the steel, will shorten. Let the reduction in the 
steel stress be A,, and let it be equal to 
The section must remain in equilibrium under the reduced 
stresses. 


* See parae. 78 and 79, p. 145. 
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Now, 

/„ becomes // == /,«(1 - /?). 

(8) 

P 

P'^ AJ/= AJJl - ^) . 

(9) 

fno >> 

fn=Pf,'=PfM-P) 

(10) 

fto >> 

ft' =Pf,'{^ —Oegt) =pfj} —Cegt)(l —/9) 

(11) 

fco >> 

fc' = + Csg,) ^pfjl + Ceg,){l - fi) 

(12) 

f(c8)o >> 

/'(«) = pm + Ce^) = pfjl + Cs>»)(l - /3) 

(13) 


The stress distribution is shown in Pig. 279. 



Original Pre-stress 
-t- Shrinkage -h Flow 

Fig. 279 


Due to dead load, assuming no further pre-stress in the steel 
due to the deflection of the beam— 


4 ~ 


(14) 


ftD — + 


^pVt 

Ic 


_| 


The steel stress will remain at— 


(16) 


-/ 3 ) 

then //'=//+/<^ = ^>^(l-^?.sr,)(l -|8) + ^‘. (16) 

and //' = // + = pU\ + Csg,){l _ ^ . 


(17) 
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At the time the live load is applied, additional shrinkage and 
flow may have occurred. If so, as previously done for flow, etc., 
after the application of the pre-stressing force, one can apply a 
percentage reduction of the stresses obtained for pre-stress and 
dead load. The live load is regarded as intermittently applied; 
therefore it will produce only elastic stresses. If the relation of 
the Kve load moment to the dead load moment is known, then 
the stresses produced can be easily calculated from those of the 
dead load when it was initially applied. 

235. Case 2—Pre-tensioning, Steel Bonded to Concrete. The 
steel is installed in place and then pre-stressed to The 
concrete is then poured around the steel. After the concrete 
has hardened sufficiently to withstand the required pre-stress, 
the pre-stressing mechanism is released with the result that the 
steel reinforcement induces compressive pre-stress forces in 
the concrete due to the bond between the steel and the concrete. 

The induced stresses in the concrete will cause a shortening 
of the member and consequently a reduction of the original 
steel pre-stress 

Let the original steel pre-stressbe reduced to some value 

= .... (18) 


The concrete at the level of the steel (C.G.S.) will receive a 
pre-stress compression of /'(c,), and, if the two materials are 
bonded, the strains at this level must be equal. 


. /.o -// fu,) 

•• E, - E, 

”»/'<«) =/.0 =/«,(! - 4 ) 

. t' _4(lzLi) 

• • J ics) ^ • • 


(19) 


The force exerted by the steel on the concrete will equal 


f,' .p.A, = <t>f^.p.A, . . (20) 


The analysis proceeds as previously for the case where no 
pre-stress is lost (post-tensioning), for ascertaining the stresses 
in the concrete due to the pre-stressing force. The effect of 
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shrinkage and flow can be taken into account prior to the 
application of the total dead load. 

// = - Geg,) = - Ceg,) . (21) 

/«' = Pf.'il + Geg,) = i4f„(l + Ceg,) . (22) 

==l4fM+Ge^) . . (23) 


Also = p^(l + Ce*) 

1 — ^ = mp . <^(1 + Ce^) 

Dividing by <^, 

j — I =z m . p(l + Ce^) 
9 

i = mp(l + C7e*) + 1 

. . _?___ 

\mp{l + Ce®) + 1] • 


(24) 




Stresses due to Loads. The solution for stresses due to dead 
or live loads can be made by the use of the transformed area, 
if the resultant tensile stresses are as¬ 
sumed to be low enough so that the 
whole concrete section can be considered 
in the calculations. 

If the steel area is very small com¬ 
pared with the whole concrete area, 
then simply the concrete sectional area 
only need be considered. 

236. Analyses of a Rectangular Sec¬ 
tioned Pre-stressed Beam. The details 
given below apply to Illustrative 
Problems 65 and 66 on pp. 524-7. 


f 


3" 

I' 



1 

1 

C.6C 

1 

1 

1 

_j_ 

1 

- 2C 
1 

// 

1 

1 

^5 =0336 sq In 

I 

-h-h-b-f-f- 

1 1 
9*1 

-»- + -f- -f - 




Fia. 280 



The beam shown in Fig. 280 is reinforced wiili 
0*168 per cent of steel. The wires comprising tlie 
steel reinforcement ai*e pre-stressed to 160,000 
Ib./sq. in. Analyse the beam for a maximum dead load moment of 200,000 
Ib.-in. and a maximum live load moment of 400,000 Ib.-in., (a) when the 
steel is not bonded to the concrete (post-tensioning, illustrative problem 65), 
and (6) when the steel is bonded to the concrete (pre-tensioning, illustrative 
problem 66). 
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Beam Details, 

Z) = 20in. = 000168 

rf = 17 in. /. Af — 0-336 sq. in. 
6 = 10 in. m — 15 

e = 7 in. 


Max. dead load moment = 200,000 lb.-in. 
Max. live load moment = 400,000 Ib.-in. 


Vc 1 1 


/« = 


10 X 20® 
12 ’ 


A, 


10 X 20 


1; e == 


A;® = 


== vt: = 0-7. 


Dfl 10 

10 X 20® 

12 X 10 X 20 


400 

12 


. ^ (DI2Y 100 X 12 ^ 

•• [~ t ) 4or“ = 

Illustrative Problem 65. 

Analyse the beam when the steel is not bonded to the concrete. 


Wires pre-stressed to/^^ = 150,000 Ib./sq. in. 

Assume that due to shrinkage and flow there is a 10 per cent 
reduction in steel stress, i.e. p = 0*1. 

Due to pre-stressing only; the stress in the top fibres of the 
concrete 

ft. = Pfso(l “ Ceg,) = X 150,000 (I ~ 3 X 0-7 X 1*0) 
= — 278 Ib./sq. in. 

Due to pre-stressing only; the stress in the bottom fibres of 
the concrete 

1-68 

fco = Pfso(^ + Ceg,) = j^X 150,000 (1 + 3 X 0-7 X 1-0) 

= + 780 Ib./sq. in. 

The minus sign indicates a tensile stress, and the plus sign 
a compressive stress. The stress diagram is given in Fig. 281 (a). 

Assume that, due to shrinkage and flow, there is a 10 per 
cent reduction in the steel stress fg^,, so that 

fg^ = 150,000 becomes// = 150,000(1 — P) = 135,000 Ib./sq. in. 

where = 0-1. 

fiQ becomes — 278 x 0-9 = // == — 260 lb./ sq. in. 
and fco becomes 780 x 0*9 = // = 702 Ib./sq. in. 
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Dead Load. Assuming no further pre-stress in the steel due to 
the deflection of the beam, 


hD 


200,000 X 10 X 12 

10“x 20* 


ftD = + 300 lb./ sq. in. 


— 300 Ib./sq. in. 


Allowing for beam deflection, the values would be 


= — 297*5 Ib./sq. in. and/,^ = + 293 Ib./sq. in. 



Live Load) 
id) 


Fig. 281 


The combined effect is the sum of the calculated stresses. 

The combined effect of pre-stress + dead load is 

//' = — 260 + 300 = + 50 Ib./sq. in. 

//' = + 702 ~ 300 = + 402 Ib./sq. in. 

Before the live load is applied, assume for shrinkage and flow 
a further reduction of stress for ^ = 0-08. Then 

//' becomes 50 x 0*92 = -j- 46 Ib./sq. in. compression 
//' becomes 402 x 0-92 = -f 370 Ib./sq. in. compression 

//becomes 135,000 X 0*92 = 124,000 Ib./sq. in. tension. 

Stress diagrams for the concrete are given in Fig. 281 (6), (c), 
and {d). 

Live Load Stresses, The maximum live load moment is twice 
that of the dead load moment. 
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The increased oompressiye stress in the top fibres is 
+ 600 Ib./sq. in. 

The increased tensile stress in the top fibres is 
— 600 Ib./sq. in. 

ff" becomes + 46 + 600 = + 646 Ib./sq. in. 
f/ becomes + 370 — 600 = — 230 Ib./sq. in. 


The resultant stress diagram is given in Fig. 282. 


[<--646 ►[ 



230 

(Pre-stress + How) 

•f (Dead Load -t Flow) 
i-(Live Load) 

Fig. 282 



Pre-stress + Flow 
+ Dead Load 

Fig. 283 


Illustrative Problem 66. 


Analyse the beam section of the previous problem when the steel is bonded 
to the concrete (pre-tensioning). 

Take m = 10. 


From eq. (24) 


^ = r 


10 X ^ (1 -f 3 X 0-7*) + ij 

1 


1-0416 


= 0-96 


On release of the pre-stressing mechanism 

becomes 160,000 X 0-96 = 144,000 Ib./sq. in =// 
Then due to pre-stressing the top fibres will have a stress of 
// = — 278 X 0-96 = — 267 Ib./sq. in. (tension) 
and the stress in the bottom fibres will have a value 

f/ = + 780 X 0-96 = + 760 Ib./sq. in. (compression). 
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Shrinkage and Flow. Assume again that jS == 0*10. Then 
the steel stress becomes 

144,000 X 0-90 = 129,600 Ib./sq. in. 

Stresses in top fibres become — 267 X 0*90 = — 240 Ib./sq. 
in. (tension). 

Stresses in bottom fibres become + 760 X 0-90 = + 676 
Ib./sq. in. (compression). 

Dead Load Stresses. As the steel area is very small compared 
with the concrete area, we will use the whole of the concrete 
section. (Note. As the steel is bonded to the concrete, the 
transformed area of concrete and steel in terms of concrete 
could be used.) 

/, Concrete stress, top fibres, = Ib./sq. in. 

(compression) 

Concrete stress, bottom fibres, = f^) = — 300 Ib./sq. in 

(tension). 

There will be an increase of the pre-stress in the steel 
= 10 X 0-70 X 300 = 2100 Ib./sq. in. 

The resultant stresses after pre-stressing, flow, and dead load 
application will be— 

Concrete, top fibres, == + 60 Ib./sq. in. (compression). 

Concrete, bottom fibres, = + 376 Ib./sq. in. (compression). 

The steel stress will be 129,600 + 2100 = 131,700 Ib./sq. in. 

The stress diagram is shown in Fig. 283. 

For live loads, the analysis can be continued as previously. 

237. Note. The carrying capacity of a pre-stressed concrete 
beam, like that of any other homogeneous material, depends 
on the section modulus. The size of the sectional area affects 
the magnitude of the pre-stressing forces. Generally, an 
I-section or box section wfil be more suitable than a rectangle. 
The analysis of these sections (see Fig. 278) proceeds on the 
same lines as that indicated for the rectangular section; also 
for those sections which have reinforcement on the com¬ 
pression side, as well as on the tension side. 
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The problems of design and the positioning of the reinforce¬ 
ment due to the variation of the magnitude and sign of the 
bending moment along a beam must be left to other textbooks 
and publications, references to some of which are given at the 
end of this chapter. 

238. Shearing and Diagonal Tension Stresses. The problem 
of shearing stresses in pre-stressed concrete members has been 
treated by a number of writers. It is reduced to a determination 
of the principal stresses. During the dead and live loadings it 
is desirable to avoid principal tensile stresses in the concrete. 
For further theoretical work in connection with this subject, 
and consequently the analysis and design of diagonal tension 
reinforcement, the student should consult textbooks, papers, 
etc., which treat fully with the subject. 

239. Bond: Fre-tensioned Members and Bond Stresses 
between the Steel and Concrete. High-strength wires used have 
a large perimeter-to-area ratio, giving a greater perimeter over 
which to distribute a given force. Also the drop from the 
original pre-stress to the final pre-stress tends to cause the 
wires to increase slightly in diameter and thus add friction to 
the surface. Shrinkage and flow tend to offset the increase 
of steel stresses due to the load, and the resultant stresses do 
not exceed the original pre-stress 

The pre-stresses are constant at all sections, so there is no 
need to transfer varying steel forces to the concrete except at 
the end of the wire. A properly designed bearing cone at the 
ends will safely transfer the steel stresses to the concrete. 
Subsequent bond stresses are due to the loads only. The usual 
bond relation in normal reinforced concrete can be restated as 


u == 


So 


for rectangular-sectioned beams. 


The shear stress at 


the level of the steel for the normal reinforced concrete beam 


is o = 7 —-1 and is constant below the neutral axis. 

However, the pre-stressed beam includes the concrete on the 
tension side in calculations, and the shear stress then varies 


as for a homogeneous beam section, i.e. for a rectangular 
section, a parabolic distribution with the maximum q at the 
neutral axis. Therefore, at the level of the steel in a pre¬ 
stressed beam, the shear stress is very low compared with that 
obtained from the above formula, and by the equation for w, 
the bond stress is correspondingly low. 
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240. Note on the Design of Unifonnly Stressed Members.* 

The advantage of pre-stressed columns lies in the elimination 
of steel compressive stresses due to shrinkage and pleustic flow. 
Any buckling tendencies in the longitudinal steel reinforcement 
are thereby excluded. 
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EXAMPLES 

1. A tensile stress of 240 lb,/sq. in. is produced in the outside fibre AB of 
the beam shown in cross section in Fig. 284. By applying a force P on the 
line EF, determine P, and the compressive stress in the outer fibre CD, 

How many 0*2 in. diameter high-tensile steel wires are required to produce 
this force, if the stress in the wires, making due allowance for shrinkage and 
creep, is 100,000 Ib./sq. in. ? 

\^at external moment will produce zero stress at CD ? 

2. The cross section of a pre-cast, pre-stressed beam of reinforced concrete 
is shown in Fig. 285. The beam is simply supported and carries a dead load 
of 300 Ib./ft., and a live load of 220 Ib./ft. on a span of 27 ft. 

It is pre-stressed by means of eighteen 0*2 in. diameter wires, in which, 
allowing for creep, etc., the effective stress is 120,000 Ib./sq. in. 




Determine the outside fibre stresses due to— 

(а) pre-stressing only, 

(б) pre-stressing and the dead load, 

(c) pre-stressing, the dead loa<d, and the live load. 

3. What is the object of pre-stressing a concrete beam? What is pre¬ 
tensioning and post-tensioning of the steel? How is the operation of pre- 
stressing carried out for both these conditions ? A 10 in. x 5 in. concrete 
sleeper, 9 ft. long, is designed to withstand a bending moment of 9*26 tons-ft. 
It is pre-stressed by means of high-tensile steel wires 0*2 in. in diameter, 
placed 1^ in. from the outside edge so that all tensile stresses are eliminated 
when the member is fully loaded. 

How many wires with an effective stress of 120,000 Ib./sq. in. are required, 
and what is the maximum resultant compressive stress in the section? 

(U. of B.) 

4, The cross section of a concrete beam is shown in Fig. 286. A pre-stressing 
force of 1460 tons is applied along a horizontal plane 9*25 in. below the axis of 
the beam. 

Determine the maximum and minimum fibre stresses in Ib./sq. in., due to 
this force, and the resultant stresses when an external moment of 54*0 x 10* 
lb.-ft. is applied to the beam. 

The areas of the pre-stressing wires may be omitted when calculating the 
area and the moment of inertia of the beam. (U. of B.) 
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6. The beam shown in Fig. 287 is reinforced with 0*8 per cent of steel, 
which has an effective pre-stress force of 80,000 Ib./sq. in. 

Calculate the stresses when it has to carry a dead load of 150 Ib./ft., and a 



Fig. 286 Fig. 287 


live load of 300 Ib./ft. on a freely supported span of 60 ft. Take m = 18. 
Neglect all losses. 

(By effective pre-stress is meant the pre-stress after losses due to creep, 
8hrii]^age and transfer have been deducted.) 





ANSWERS TO EXAMPLES 

CHAPTER I 

1 . Shear force I 

2. Reactions at supports, 3^ and tons. 

Moments at supports + 10 ton-ft. 

+ 6 ton-ft. 

At central 2-ton load pt. + *6 ton-ft. 

4. Support reaction 8*13 tons ; at pier + shear 11-87 tons. 

Pier reaction 21*87 tons ; at pier - shear 10*00 tons. 

Moment 10' from left support = 33*76 ton-ft. 

5. 12*5 ton-ft.; *6 ton-ft. 

6 . Reaction—Left support, 26 tons. 

Right support, 36 tons. 

7. Moments at pier + 60 ton-ft. 

-j- 112*6 ton-ft. 

- 69 ton-ft. at 10 tons load point. 

8 . Max. : 42,900 lb.-ft. at 11*7 ft. below surface. 

9. Produce 10 tons to N.A. and then resolve vertically and horizontally. 
Moment at fixed point = vertical component X arm along N,A, to 

fixed point. 

10. Reaction at A, *33 tons ; max. moment at pier s= 7*2 ton-ft. 

Reaction at 12 ft. pt. 3*17 tons. 

CHAPTER II 

1. Load on a, c, ^ ton. Load on b, ^ ton. 

2. 3*472 ton-in. 10*4 tons/sq. in. 

3. 37*6 sq. in. 

4. « 4*06 tons/sq. in.; «= 1*16 tons/sq. in. 

6 . 10,300 lb./sq. in. tension. 25,000 lb./sq. in. compression. 

6 . 1000 ft. 144,000 Ib.-in. 

7. 6*76 tons/sq. in. 

8 . 8 tons; f ton per foot run. 

10. 1200 Ib./sq. in. at right support due to max. positive moment; 344 Ib./sq. 

in. at left support due to max. negative moment. 

11. 440 in.* 

12 . ^ lyyi d ^ 5*1 in. 

13. = • 0126 in.* 

14. Ain- 

633 

i 8 —{T. 5430 ) 
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CHAFTER III 

1. *3161x1. 

2. Max. moment = 1,832 lb.-ft. Central deflection, 2 in. 

3 . = 6*6 in.—(neglecting beam deflection). 

= 6*1 in.—(allowing beam deflection). 

4. -30 in. 

6 . JS? « 12,000 tons/sq. in. (nearly). 

7. ft = 1»26 tons/sq. in, y ^ in. 

9. Pc = 0. 

10. y^ = -39 in.; y^^^ = *396 in. at 13*2 ft. from right-hand support. 

11. Af. = - 46*1 ton-ft. at 10-8 ft. from 5 cwt. end. 
y^ ss .63 in. Slope, *000068. 

12. *07 tons/foot run. y — *375 in. 

13. E = 1,126,000 Ib./sq. in. /. == 3760 Ib./sq. in. 

14. y = *062 in. 

16. 7 tons/sq. in. 

16. (a) *162 tons/foot; (6) *17 in.; (c) *19 tons/foot; 

(d) = *167 in. (e) = *116 in. {E — 13,000 tons/sq. in.) 

17. y, = *181 ft.; y^, = *127 ft.; = *176 ft. 


CHAPTER IV 

1 . = 60 tons; Rg = 200 tons; Rq = 60 tons. 

Affi ~ 400 ton-ft.; / centre support 4-82 tons/sq. in. 

2. Rj^ = 9*0 tons; R^ = 29*3 tons; Rq — 20-26 tons; *= 1-46 tons. 

3. Max. stress = 3*62 tons/sq. in. Moments. Ends 42,000 lb.-in. 

Centre 30,000 „ 

wl^ wit* 

4. (a) Mb = Mo = + ^ ( 6 ) Mb = 

TDT n/r 

Max. neg. = — Max. neg. = 

6 . 2 = 173 in.* 

7. (left support) == 11-96 tons; R^ = 29-11 tons; 

Rq — 22-62 tons; Rp = 31*32 tons. 

8 . 14*2 tons. 

9. Tension in tie 6*32 tons. Resultant reaction at A = 8-2 tons; 

M^ = -f- 26 ton-ft. 


^ ^9 
“ A 


CHAPTER V 

y = *00368 in. (varying q method). 


Max. shear = *97 ton/sq. in. (nearly). 

2. Max. shear stress *148 ton/sq. in. 

E =s 6000 tons/sq. in. N — 2600 ton/sq. in. 
y, = *00144 in. yj, — *108 in. 

for ellipse = as for circle. 
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6 . •129/-071 « 1*82 toDB/sq. in. 

6 . y, (oonoentrated load) ^(7 = = *0166 in. 

(uniform load) ,, « *0186 in. 

7. LjD « 9. 


CHAPTER VI 

l. (a = ; / = 21 tons/sq. in.') ^m<n = *08 in.* ; E = 13,000 tons/ 

\ 7600 ■' / sq. m. 

Kankine, 396 tons ; Euler, 1530 tons. 

(i>* + d») 


3. af = 


4. 7, 


m<n 


87> 

89*1 in.« 


Short column. 


28 tons. 


5. Max. /g = 7*07 tons/sq. in. = 6*53 1 

8 . 4*77 tons/sq. in. 

7. Max. compressive stress = *69 ton/sq. in. 

Min. compressive stress = *12 ton/sq. in. 

9. Factor of safety, 4. 88*8 tons. 

10. Factor of safety, 4. 12*9 tons. 

11. Max. stress, 3*18 tons/sq. in. Min. zero. 

1 „ , 81*4 tons, Rankine. 

** 1800 ~ * ons/sq. in. 2,260 tons, Euler (factor of safety = 4) 

13. R.S.J., 216*4 tons. Cast-iron, 260*1 tons. 

14. Euler, 20 ft. ; *434 ton. (6) 36 in. by Rankine ; 12*6 tona 


1 


7500 
21 tons/sq. in. 


; E « 13,000 tons/sq. in. 


15. External diameter « 4*54 in. t ^ *454 in. 

16. = 6*78 tons/sq. in. (y^ « 4 in.). 

17. 48*3 tons. 

18. 271 tons (Rankine: = 21 tons/sq. in.; a = 1/7500). 

19. 3*7 in. by Rankine; 2*66 in. approx, by Euler (obtained from formulae 

by trial and error method). 

20. 5*5 tona 


21 . Rankine, a « 
Euler. E « 

22. Hinged ends ; 


y, = 4 in.; 116 tons. 
13,000 tons/sq. in. 471*0 tons 


a 


1 

7600 


Rankine, 26*4 tons. 
Euler, 36*58 tons. 


SElJ 
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2 . 

3. 

4. 

5 . 

6 . 

7. 

8 . 

9. 

10 . 

11 . 


1*2 

1*0 ton (C.) 

4*7 

1*5 tons(C.) 

7*10 

1*0 ton (C.) 

2*3 

0 

4*6 

0*5 ton (C.) 

10*8 

0-7 ton (T.) 

1*4 

2 tons(C.) 

6*6 

0*6 ton (T.) 

8*11 

0*7 ton (C.) 

4*2 

0*7 ton (T.) 

6*9 

0-7 ton (C.) 

9*11 

1*0 ton (C.) 

2*6 

0*7 ton (C.) 

6*7 

0*7 ton (T.) 

11*10 

0*6 ton (T.) 

3*6 

0 

6*9 

0*6 ton (C.) 



4*6 

0-6 ton (C.) 

7.8 

0*6 ton (C.) 



6*6 

0*6 ton (T.) 

8*9 

0*6 ton (T.) 




CHAPTER VII 
2*67 tons (compression) in EP, 

•91 ton (comp.) in EP ; 


af = 67*6 tons (tensile); 
be » 74*0 tons (compress.); 

DJ, EL, 10 tons compression ; 

1*02 tons, DJ compression ; 

Load in FL, 3 tons compression ; 

Wind load only, 1*125 tons in FL (compression) 

•176 tons in NM (tension). 

CF — 29 tons (comp.). 

EC — 6'6 tons ( „ ). 

DE —33*6 tons ( „ ). 

2*89 tons comp, in CE. 

Member, Member, Member, 


1*16 tons in FQ (comp.) 

ce = 26*0 tons (compression). 
ef = 16*26 tons (tensile). 

KA, 6 tons tension* 

*11 ton, KA compression. 

Load in NM, *06 ton compression. 


CHAPTER VIII 

« 2-86. 

2. — 7 - m. 

A 

3. y — *405 TV in. (TF is in tons). 

6. y at 6T. load point = 1*41 in. 
y at lOT. load point = *76 in. 

6. Centre joint, top boom: y = *04 in. approx. {l/A = 40 all members). 

Lower joints: y = *033 in. approx. (l/A = 40 all members). 

7. y = 171 in. 

8. *88 in. under load ; *695' ~ 6' from left support. 

9. *212 in. ; y, = *126 in. 

10. H.D. of JB to right ss 0*2664 in.; ot C to right => 0*138 in. 
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CHAPTER IX 

1. Fixing couples, beam and columns. 


4 \2hI. + 3llJ 


44 ^ + 3 


Max. neg. for beam == — M^. 

o 


2. Fixing couples + ton/ft. end of 8-ft. column. 

+ 2-81 „ „ 12 ft. „ 

Max. neg. moment beam, 7*5-2*34 = 5*16 ton/ft. 

H = 0*228 tons. 

3. CO 11*8 tons by Lt. Wk. (comp.) 11*8 tons by super-position. 

HD 11*8 tons „ (tens.) 11*8 tons „ „ 

4. (Same frame as in No. 1.) 

_ , . - . , Beam fixing couples 

Col. base fixing couples -- ^ - - — 


Col. base fixing couples -- 

Beam couples + (—L) 


(Frame of No. 2.) 

Fixing couples; col. bases. Short, - 1*5 ton/ft.; beam, 3*0 ton/ft. 

M M M I^ng, -2*25 „ „ 4*6 „ 

6. CA by Lt. Wk. - 3*11 tons (compression). CA by supn.- 3*55 tons. 


CE 


-3*47 „ ( 

) CE 

,, — 3*85 „ 

BF 

»» 

= 4- 4*0 (tension) 

BF 

„ =» + 3*65 tons. 

FD 


- 4-4*23 ( „ ) 

FD 

„ =4- 3*86 „ 


8. -f 27*75 ton/ft. M^. 

7. -f 21*84 ton/ft. 

8. Mj, « Wnl(l-n)2. 


Mq =* 19*70 ton/ft. (4-). 
= Wn*Z(l-n). 


CHAPTER X 

3. 3rd Bay. 4th Bay. 

Tons. Tons. 

Top member. . 145*4 (Comp.) 165*4 (C.) 

Bottom member. 114*5 (Tension) 145*4 (T.) 

Lt. vertical . . 45*4 (C.) 26*0 (C.) 

Right vertical . 26*0 (C.) 12*5 (C.) 

Diagonal . . 64*2 (T.) 37*65 (T.) 

4th and 5th Bays (counterbrace) 


1st Bay 


. 121 tons' 

2nd „ 


. 95 „ 

3rd „ 


. 69*5 „ * [No counterbracings] 

4th „ 


. 46 „ 

5th „ 


. 17 ,. 


6. Height frame =« 20 ft. (1) 160 tons. (2) Comp. 6*66 tons. 

Tensile 90*6 „ 
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Tons. Tons. 

7. 40 ft. vertical . . 50*8 (C.) Top member . ISO (C.) 

60 ft. „ . . 27*9 (C.) I Diagonal ... 65 (C.) 

7*8 (T.) ^ Bottom member . 144 (T.) 

Tons. Tons. 

8 Top member . . 92*5 (C.) Diagonal . . 30*9 (Tensile). 

Bottom member. . 81*0 (T.) 7*7 (Compress.). 

9. Centre -4-15 tons leading + 10*5, - 9*5 tons. 

>4—15 ,, ,, 9*5, —10*5 ,, 

Ends ->15 „ „ Right support, -h 15 tone ; left, - 23 tons. 

^“15 ,, ,, M „ -f- 23 „ ; »» *“ 15 „ 

10. 571*5 ft.-tons. + 39*17 tons ; 42*1 tons. 

Loads only (10 tons at B) (14 tons at R^) 

Tons. 

12. Top member ...... 114*2 (compression) 

Diagonal.62*1 (tensile). 

Bottom member.86*4 (tensile). 

13. AO - 23*3 tons (compression). AB - 18{ tons (tensile). 


CHAPTER XI 

1* (1) 15 tons. (2) 25*8 tons and 17*5 tons. 

(3) Max. neg. at load, point = 240 ton-ft. 

Max. pos., 75 ft. from left support ^135 ton-ft. 

2 (a) Shear, 3*39 tons. Thrust, 3*07 tons. 

(6) 75 ton-ft (max. neg.) 3*7 ton-ft. (max. -f ). 

4. (1) 12*5 tons. 

(2) Max. B.M. 50 ft. from the abutment; - 110 ton-ft., load at section 

point. 

+ 72 ton-ft., load at crown. 
Loa d at Section P oint. Load at Crown 

Resultant thrust at left abut. 8*34* -f 6*67* ^ 10*65 tons ; 13*5 tons. 

„ „ right „ •v/8-34« + 8-33* =9 ; 13-6 „ 

5. 3*6 tons ; 2*9 tons ; 2*1 tons ; 1*83 tons ; 2*1 tons ; 2*9 tons ; 3*6 tona 

6. 4*4 sq. in. 

7. 36*3 ton-ft. at 28*1 ft. from each support; 65 tons. 

8. Max. + And - shears each support. .... 6,0001b. 

„ i and . 2,250 ,, 

Centre ..... ±4,500 , 

9. Horizontal thrust, 50 tons. 

Max. B.M. ± 125 at 15 ft. from left support. 

+ 450 at 15 ft. „ right „ 

-150 at 45 ft. „ left „ 


10. Max. B.M. at 28 ft. from left support 


at 92 ft. 


» 26*15 tons. 


228 ton-ft. 
228 ton-ft. 


ff 
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11 . max. 29*1 tons. 

Max. positive moment 4 . 141 ton-ft., 10 tons at centre. 

Max. negative moment = ~ 159 ton>ft., 12 tons at 50 ft. section. 
Resultant thrust, 12 tons at 50 ft.; 31 tons. 

12. Max. negative moment at 45 ft. »= 400 ton-ft. 

Max. positive moment at 30 ft. from right support == 520 ton-ft. 

Normal thrust at 30 ft. from right support ~ 128 tons. 

Max. stress in rib, 7*7 tons sq. in. (compress.); 4*27 tons (comp.) (Min.). 

13. Max. negative moment, 20*4 ton-ft. at section 25' and 95' Hwo loads on 

(smaller part 

Max. positive moment 14*2 „ „ 30'and 90') of beam 

Max. shear negative and positive 1*85 tons, when both loads on the beam 
and one is at the ends. 

14. ~ 300 tons ; Vertical pressure = 3*12 tons. 

15. H — 1*80 lb. when unit load at G ; 53,800 lb. 

CHAPTER XII 

2 6*7 tons/sq. in. (tension). 19® 20'. 

3. == 4*76 tons/sq. in. = 2*76 tons/sq. in. 

4. 36*2 tons/sq. in. tensile 

Pfnin »» tensile. 

Angle 31® 43' and 121® 43' with 3 tons plane. 

5. See Para. 166, equations 37, 40. 

6 . = 2*61 tons/sq. in. p^ = 0*87 tons/sq. in. 

7. See Question 4. 

9. = 4 * 6 tons/sq. in. (tens.). ^min tons/sq. in. (comp.). 

a = 13® 16'and 103® 15' to vertical. 

10. (o) 2*6 tons at 38® to normal. = 3*82 tons or *78 tonsf 

Py = *78 „ or 3*82 ,, J 

CHAPTER XIII 

1. 6*6 ft. 4,200 Ib./sq. ft. (Rankine). 

6*16 „ 4,200 „ (wedge) or (friction). 

2. 3*6 ft. from back of wall. 

3. Base 6 ft. 

4. See text. 

6 . b = 10*0 ft. 

6 . Normal stress at dry face. Water face. 

10,000 Ib./sq. ft.; (C.) 6,300 lb. sq. ft. 

Shear (dry face), 6,000 Ib./sq. ft. (water face) zero. 

7. Resultant thrust = 62*6 tons. 

Normal stress (dry face), 3*7 tons/sq. ft. water face, zero. 

8 . 4,8001b. 

9. 321b./8q. ft. 

10. Depth, 3*12 ft. breadth, 4*8 ft. 

11. 5 ft. 

12. Rankine, 5,000 lb. 


Frio., 5,0801b. 
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13. Dry face, 1*5 tons/sq. ft. water face, zero. 

i Normal stress, vertical surfaces. 

Dry face, nil; Water face, 1*17 tons/sq. ft. 

14. (a) 1} tons/sq. ft. (const.). (c) 3*55 tons/sq. ft. (comp.) to 

(6) 2} tons/sq. ft. to zero *89 ton/sq. ft. (tension). 

(d) 4 tons/sq. ft. to zero at 6 ft. from 
dry face. 

CHAPTER XIV 

1. Width, 7*8 in. Effective depth, 23*4 in. (overall, say, 26*0 in.). 

Area steel (tension only), 1 sq. in. say, 6, i in. bars. 

J in. dia. stirrups ; 6-in. pitch near abutments. 

2. (o) 1*2 X 10‘^in. per inch length. (6) 2*7 in. lb. per inch length. 

3. Effective depth steel, 17 in. (steel in tension 3, J-in. bars, or 5, |-in. bars). 

Area steel, *66 sq. in. (c = 600 Ib./sq. in.; « = 16,000 Ib./sq. in.; m = 16). 

4. 8 and 9 ft. 1*43 sq. in. (area of bar ~ *716 sq. in.). 

9 and 10 ft. 1*69 „ ( „ = *795 „ ). 

6. Weight of cubic feet concrete, 1601b. W — 18001b. 

= *8 ton. 

6. 168 Ib./sq. ft. per foot run 

7. 466 in.* (n == *36d). 606 in.* if m = 16. 

8. < s= 7700 lb /sq. in. c = 526 Ib./sq. in. (neglecting weight of beam). 

{m = ISyd = 1 in.). 

9. 416 lb /ft. run : / == 5*95 tons/sq. in. 

10. Short column, 107*5 tons. 

11. a; = M = 98*56d2; A, = 0 0076d. 

12. (a) x= 12 in.; (6) 1,872,000 Ib.-in. 

13. = 750 lb. per sq. in.; /, == 18,000 lb. per sq. in.; 6 = ^; 6 = 10*3 in. 

and d — 20*6 in. ^ 

14. f, = 10,000 lb. per sq. in. 

15. f, = 13,5001b. per sq. in.; = 4751b. per sq. in.; /„ = 47401b. per 
sq. in. 

16. Load = 19,875 lb. 

17. 20 in. X 20 in. overall. 

18. fc max = 440 lb. per sq. in.; „„„ = 80 lb. per sq. in. 

/# max = 4848 lb. per sq. in.; /, = 1392 lb. per sq. m. 

20. u — 69*5 lb. per sq. in.; /, = 18,000 lb. per sq. in.; I = 40*8 in. 

21. Flange only taking tension load; N.A. depth = 4 in.; — 13,2001b. 

persq. in.; M — 902,600 lb.-in.; Stirrups—stress = 10,000 lb. per sq. in.; 
load = 2200 lb. 

22. (a) 323,000 lb.-in.; A, — 1*12 sq. in. 

(b) Age — 1*22 sq. in.; A, = 1*49 sq. in. (tension). 

CHAPTER XV 

1. (a) = -j- 200 ton-ft. == = 0* 

(6) Mba = - 87*5 ton-ft. 

(c) Mba = — 88*6 ton-ft. 

(d) ATba = — 63*3 ton-ft. 
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(e) Mba = — 63*6 ton-fb. 
ah "f” 80*68 bon-fb. 

(/) ^AB = + 79*76 ton-fb.; = 65*63 ton-ft.; 

JlfcB H” 19*27 ton-fb. 


2. (a) Mab = — 25 ton-ft.; Mba = — 12*6 ton-ft. 

(6) M^b = — 26 ton-ft.; Mba = + 6*25 ton-ft.; Mq^ — 0. 

(c) M^b = — 25 ton-fb.; Mba = — 7*14 ton-ft.; Mqj^ =* + 3*57ton-ft. 

(cZ) = — 25 ton-ft.; Mba = — 7*15 ton-ft.; M^b = + 3*67 ton-ft. 

3. (a) Mab = - 83331b.-in.; Mba = - ] 6,667 Ib.-in.; = + 16,667 

Ib.-in. 

(6) M^b = - 6560 Ib.-in.; Mba = - 11,120 Ib.-in.; 

JV/^QB ~ — 44,480 Ib.-in.; = iifpc = 0. 

(c) Med = ^AB == - 10*5 x 10®/39 Ib.-in. 

Mbb = Mba = — 9 x 10®/39 Ib.-in. 

JVfBO ~ -^IfcB "t" 9 X 10®/39 Ib.-in. 

Mcp = - 18 X 10«/39 Ib.-in. 

“ -^CD = “h 9 X 10®/39 Ib.-in. 

Mpc = - 21 X 10®/39 Ib.-in. 

4. M^b = + 4760 Ib.-in.; Mba = + 20,230 Ib.-in. 

^Bc = + 29,750 Ib.-in.; Mcb = + 13,090 Ib.-in. 

Mod = - 13,090 Ib.-in.; Mpc == - 11,900 Ib.-in. 

5. Mbc = + 135,000 Ib.-in.; Mqb = - 135,000Ib.-in. 

Mba = - 135,000 Ib.-in.; Mod = + 135,000 Ib.-in. 

6. M^b = + 104,760 Ib.-in.; Mpc = — 64,700 Ib.-in. 

7. M^b = - 1786 Ib.-in.; Mba = - 3572 Ib.-in. 

^AE = + 10,714 Ib.-in.; Mbc = - 7144 Ib.-in. 

Mcb = - 8930 Ib.-in.; Mod == + 8930 Ib.-in. 

8. Mba = - 2778 Ib.-in.; Mbc = - 2778 Ib.-in. 

-^BP ~ + 5555 Ib.-in. 

9. M^d = 4- 59*46 ton-in.; M^e = — 25*72 ton-in.; 

-^AB == — 19*29 ton-in.; Mac = — 14*47 ton-in.; 

-^EA = — 12*86 ton-in. 


10. Mab = + 180,000 Ib.-in.; Mba = -f 60,000 Ib.-in.; 
Mod = ~ 60,000 Ib.-in.; Mdc = - 180,000 Ib.-in.; 
^Bc =1/3 in. 

11. Mab = — 9*10 ton-in.; Mba = 18*20 ton-in.; 

-^CB = + 11*36 ton-in.; Mbc = + 5*68 ton-in. 

12. M^b — 4" 109*7 ton-in.; Mba “ — 115*7 ton-in.; 

•^CD = 4- 150*5 ton-in.; Mpc = 0. 

13. M^b = - 4688 Ib.-ft.; Mba = 4- 5201b.-ft. 

14. (a) M^b = - 16,000 Ib.-in.; Mba = - 32,000 Ib.-in.; 

^CD == 4- 3200 Ib.-in.; Mdc = 4- 16,000 Ib.-in. 
(6) Mab = + 143,672 Ib.-in.; Mba = + 2144 Ib.-in.; 

Mqb = **“ 27,856 lb.-in.; Mj)c = 66,428 lb.-in» 

(c) Abo = 0*12 in. 
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IB. = - 60,000 Ib.-in.; Msa. = - 100,000 Ib.-in.; 

*4“ 116,000 Ib.-in.; “ “I” 204,000 Ib.-in.; 

Mj)o = - 281,000 Ib.-in. 


16. “ ^Fo = hsD = (by analysis); 

Mj^ = - 70,000 Ib.-in.; = - 140,000 Ib.-in.; 

JkfoB -= - 306,600Ib.-in.; « -f 140,000Ib.-in.; 

Mqb = -f- 166,600 Ib.-in.; “ "f" 83,300 Ib.-in.; 

= - 28,000Ib.-in.; Mj^j^ « - 14,000Ib.-in. 


CHAPTEK XVII 

1. 137; 26,600,000 Ib.-in. 

2. (a) 417 Ib./sq. in. (tension); 1604 Ib./sq. in. (comp.). 

(6) 1093 Ib./sq. in. (comp.); 628 Ib./sq. in. (comp.). 

(c) 2193 Ib./sq. in. (comp.); 14 Ib./sq. in. (tension). 

3. 9; 1320 Ib./sq. in. 

4. (a) 236 Ib./sq. in. (tension); 1301 Ib./sq. in. (comp.). 

(6) 1126 Ib./sq. in. (comp.); 60 Ib./sq. in. (tension). 

6. Concrete: 1360 Ib./sq. in. (comp.); 220 Ib./sq. in. (comp.). Steel: 103,660 
Ib./sq. in. (tension). 
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1. Bending Momentg and Shearing Forces— 

Moment = Couple = Jif = Fx ..... 
Shearing force at a section due to irregular loads : 

-i?i + TT, + + . . . or 4- - i?,- T^a- W 4 

Cantilever, load at end : 

Wx; Wl . 

. 


Cantilever, uniformly distributed load along whole length : 




^max -^ 

‘Wl 


^x = -w;a;; ■ 

Simple beam, central load W : 

-. Wx W . Wl 

“ 2 “ 2 * ^max ^ 


>5x= ± 




Simple beam, uniformly distributed load along whole length : 

n/r 1 

-^X = - -TT + 


8 


* 2 ' 2 
iS^x ~ “ ........ 

Relation between loads, shearing forces, and moments for beams : 
dM 


w 




PAQR 

1 

3 

4 

4 

5 
5 

7 

7 

10 

9 

16 


n. 


Simple Bending and Moments of Inertia— 


i 

y 

M 

I 


E 

R • 

R y 



23 

25 


Unsymmetrical sections about N A : 

f t - 

j • /«-J • 

Z « - . ilf « /z 
y 
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26 
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Moments of inertia: 

- rar* 


“^MM “^XX "J" 

-^ZZ “ -^XX + ^YY- 

/pp 4* /qq = /xx(max.) 4* /yY(min.) 
Jpp == cos*a 4- Jyy si*'*® • 

/qq = ^xx 4- ^yy . 

bd^ 

/, rectangle about N.A. = — 

s* 

I, square about N.A. = ~ 

IJi 

tzR^ 

I circle about diameter (N.A.) — —j- 
I (Routh’s Rule). 

m. Deflection of Simple Beams— 

^ _ M __ 

dx*~' El ~~ R 

dy . . ,. 

~ = tan % = t radians 


W. H. Macaulay’s Method of Finding Deflections, see • . . 42-63 

WP 

Simple beam, central load: y^ax ~ ^SEI * * * * .44 

btvl^ 

Simple beam, uniformly distributed load ; ~ 

/ Wal^ IFo*\ 1 

Simple beam, 2 symmetrical loads ; y^ax ~ (—g-^ ^ • 47 

Ml * 

Relative deflection portion of beam bending to arc of a circle y = - 5 ^ 48 

oMil 

Wl^ 

Cantilever, load at end: 2 /^-- = ...... 54-56 

oEl 

Wl • 

Cantilever, load not at end . ymax ^ ^ h) .... 65 

wl^ 

Cantilever, uniformly distributed load, whole length; y^ax =* 

Relations between load, shear, moment, slope, and deflection 


dx aaj* 


68 
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M=^ El 


dx* 

CM . dx 

* - J El ' 

y = y'i ,dx. 

“ *^*1 ~ ®***1 ~'EiJzi ^ 

•^■^(^*1 ‘^* 1 ) = JiCi 

Interpretation of Eqns. (20) and (24) 

ience, U = JM* , dx 

CM /dM\ ^ fM .m 


Resilience, 


dx (Eqn. 24) 


fM /dM\ ^ fM.m dx 

^ = jTi- yw) ■^■-J - El— 

For a plate girder having moments of inertia I and 


= 2 n^.dx+2 

J J. */ 0 * X 


IV. Bailt-in and Continuous Beams— 

Built-in Beams, symmetrical loading : 

Area of simple moment diagram = Area of fixed moment diagram . 
Central load W : 

Wl Wl 

Fixing couples = H——; Central moment-^ • 

o o 

Load P, nl from left support (origin) 

Pl.n{l~nY; = Pl.n^l-n) .... 

Uniformly distributed locul. 

u)V^ tvP 

Fixing couples = + —; Central moment — — .... 

Built4n Beams, any loading : 

Area of simple moment diagram = Area of fixed moment diagreun 

Moment of area of simple moment ~ Moment of area of fixed moment 
diagram about the origin diagram about the origin 

Reactions ± Pf ; Pb “ ^bs T Pp • 

Deflection, built-in becun: 

Wl^ 

Central load . 

%uP 

TJnKonnly distributed loud y„„,„ = ssiMl • • • • 
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Coniinuottt Beams 

Theorem of three momeiite; 

^ + ^Ji+ + h) + + 8^^ (IJ + U) 

Reactions (example)* 


~ ^Bab +- 1 - + "bbo + -1- • 

*1 


Deflections 


Plopped Beams 


0 


PAGB 


94 

95 

96 

no 


V. Distribntion oi Shear Stress— 


Modulus of rigidity = (? = stress 

® shear strain 

• 

• 


117 


• 

• 

• 

120 

For rectangle ^ ... 

• 

• 

• 

121 

r. • 1 Ifl-S 

For circle 3 „„* = 

• 

• 

• 

123 

For built-up section: 





Flange g. = J(D«-(i«) 

• 

• 

• 

124 

Web == 1.1 (D. - d.): Web . = 

s 

SI \ 

|(Z)«-<i*) + d*l 

124 

1 o* 

Shear resilience = :r ^ • por unit of volume . 

2 Cr 

• 

. 


125 

Deflection due to shearing force : 





O f 

For varying g; y, = ^ / /S. da; 

• 

• 


127 

For constant qi y, == J'S, dx 

. 

. 


127 

where C for rectangle — . 

• 

• 


127 

Circle, 0 = . 

• 

• 


127 

Simple beam, uniformly distributed load : 

wl*C X /r 4. * \ 

y» ssntrs = (*“ varymg j) = (for constant q) . 

, 

128 

Simple beam with central load: 





WIC, Wl . A i. V 

Vs ssmts •= -Jg- (varymg g) = (constant g) 

• 

• 


128 
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Similarly for cantilever: 


rAQE 

wP wPC 

"-20 • ■ • • • 

• 

. 129 

( 2 ) y. = or -gr. 

• 

. 129 

VI. Columns— 



Euler. Axial loads : 



p Cn^EI 

“ ™ 1% ‘ 

. 

. 139 

(7 1 for pin ends 



3 = 4 for fixed ends 
= ^ for 1 fixed and 1 free end 



Rankine. Axial loads: 

P AU 

■--a) . 


. 140 

Johnson's Parabolic Equation : 



. 


. 142 

American straight line: 



II 

> 

1 


. 144 

Struts, eccentrically-loaded : 



Short,/,„„ = ^ +Ab- = 2 ^ 


145 

Euler Form. Pin joints : 



n*EI 

Critical value of P is —^ 5 — .... 


. 147 

ym..= « j(BeoV^. L)-lj . . 


. 148 

• • • 


. 148 

/„„ = PeH.Bec.(v^.l )+5 . . 


. 149 

+0+5 • • • 


. 149 

Rankine Form : 





. 150 
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PAGE 


Combined end and transverse loads. Pin ends : 


Cast J. 

Transverse load W at centre, 



w Mi ^ fi /M\ _ m 
ymax ~ 2F » p ' \ 2 » Mil / 

. 161 


w Mi ^ /I ^ 

/.«..= tVt ^ ^ ^ ■ 

. 152 

Cose II. 

Uniformly-distributed transverse load, 

wEir. {1 f^W Iff 

Vmam = " p.' ‘ V El)\ SP 

. 153 



. 163 

Case I. 

w. r r. 

' 3 + "S 48B/ ‘ Z'P.- P 

. 153 

Com II. 

P Wl* 5 P Pe 

•^*’°3'^8Z‘^384'£I‘Z'F,-F’ 

. 164 


Vn. Framed Structures. Dead Loads— 


Wind pressures: 

. 176 

= F sin 0 (Goodman) . . . • 

Pn^ P ^ (I^'ichemin) . 

« 1 -b sm* d 

. 176 

P„ = P sin (Hutton) . - 

. 175 

Vni. Deflection of Perfect Frames— 



^ 1 F»L 

Resilience of members ~ — 

. 

. 178 

du 

aw 

(Castigliano’s theorem) 

. 179 

/ Force in a member \ 
\ due to imit load / 

/Total force in a member' 
\ due to external loads > 

1 182 

y == 2. - 


AE 


or y = SF . u 

1 

' AE 

. 182 
and 183 

1 

For beams, y ~ ^ 


El constant . 

. 189 

1 

For beams, y ^ 

I'm ,m .dx 

El constant . 

. 190 
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IX. Stresses in Redundant Frames— 

Total work done on the members, > 
including the redundant member y 


di U, 


dT 

a 

For one redundant bar, 

SK^ikW). 




dT ^ 


I 

AE 


a 


TH \ 

ae) 


dT 


'AE 


.¥1 

Vi 


I 


^ Vx 




EKH/AE 

For two redundant bars see pages 198 and 199. 

Fj == 0 = . 

y, = 0 = y,' + + 5P^„ . 

Vab “ Vba • • • • • 


Bending, 


v~ t 

I 2EI 

%/a; - 0 




/: 


Mgfng . dxJEl 




2 . dxlEl 


Vb 

Vbb 


yjj — 0 — “h ^bVbb 
Vjs “ 0 ~ yj» “b ^bVbb ^oyBo 
J/c = 0 === !/o' + ^^2/021 + ^oyoo 
yOB ~ S^jBC • • • • 


PAOB 


195 


197 


198 


199 

199 

199 

202 


208 


209 

209 

209 

209 


Portal Frame; Central load P in beam, base hinges 


PI* 

jr . 211 

^ 2 h* hi and 216 

3-A+j; 


Portal Frame: Side horizontal load P at the top of a column, bases hinged. 





. 212 
and 217 


QEKggU 


{M^ - ~(Af^ - F^) {Mg - F,) + [Mg - F^)« + C 

^AB ^AbI^AB 


213 
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Meohanioal solution, 


PiaiA 

X, =. R, = - ^ . 

• 

. 218 

X. Beami and Frames with live Loads— 



^,=’Wi!,,+ Wat + . • . + Wth/iO + W.iyJ’ + . 

. . 225 

JUf „„ when tan a SWx tan is a max. 

. 226 


• 

. 231 

Equivalent uniformly-distributed load for moment 



wjt* 

= max. moment 

O 

. 

. 232 

Shear at a section a . 

Equivalent imiformly-distributed load for shear : 

• 

. 236 

o 2f 

““ ^wmax‘ • 

• 

. 238 

1 o 

or u;, = + . 

• 

. 239 

XI. Arches and Suspension Bridges— 



Arches. General equations: 



(a) P cos d-5 sin d-H^*=0, 


. 256 

(6) Fsin® +-SoosO + ^2^°'- F, = 0 . 


256 

(e) M,-M-V^ +Ha + (X'^ ® • 


. 256 

Three-hinged arch, M — -{- H^y 


. 257 

/For single dead\ „ TfnZ W 

( 1 j ) ^0 = -o— TT- (l-w)Z 

\ load on / * 2y, 2y, 


. 257 

Wl 

Single concentrated moving load on, a — 

• • 

. 258 

Radial shear at a section due to unit load : 



a Fj COS -f sin d* . 

• • 

. 268 

or a - COS dgg + H^Bindg 

• • 

. 268 

Normal thrust at a section due to unit load : 



Tg = cos dj, - Fg sin dj, . 


. 269 

or a cos djB + sin da, . 


. 269 
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Hanging cable : Continuously loculed, 

= T H sec 6 

H ^ wr cos* 0; T = tor cos* d 
(At vertex) T ^ H . 

Hanging cable : Uniform horizontal load. 


8 y<. 




8 y. 

-^Ys 


Dip of cable, y (i - 05)* . .... 

Lengthofcable, Z,=G= 1^1+^*) . 

Anchorages: 

Pressures on (fixed pulley) ^ T cos a - T cos p 

= T sin a T sin /9 

Pressures on (movable saddles) Hj = 0 

T cos a = cos P 


T sin a + Tj sin p 


Three hinged stiffening truss : 

8 yc 


S + w, 

H 


o-B-TT 


y» 


PAOB 

271 

272 

272 

273 
273 

273 

274 

274 

274 

274 

276 

277 

278 


Single concentrated moving load on the stiffening girder: 
Horizontal tension in cable. 


„ win _W(\-n^ 

' ■ A " or _ • • • 

2 », 2y, 

. 278 

Wl 

^ma» “ ...... 

. . . 278 

Shear at a section. 


s, = ± + H tan 0, . 

. . . 279 

+ • • 

. 279 


. 279 

Xn. Principal Stressei— 


(Kormal stress) ^ p cos* d ; (tangential stress) p^ 

Combination of a normal and a tangential stress : 

^ p sin 0 . cos 6 289 

Principal stresses, + 

. 292 











86 ^ 


ttiKOkY OP ST&VCfVRES 


tan 2a 


P 


Max. Bhear, + q* > 

Two like perpendicular forces (combination of) : 
Pn “ Px ® + Py cos* 0 • 

Pt — iPx^Py) 6 . cos 6 . 

Py a= Vp^* sin* d + Py* cos* B 


Angle between resultant and normal : 


cot 6 = 


Pg tan* 6 + py 
iPx^Py) ® 


Pt = 

tno« ~ 


Pt max 


Px Py i%n 
- 2 ~^ • sm 20 

Px-Py 

2 . . . 

^ (unlike forces) . 


PAQB 

293 

293 

294 
294 

294 

295 

295 

296 
295 


Plane for which resultant stress is most inclined to the normal: 
Px ^ 1 4- sin<ji 
Py 1 - sin ^ 




Px-Py 


Px + Py 
Ellipse of stress . 

Conjugate stresses 

p, _ oos d ih cos* <5 — cos* 

Pr oos d ^ V oos* d — 0O8*( 


i 


297 

297 

298 
302 

304 


Combination of two normal stresses at right angles and a tangential stress. 
Principal stresses R = ^ ± ^ .... 307 

. 


Xm.—Retaining Walls and Dams 

Earth level, back of wall vertical (Rankine), 

1 - sin (^ \ ^ ( 1 - sin 

}>)' ^»~"2“vr+ 


p* 




+ sin^y 


sin^ 


) 


Earth level, sloping back of wall (Rankine), 


Pr >v ^«*^*®i*^* ^ ) cos* B 


313, 314 


. 316 
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^ ban* B 4- tan* ^ ) 

/I • 4 ./j tan*^45®-^^ 

(1 - sm <^) cot 0 \ 2/ . 


tan P = 


(1 + sin0) 


tan 6 


Vertical earth face retaining wall with positive surcharges 


Wedge Theories 
P/ = iw.h* 


_ , wJi>* . 008 S — V 008* S — COS* dt 

Pr = . COS ^ . - ■ ■■ ■ 

^ 008 0 + \/®OS* ^ “ COS* ^ 

_8in»(p- _ 


sin« p . sin (p + ^) [l + + y 

L ^ sin (p -f- sin (p — i5) J 

Distribution of normal stress in a horizontal section of a masonry wall, 
F / 6aj\ 

. 

r/, 6*\ 

P‘--d\}~~d) . 

Foundations: uniform pressure, 

“* II>,A Vl + Bin . 

W ^ Wgh^A ( -:—5 ). 

^ ® ® VI — sm 

Varying pressure uniformly. 

Pi + 8in^ \« 

p, \1 - Bin . 

, < , /I 4- sin ^\* 

vrheie . 

Analysis of Gravity Dam 


or 


XIV. Reinforced Beams— 


Flitch Beam. M 


=* ml 

-li 

B, 




PAOl 

315 

316 

318 

320 

322 

322 

324 

324 

325 

325 

326 

340 

340 

340 
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Reinforced Concrete Beams, 

Reinforced teneion side only. Rectangular section, 
n = depth N.A. 

c \ ri J rij 

For t = 16,000 Ib./sq. in., c = 600 Ib./sq. in., m = 15 

(а) ni = *36 orn = -SOd . . • . 

( б ) External moment = B = 966d* 

(c) Area tensile reinforcement = A = -OOOSfed 

fij a= V4“ 2mr — mr . 

mA(d — n) « 6n*/2 .... 

_ mA jm^A^ , 2 mAd 

n= ^ 6“ 



344, 


Tee-Beam. (Reinforced tension side only); N.A. within the slab, 

c_ n 

* ~m(d-n) 
n = n^d ; d, = «id ; 

2rm 4- At* 

= ;; - ....... 

* 2rm + 2 ai 

Arm of internal moment of resistance, 

+ 4mrAi* - 12mrAi -f 12mr) 




6 mr (2 - Aj) 




Internal moment of resistance. 




Distribution of Shear Stress, (Rectangular beam), 

^ . 

A = Spacing of stirrups at a section 

For rods at 45®, 

= 0*707sri6A = 0-707 Bia/o • 

For vertical stirrups, 

f, . A, = qj^s = Sisja . . . . 

Bond stress and anchorage, 

I ^ M SB allowable bond stress . 


PAOl 

346 

345 

345 

345 

346 

346 

347 

348 

350 

351 

352 

352 

352 

355 

358 

358 


363 
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Considering rate of transfer of stress from concrete to tension steely 
u«« q.b.lEo .. 


R.C. columns. Axial loads. 

Short columns, with lateral ties or hoops. 

Effective area of concrete » = A + 

W =-c,{A + A,{m-1)] .... 

Short columns with spiral reinforcement 

W ~ "h CgAg -f- %‘(H^A^ • • ■ , 

For rectangular beams (reinforced on tension side only). 
Effective moment of inertia on a concrete basis about N.A. 


Equivalent compression modulus — ~ T 

Moment of resistance s= * , 


XV. Slope-deflection and Moment-distribution Methods— 

Sign Convention .......... 

Summary of Moment-stiffness, Carry-over, Sway-moment stiffness and 
Shear stiffness factors ........ 

Fundeumental Slope-deflection Equations, 

2EK{26^^ -j- "f- 3^) = -^BA ..... 

2EK{20ki\ + 0 ba "f* 3^) == ...... 

General Slope-deflection Equations, 

Total moments at the ends A and B of a loaded memberAB, 

= (i)'^FAB + 2EK{2d^ 4* + 3^) . . . 

AfpA = (it )-3!firBA + 2EK(Qj^ 4* 20BA ”t 3^) . 

Joint Equations, 

2 members BA and BG rigidly connected at B— 

AffiA 4" Afuo = 0 ....... 

2 members CB and CD rigidly connected at C — 

JlfcB ~t -^OD — 0 . . . . . . . 

For a niunber of members meeting in a rigid joint— 

SJf* = 0, where n stands for near moment, i.e. moment 
in a member at the joint end • . 

Bent Equation for a given portal (Fig. 2186)— 

(Mab + -ZifBA) + ^ {M^ -t Mcd) = (overturning moment) 

"2 

Shear Equation for the same portal— 

(JI/ab + ^ba) , {Mjh3 + -^od) _ d ^ 

or Hkn 4" ^ ^ *jr 


PAOl 

868 

867 

367 

867 

373 

373 

373 

374 

391 

393 

393 

393 

393 

397 

397 

397 

402 

402 
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General Shear Equation— 


2 Column End Moments ® 

Column Lengths ' h 


{^L B -h -^ba) 

^AB 


PAGB 

. 404 


For the portal shown in Fig. 222— 

+ -^B , ^T> + D ® I D ^ I D ® Af\A 

_— + —— Y, — = + + 

Recapitulation of the Method of Slope Deflection . . . 409-10 

Moment-distribution Method ....... 410 


Definitions: fixed beam moments, moment-stiffness factor, shear 


stiffness factor, carry-over factor ..... 410-12 

Positive and Negative End Moments ...... 412 

Method of Moment-distribution ...... 413-20 

Illustrative Examples: Both Methods ..... 420-78 

Axial Forces in Members of a Frame . . . . . .478 

XVI. Reciprocal Theorem, etc. 

Maxwell’s Law, 1864; dai, — . . . . . . . 483 

Betti’s Law, 1872; 


Simple Form, equation (1) Po . (P^ . Sab) = • (Pa • . .482-3 

General Form, equation (10) 

LP, . -f I,Ma . tab = SP,. tjba + SAf,. iba • • 486-90 

Illustrative Problems, 



Mechanical Solution ........ .495-8 

Professor Beggs* Method ......... 600 

Professor Beggs’ Method, Summary ...... 604 

Professor Beggs’ Method, Example ...... 604 


XVn. Pre-stressed Concrete— 

Introduction, Definitions, Notes on High-quality Concrete, and High- 


tensile Steel, Advantages of ...... . 607 

Analysis, Beams, Steel on Tension Side Only . . . . .615 

Examples of Beam Analysis ....... 623 

Shearing, Diagonal Tension, Bond Stresses ..... 628 






INDEX 


Advantages of pre-stressed concrete, 
614 

American straight-line column for¬ 
mula, 144 

-, American 

Bridge Co.’s, 145 

-^ American Rail¬ 
way Association, 145 
Analysis of a dam, 326 

-, triangular section, 336 

Anchorage, R. C. Beams, 362 
Anchorages, cables, 274 
Andrews, E., 245 
Angle of friction, 311 

- of repose, 311 

-section, momental ellipse of, 30 

Arch, axis of, 254 

-, linear, 254, 260, 270 

Arches, Chap. XI 
Axis of, 254 
Fixed and solid, 254 
General equations for, 256 
Linear arch, 254, 260 
Parabolic, 261 
Spandril, 265 
Three-hinged, 256 
Two-hinged, 264 

Area, effective, R.C. columns, 367 

-, moment of, slope 

and deflection, 68-67 

- of moment diagram and slope, 

68 

- of slope diagram and deflection, 

66-8 

-transformed concrete, 347 

Assumptions, theory of simple bend¬ 
ing, 22 

-,- of reinforced concrete 

beams, 343 
Axes of inertia— 

Principal, 27 
Axis— 

Neutral, 22 

Reinforced concrete beam, 341, 
344, 347 

Bateman, E. H., 213, 218 
Beams, Chaps. I-V, X, XIV 

Built-in and continuous. Chap. IV, 
205, 209 

Deflection of. Chaps. Ill, IV, V, 
VIII 


Beams— {Contd,) 

Moving loads on. Chap. X 
Pre-stressed concrete. Chap. XVII 
Propped, 110 

Reinforced, flitch and concrete. 
Chap. XIV 

Resilience of, Chap. IX, 71-72 
-, shear, 124 

Simple, cantilever, and overhang¬ 
ing, Chap. I 

Stresses in: bending. Chap. II; 

shear. Chap. V 
Varying section, 68-71 
Bearing pressure, foundations re¬ 
taining wall, 324 
Beggs’ Apparatus, 600 
Bending— 

Moments, Chap. I (simple beams) 
-, Chap. IV (flxed and contin¬ 
uous beams and propped) 

-, defined, 1 

-, diagrams, 4 

-, relation to shearing force, 

16 

-to slope, deflection, 68- 

67 

-, signs, 2 

Simple, theory of, 21 

-, assumptions in, 22 

Bent equations, 401 
Betti’s Law, 483, 485 
Bond stress, 362, 528 
Bows notation, 163 
Braces, counter, 162 
Bridges, suspension, 270 
Buckling, columns, 133 
Built-in beams, 1, Chap. IV 

-, moments for, 80-86 

-reactions, 86-87 

Built-up beam section, distribution 
shear stress, 123 

-, momental ellipse, 29 

Cable, hanging, 270 

-anchorages, 274 

Calculation, reactions. Chap. I 

-, built-in beam, 86-87 

-, continuous beam, 96 

Cantilever beam, 1, 4 

-, deflection of, 62, 64 

-,- of shear, 128 

Capito, 163 


657 
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INDEX 


Oaetigliaao, theorem of, 17B 
Cast-iron, 20, 21, 130 
Ciroular beam section, distribution 
shear stress, 121 

Coefficients of elasticity, 20, 21, 117, 
339, 342 

-, table of, 21 

- of friction, 311 

Colunms, struts, Chap. VI, 133-160 

-, reinforced concrete, 366 

Combination of perpendicular 
stresses, 258-260 

Combined bending and direct stress, 
146, 277 

-end and transverse loads, 

columns, 160-164 
Common roof truss, 161 
Compression, 19, 20 

-, equivalent modulus, R.C. beam, 

371 

Concrete, 341 
Creep of, 508 
Pre-cast, 609 
Pre-stressed, 607 
Reinforced, 341 
Shrinkage of, 608 
Conjugate stresses, 302 
Constants, columns, struts, Johnson’s 
parabolic, 142 

-,-,-, Rankine, 140 

-,-,-, straight-line, 144-146 

Constraints, Redundant, 78 
Continuous Beams, Chap. IV, and pp. 

206, 209 
Deflection, 96 
Fixing moments, 92 
Reactions, 96 

Theorem of three moments, 92 
Continuous frames, 213 
Counter braces, 162 
Creep of concrete, steel, 608 
Crushing strength, table of, 21 
Curvatiire of b^ams, 23, 41, 48 

-,- of radius, 41, 238 

Curved flanges, frames with, moving 
loads, 246 

Curves, column formulae, 141, 144 
-, stress-strain, 20 

Dams— 

Gravity, Chap. XIII, 326 

-, analysis of, 326 

-of triangular section, 326 

— ellipse of stress, 332 

-, line of thrust, 326, 327 

-, normal stress, horizontal 

plane, 328 


Dams— (OofUd.) 

Gravity, normal stress, vertica 
plane, 330 

-, notes on, 325 

-, shear stress, horizonb 

plane, 328 

-, theory of stress, 331 j 

Dead loads on arches and suspen. 

bridges. Chap. Xl/t j 

-on beams. Chaps. I-^ 

-on frames. Chaps. V ^ . 

Deflection of beams, Chaps.^ 

IV 

Built-in, 87 ^ . 

Cantilever, 62-64, 66 
Castigliano’s theorem, 178 
Continuous, 96 
Due to falling weight, 74 
Due to shearing force, 126-129 
For which E and I are variab 
68-71 

From resilience. 72, 74 
General method, Macaulay, 42 
Graphical methods, 68 
Moment deflection method, 208 
Overhanging, 49 

Deflection of cantilevers due to shea 
ing force, 128 

- and moment of area of mome 

diagram, 68-67 

-, columns. Chap. VI 

-frames. Chap. VIII, IX 

-, Castiglicmo’s theorei 

178 

-, reciprocal, 64 

-, relation between moment, slop 

66-68 

Diagonal tension R.C. beams, 366 
Diagrams, analysis of dam. Plates 
II 

-, bending moment, Chap. I 

-, frames, 161 

-, influence. Chap. X 

-, polar, normal and tangent 

stresses, 290 

-, shearing force, Chap. I 

-, stress or force, Chap. VII, 163 

-, typical moving loads, 223 

Dimensions, modulus of section, 26 

-, moment of inertia, 26 

Distribution of shear stress, beam' 
Chap. V 

-, dams, 328 

-, reinforced oonor 

beam, 364 

Duchemin, wind pressure on roc 
formula, 176 



INDEX 
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<\BTH pressure. Chap. XllI, 311 

1—-, retidning walls, 311-325 

^centric loads, columns, long, Euler, 
146 

-,-,-, Rankine, 149 

• -,-, short, 146 

"(micctl percentage steel, R.C. 
ti n, 346 

\ re area, R.C. column, 367 
oment of inertia, flitch beam, 

* } 

^ 'e (or equivalent) area.— 
jrete columns, 367 
\ aent of inertia, concrete beams, 
371 

--^ flitch beam, 340 

tic constants, 19, 20,117 

--, for concrete, 298 

--, table of, 21 

^ limit, 21 

• strain energy, resilience, 71, 
24, 160 

{ticity, modulus of, concrete, 343 

-, steel, cast-iron, 20 

-, table of, 21, 

pse, momental (of inertia), 27 
of stress, 298 

-- (dam), 332 

^bedment, 362 
(astr5 beams, Chap. IV, 1 
'^rgy, strain, 71, 124, 160 
lation, theorem of three moments, 
2 

.lations for arches, 256 
-- for hanging cable, 272-274 
for three-hmged arch, 267 
.nations, general, for— 
reflection of beams, 43, 63, 58, 87, 
' 96 

— of frames. Chaps. VIII, IX 
tresses in redundant frames, 197- 

199 

ivalent compression modulus, 
R.C. beam, 371 

- moment of inertia, R.C. beam, 

371 

^ uniformly distributed load 
(moment), 231 

-,-(shear), 238 

ler, theory of long columns, 133 

-eccentrically 

oaded, 146 

moment-distribution, 410- 
478 

-, slope-deflection, 386, 387, 

388, 391 


Factory roof truss, 161, 162 
Failure, buckling, 133 

-, columns, 133 

Ferro-concrete, 341 
Figure, modulus* 32, 37, 38 

-, reciprocal or polygon, deflned, 

164 

Fixing couples, or moments, built-in 
beams, 86 

Fixing couples, continuous, arches, 
264 

-,-, beams, 92 

-,-, simple portal, 206, 

210 

Flitch beam, 339 

-, notation for, 339 

Force-stress diagrams. Chap. VII 
Foundations, retaining wall, 324 
Frame, simple portal, moments on, 
206, 210, 213 

Frames, pin-jointed. Chaps. VII, 
IX, X 

Deflection of, Castigliano, 178 

-, dead loads. Chap. VIII 

Kind of stress in members, 166 
Kinds and diagrams of, 161 
Methods of obtaining forces in 
members, 163-170 
Moving loads on. Chap. X, 222 
Number of members in a perfect, 
162 

Roof trusses, wind loads on, 173- 
176 

French roof truss, 161 
Friction, angle of, 311 

-, coefficient of, 311 

Funicular polygon— 

Moment from (arches), 260 
Suspension bridges, 270 

Gibdebs, plate, deflection of, 73 
Girders {see Frames, Chap. VII) 

-, hog-backed, 161 

- , N, 161 

-, thme-hinged stiffening, 243 

Goldberg, 212 
Gk)odman, J., 176 

Graphical determination, beam de¬ 
flection, for varying E and J, 68 

-, modulus figure, 32 

-moment of inertia, /, 31 

Graphical solution— 

Earth pressure, retaining walls, 
314, 316 

Forces in frame members. Chap, 
Vn, 153, 167, 163-166, 172- 
174 
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Graphical solution— {Contd.) 
of resultant stress, ellipse of stress, 
298 

Spacing stirrups, H.C. beam, 358 
Three-hinged arch rib, 258, 259 
Gravity dams. Chap. XII, 326 

-, analysis of, 326, 335 

Gyration, radius of, 26, 139, 367 

Hanging cable and chains, 270 
Hardy-Gross, 212 
Hill, E. P., 330 
Hog-back girder, 161 
Hool, Kinne, 142, 

Hoops, 366 

Horizontal pressure, cable anchor¬ 
ages, 274 

- tension, cables, 271 

- thrust, arches, 254 

-,-, three-pinned, 266 

-,-,-, influence line 

for, 266 

Howe truss, 161 

Hunter, A., 233 

Husband, Harby, 233 

Hutton, wind-pressure formula, 176 

Imperfect or redundant frames. 
Chap. IX, 162 
Inolined rods, 358 

Indeterminate structures, statically. 
Chaps. IV, IX 
Inertia, moment of, 25, 26 

-,-, circle, 30 

-,-, ellipse, 27 

-,-, graphical determination 

of, 31 

-,-, of rectangle, 28 

-,-, principal axes of, 27 

-,-, Routh’s rule, 31 

-,-, R.S.J., 29 

Inertia, moment of, effective or 
equivalent— 

Beams, flitch, 340 
-, R.C., 371 

Inflexion, points of. Fig. 61, Fig. 62, 
82, 83 

Influence lines. Chap. X 
Beam, moment, 222 

-, shear, 234 

Frames, 239 

Three-hinged arch, horizontal 
thrust, 265 

-, moment, 266 

-, normal thrust, 269 

—I-^ radial shear, 268 


Influence lines— {Contd.) ^ 

Three-hinged stiffening trus" 
moment, 279 

-, shear, 280 i~ 

Intensity of stress, 19 

- of wind pressure, 175 i 

Iron, oast, 20, 21, 23 

Johnson, J. B., parabolic formula 
for columns, 142 
Joint equations, 395 

Kind of stress in frame member, 166- 

Lattice girders (see Frames), 161 
Lea, F. C., on equivalent unifor o 
loads, 233 

- maximum moment, 236 

Least work, principle of. Chap. IX 
Applied to bending, 202 

-to frames, 194 

-to simple portals, 206, 210 

Limit, elastic, 21 

- , of proportionality, 21 

Linear arch, 264, 260-270 
Lines, influence, Chap. X 
Beams, 222 
Frames, 239 
Three-hinged arch, 266 

-stiffening girder, 279 

Lines of thrust— 

Arches, 254 
Dams, 326, 327 
Retaining walls, 323 
Live, or moving, loads. Chap. X 

-,-, typical types (Fig 

129), 223 

Loads, dead, on arches. Chap. XI 

-,-, on beams. Chaps. I-IV 

-,-, on frames. Chaps. VII-IX 

-, live, on arches and suspension 

bridges. Chap. XI 

-,-, on beams and frames. 

Chap. X 

Long columns— 

Axial loads, 133 
Buckling, Chap. V, 133 
Eccentric loads, 146 
Reinforced concrete, 367 
Lunville or N girder, 161 

Maoaulay, W. H., method of beam 
deflections, 42 

Mann, examples moments of inertia, 
28-30 

Masonry dams, 325 
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'liiximum moment and shear in 
three-hinged arch, moT’- 
ing loads, 268 

-and shear in beams, dead 

loads. Chaps. I, IV 

-, beam, due to moving 

oads, 226 

-, frame, Warren and N 

girders, moving loads, 
239, 242 

-in three-hinged stiffening 

truss, moving loads, 279 

-shear in a bay, 244 

-shear in three-hinged stiffening 

truss, moving loads, 282 
f '.xwell, theorem, 64 
I.fxwell’s Law, 483 
’^echanical solution of structures— 
statically determinate, 218 
statically indeterminate, 482, 498, 
604 

Metal arches, 254 

Method, moment deflection, 208 

-, of resolution, forces in frames, 

169 

- of sections, forces in frames, 167 

- of superposition, 194 

Middle third nile, 323, 325 
Mild steel, 20, 21 
Modular ratio, 339, 343 
Modulus figures, 34, 38 

-of elasticity, 20, 21, 117 

-^ concrete, 342, 343 

-of rigidity, 20, 117 

- of section, 26 

-, equivalent, compression 

B.C. beam, 371 

X loment-distribution Method, 410 

-, carry-over factor, 412 

-, definitions, 410-412 

'-, examples, 420-478 

-, factors, 410-412 

-, procedure, 419 

-, sign convention, 374 

Moment of inertia, effective {see 
Inertia), 340, 371 

-, angle, 30 

-, circle, 30 

-, ellipse, 27 

-, graphical determination, 

31 

-, notes on, 26, 26 

---, principal axes of, 27 

-, rectangle, 28 

-, R.S. J., 29 

-, Routh’s rule, 31 

- of resistance, 22 


Momental ellipse, 27 
Moments, bending, Chap. I 

-, fixing, built-in beams, 86 

-, continuous beams, 92 

-from funicular polygon arch, 

260 

-live loads. Chap. X 

Moving loads. Chaps. X, XI 
-, diagram of, 223 

N omDEB, 161, 239 

-, deflection of {see Chap. VII) 

-, influence lines for, 239 

Neutral axis, 22 

-, R.C. beams, 341, 344, 

347 

Nicholson, J. S. (columns and struts), 
133 

Normal intensity, wind-pressure for¬ 
mulae, 175 
Normal stress, 289 

-, polar diagram for, 290 

Normal stresses, distribution— 
Horizontal planes (dams), 328 

-(walls), 321 

Vertical planes (dams), 330 
Normal thrust, thi^-hinged arches, 
261-266 

-^-influence line, 

269 

Notation, Flitch beam, 339 

-, R.C. beam, 342 

Notes on Plates I, II (dam analysis), 
332 

- on wind-pressure formulae, 175 

Number of members in a perfect 
frame, 162 

Oblique stresses, 289 

Pababolio arch rib, 261 

- equations, struts, Johnson, 142 

- hanging cable, equations for, 273 

Perfect frames. Chap. VII, 162 

-, forces in deflection of. 

Chap. VIII 
Permanent set, 608 
Perpendicular stresses, 293 
Pippard, A. J., and Pritchard, F. L., 
149 

Planes, principal, 290 
Plastic flow, concrete, steel, 508 
Plate girder, deflection of, 73 
Points of inflexion, 82, 83, Figs. 61, 62 
Polar diagrams, normal, tangential 
stresses, 290 

Polygon funicular, 260, 270 
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Polygon, reciprocal, 164 

Portal, simple, moments on, 184-186 

Post-tensioning, t510 

Pratt Truss or N girder, 161, 239 

Pre-ca.st concrete, 509 

Pressure, bearing, 324 

-, earth, 311 

Pre-stressed concrete, 507 
Pre*tensioning, 510 
Principal axes, inertia, 27 

-planes, 290 

-stresses. Chap. XII, 290 

-in dams, 332 

Principle of least work, Chap. IX, 194 
Applied to bending, 202 

-to frames, 194 

- to simple portals, 206, 210 

Principle of work, Castigliano’s 
theorem, Qiap. VIII, 178 
Proof stress, 508 
Proportionality, limit of, 21 
Propped beams, 110 

Radial shear, for arch, 255, 264 

-- influence line, three- 

hinged arch, 268 
Radius of curvature, 41, 272 

-of gyration, 26, 139 

-j R.C. columns, 367 

Rankine— 

Formula for columns, 139 

-, constants, 140 

-, eccentric loading, 149 

Theory of earth pressures, 311, 312 
Ratio, modular, 339, 343 
Reactions, calculation of— 

Built-in beams, 86-87 
Continuous beams, 95 
Simple beams. Chap. I 
Reciprocal Figures, C&ap. VII, 164 

-deflections, 64 

- Theorem, 482, 483 

Rectangul6ur beam section, momental 
ellipse for, 28 

-, distribution shear 

stress, 120 

Redundant constraints, 78 

- frames, stresses in. Chap. IX, 

162, 194 

Reinforced beams, Chap. XIV 

-flitch, 339 

- columns, concrete, 365 

-concrete, 341 

Reinforcement, spiral, 367 
Relation between load, shear, mo¬ 
ment, slope, deflection, 16, 56-8 
Repose, angle of, 311 


Resilience, bending, 71 

-, direct forces, 178 

-, shear, 124 

Resistance, moment of, 22, 342 
Resolution, method of, 169 
Retaining walls, 311 
Rods, inclined, 358 
Rolli:^ loads (see Moving), Chaps. X, 
XI 

Roof trusses, 161, 172-175, Fig. 93 

-, notes on wind pressuretai, 

176 

-, wind load force diagrame, 

173, 174 

Routh’s Rule, moment of inertia, 31 
Rules, for breadth, R.C. T beams, 
350 

Salmon, 163-154 

Second moment of areas (moment of 
inertia), 25, 26 
Sections, method of, 167 

-, angle, momental ellipse for, 30 

- 9 built-up or R.S.J., momental 

ellipse for, 29 

-,-, distribution shear 

stress, 123 

-circular, distribution shear stress, 

121 

- 9 rectangular, distribution shear 

stress, 28 

-,-, momental ellipse for, 28 

-, triangular dam, 290 

Shear equations, 402, 404 
Shear force— 

Definition, 3 

Deflection due to, 126-129 
Diagrcuns, Chaps. I, IV 
Hinged arch, 255 
In arches, 255 
Influence lines, beams, 239 

-, frames, 242 

Maximum in a bay, 244, 245 
Radial, 3, 255, 264, 268 

-, hinged arch, influence lines 

of, 268 
Signs, 4 

T^ree-hinged stiffening girder, 
influence lines of, 279 
Shear resilience, 124 
Shear strain, 20, 117 
Shear stress— 

Distribution in sections, 117-124 

-in pre-stressed R.C. beams, 

528 

! -in R.C. beams, 354 

I In gravity dams, distribution of, 328 
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Shear stress— (Gontd,) 

IMfii.’giTmim , Chap. XII» 117->124, 
^89, 295, 307 

-, planes of, 289, 295, 307 

Or tangential stress, 289 

-, polar diagram for, 290 

State of simple shear, 118 
Shrinkage of concrete, 508 
Sign convention. Moment-distribu¬ 
tion and Slope deflection, 374 
olope. Chaps. Ill, IV 

,-and area of moment diagram, 

* 50-58 

- diagram, area of and deflection, 

57 

-, signs, 41 

Slope-deflection Method, 391 

-, bent equations, 401 

-, examples, 420-478 

-, fundamental equations, 

393 

-, general equations, 393 

-, joint equations, 395 

-, moment stifhiess faotor, 

385, 411 

-, recapitulation, 409 

-, shear equations, 402, 404 

-, shear-stiffness factor, 388, 

412 

-, sign convention, 374 

-, summary, factors, 391 

-, sway-moment stiffness 

factor, 387, 411 
Solid arch, 254 

' Spacing, D.T. reinforcement, 358, 361 
Spand^ arch, 265 
Spiral reinforcement, 361 
State of simple shear, 118 
Statically indeterminate structures, 
Chaps. IV, IX 
Steel— 

creep of, 508 
mild, 20, 21 
permanent set, 508 
Stiffening truss, three-hinged, 277 
Stirrups, in R.C. beams, 356, 357 
-, spacing, 358 

Straight-line column formulae, 144- 
145 

Strain, 19 

-energy, 71, 124, 178 

-shear, 20, 117 

Strength, table of, 21 
Stiess, 19 

- bond, 362, 528 

-, eWpse of, 298, 332 

--, kind of, in a member, 166 


Stress or force diagrams, 163 

-, proof, 508 

-, strain diagrams, 20 

-, theory of dams, 331 

Stresses, conjugate, 302 

-, in diagonal members of frames, 

242, 245 

- in redundant frames. Chap. IX 

-, normal, 289 et seq, 

-, oblique, 289 

-, perpendicular, 293 et seq, 

-, principal. Chap. XII, 290 

-, m dams, 332 

-, tangential (see Sheeur stress), 

289 

Structures, statically indeterminate. 
Chaps. IV, IX 
Struts (see Columns), 133 

-, combined end and transverse 

loads, 150 

-eccentrically-loaded, 145 

Superposition, method of, 194 
Suspension bridges, 270 

-stiffened, 276 

-- three-hinged stiffening 

truss, 277 

Tablx of strength, 21 
Tciis-beam, B.C., 350 

-, rules for breadth of, 350 

Tension, 19, 20, 21 

-, diagonal, R.C. beams, 356 

- , horizontal, in cables, 270 

-, maximum, in cables, 270 

-, resilience due to, 160 

Theorem of three moments, 92 

- , Maxwell's, 64 

- of Castiglicmo, 178 

Theory of earth pressure, Rankine, 
311, 312 

-, Wedge, 311, 319 

— of reinforced oonerete beams, 
341 

- of R.C. columns, 365 

- of simple bending, 21 

-of stress (dams), 331 

Three-hinged arch, 254, 256 

-stiffening truss, 277 

Thrust, horizontal, arches, 254 
-, three-pinned arch, influ¬ 
ence line of, 265 

-, line of, dams, 326, 327 

-, retaining walls, 323 

-, normal, three-hinged arch, in¬ 
fluence line of, 269 

-, three-hinged arch, 255 

Ties, 861 
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TimoBhenko, 121 
TruBB, Howe, 161 

-, Pratt, or N girder, 161, 239, 

246 

-, roof, 161, 172-176 

-, three-hinged stiffening, 243 

-, Warren, 161, 180, 239 

Trusses, Chaps. VII, X 
Two-hinged arch, 264 

Unitorm equivalent loads, moment, 
231 

-, shear, 238 

VbbtioaIi stirrups, 357 


! Waixs, retainin/, Chap. XII, 311 

I-, fount ations, 324 

i Warren girder, 161 

I- , deflet^tion of, 180 

-, inflw nee lines for, 239 

Wedge, theory o 'earth pressure, 311,*' 
319 

Wind load, pressure formula, 176 
Wind load, stress diagrams, roof 
trusses, 173, 174 

Work {see Resi.ience), 71, 124, 178 

-, least, principle of. Chap. IX, 

194 

-, principle of, Castigliano*s theo- 

i rem, 178 





